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of ASTRON OMY in Oxford. 


The Whole reviſed ; Where deficient, ſupplied; where loſt 
or corrupted, reſtored. Alſo 


Many Faults committed by Dr. HARRIS, Mr. CasweL, 


Mr. HEYNEs, and other TRIGONOMETRICAI. 
'WRrIiTERs, are ſhewn; and in thoſe 


Caſes where T hey are miſtaken, here are 
given Solutions Geometrically true. 


An Ample Account of which may be ſeen in the Pazrace, 


By SAMUEL CUN N. 


The TriRD EpiT1on, carefully reviſed and corrected, 


By 7O HM. HA M. 


Teacher of MaTHEMATics in Great Kirby Street, Hatton. Garden. 


By whom is ſubjoined an APPENDIX, containing the 


Inveſtigation of thoſe Series's omitted by the Auruox. 
And the Difference between Dr. Keir and Mr. 
Cunn impartially examined and adjuſted. 
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Es 
YOUNG Mathematician may be a 
ſurpriſed, to ſee the old obſolete Ele- 

ments of Euclid appear afreſh in 


Print ; and that too after ſo many 
new Elements of Geometry, as have been late- 


by publiſb d; eſpecially fince thoſe who gave us 


the Elements of Geometry, in a new Manner, 
would have us believe they have detected a 


great many Faults in Euclid. Theſe acute 


Philoſophers pretend to have diſcovered that 
Euclid's Definitions are not perſpicuous enough ; 
that his Demonſtrations are ſcarcely evident; 
that his whole Elements are ill diſþosd; and 
that they bave found out innumerable Falſities 
in them, which had lain hid to their times. 


But by their Leave, I make bold to affirm, 


that they carp at Euclid undeſervedly : For his 


Definitions are diftin# and clear, as being ta- 
ken from firſt Principles, and our moſt eaſy 
and fimple Conceptions ; and his Demonſtrati- 


ons elegant, perſpicuous and conciſe, carrying 


with them ſuch Evidence, and 'fo much Strength 
of Reaſen, that I am eaſily induced to believe 


_ the Obſcurity, Scioliſts ſo often accuſe Euclid 
with, is rather to be attributed to their own 
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perplexed Ideas, than to the Demonſtrations 
themſelves, And however ſome may find Fault 
with the Diſpoſition and Order of his Elements, 
yet notwithſtanding I do not find any Method, 
in all the Writings of this kind, more proper 
and eaſy for Learners than that of Euclid. 


It is not my Buſineſs bere to anſwer ſepa- 
rately every one of theſe Cavillers ; but it will 
eaſily appear to any one, moderately verſed in 

= Elements, that they rather ſhew their own 
Tdleneſs than any real Faults in Euclid. Nay, 

J dare venture to ſay, there is not one of theſe 
| New Syſtems, wherein there are not more Faults, 


nay, groſſer Paralogiſms, than they have been 
able even to imagine in Euclid, 


After ſo many unſucceſsful Endeavours, in 

the Reformation of Geometry, ſome very good 
Geometricians, not daring to make new Ele- 
ments, have deſervedly preferr'd Euclid to all 
others ; and have accordingly made it their Bu- 
fineſs to publiſh thoſe of Euclid. But they, 
for what Reaſon J know not, have entirely o- 
mitted ſome Propofitions, and have altered the 

Demonſtrations of others for worſe. Amon 

whom are chiefly Tacquet and Dechalles, bot 
of which have unhappily rejected ſome elegant 
Propoſitions in the Elements (which ought to 
bave been retained) as imagining them trifling 
and uſeleſs ; ſuch, for Example, as Prop. 27, 
28, and 29, of the Sixth Book, and ſome o- 
thers, whoſe Uſes they might not know. Far- 
ther, wherever they uſe Demonſtrations of their 
Wn, 
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"Dr. Knits PREFACE 
oh, inſtead of Eucl id's, in thoſe Demonſtra- 


tions they are faulty in their Reaſoning, and 


deviate very much from the Conciſeneſi of the 
Anlients. 


In the fifth Book, they have wholly rejected 


 Euclid's Demonſtrations, and have given 4 


Definition of Proportion different from Eu- 


clid's ; and which comprehends but one of the 


two Species of Proportion, taking in only com- 
menſurable Quantities. Which great Fault no 
Logician or Geometrician would have ever par- 
doned, had not thoſe Authors done laudable 
7. bings in their other Mathematical Writings. 

Indeed, this Fault of theirs is common to all 


Modern Writers of Elements, who all ſplit on 


the ſame Rock; and to ſhew their Skill, blame 
Euclid, for what, on the contrary, be ought 
to be commended ; I mean the Definition of 
Proportional Quantities, wherein he ſhews an 
4200 Property A thoſe Buantities, taking in both 


Commenſurable and Incommenſurable ones, and 


from 22 all the other roo of Propor- 


tionals do eafily follow. 


Some Geometricians, forfooth, want a De- 
monſiration of this Property in Euclid ; and 


undertake to ſupply the Deficiency by one of 


their own. Here, again, they ſhew their Skull 
in Logick, in requiring a Demonſtration for 
the Definition of a Term ; that Definition of 
Euclid being ſuch as determines thoſe Quantities 
Proportionals which have the Conditions ſpe- 
ciſied in the ſaid yin. And why might 

not 
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not the Author of the Elements give what 
Names he thought fit to Quantities having ſuch 
Requiſites? Surely be might uſe his own Liber- 
ty, and accordingly has called them Proporti- 


But it may be proper here to examine the 


. JMethod whereby they endeavour to demonſtrate 


that Property: Which is by firſt aſſuming a 
certain Affection, agreeing only to one kind 0 
fronals, viz. Commenſurables ; and thence, 
by a long Circuit, and a perplexed Series of 
Conclu ſions, do deduce that univerſal Property 
of Proportionals which Euclid affirms ; a Pro- 
cedure foreign enough to the juſt Methods and 


Rules of Reaſoning. They would certainly have 


done much better, if they had firſt laid down 
that univerſal Property affiened by Euclid, 
and thence have de _ that particular Pro- 
erty agreeing to only one Species of Propor- 
* 4 Bur refecting this Mattel hes 5 
taken the Liberty of adding their Demonſtra- 
tion to this Definition of the fifth Book. Thoſe 
 wwho have a Mind to ſee a further Defence of 
Euclid, may conſult the Mathematical Lectures 
of the learned Dr. Barrow. 


As I have happened to mention this great 


Geometrician, I muſt not paſs by the Elements 


Prbliſbed by him, wherein generally he has re- 
tained the Conſtructions and Demonſtrations 
. of Euclid himſelf, not having omitted fo much 
as one Propoſitian. Hence, his Demonſtrati- 
ens become more ſtrong and nervous, his Con- 


tructions 
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ftruftions more neat and elegant, and the Ge- 
nius of the ancient Geometricians more conſpi- 
cuous, than is uſually found in other Books of 
this kind. To this he bas added ſeveral Corol. 
laries and Schohas, which ſerve not only to 
ſhorten the Demonſtrations of what follows, 
but are hkewiſe of uſe in other Matters, 
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| Notwithſtanding this, Barrow's Demonſtra- 

| tions are ſo very ſhort, and are involved in ſo 
many Notes and Symbols, that they are render- 

ed obſcure and difficult to one not verſed in 

Geometry. There, many Propoſitions which 

appear conſpicuous in reading Euclid himſelf, 
are made knotty and ſcarcely intelligible to 

| Learners by this Agebraical Way of Demon- 

; tration, as is, for Example, Prop. 13, Book 

I. And the Demonſtrations which he lays down 

; in Book II. are fill more difficult: Euclid 

'  bimſfelf has done much better, in ſhewing their 

; Evidence by the Contemplations of Figures, as 


| in Geometry ſhould always be done. The Ele- 
; ments of all Sciences ought to be handled after 
| the moſt ſimple Method, and not to be involv'd in 
5 Symbols, Notes, or obſcure Principles, taken 


I 


As Barrow's Elements are too fhort, ſo are 
: thoſe of Clavius too prolix, abounding in ſuper- 
: fluous Scholiums and Comments: For in my Opi- 
nion, Euclid is not fo obſcure as to want ſuch 
a lumber of Notes, neither do I doubt but 4 
Learner will find Euclid himſelf eaſier than 
any of his Commentators. As too much Bre- 
A 4 ity 
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vity in Geometrical Demonſtrations begets Ob- 
ſcurity, ſo too much Prolixity produces Tedi- 
oulſueſt and Confuſion. 


On theſe Accounts principally, it was that 

J undertook to publiſh the firſt px Books of Eu- 
clid, with the 11 and 12", according to 
Commandinus s Edition; the reſt I 19 
becauſe thoſe firſt mentioned are ſufficient for 
underſtanding of moſi Parts of the Mathe- 
maticks now ſtudied. 


Farther, for the Uſe of thoſe who are defi- 


rous to apply the Elements of Geometry to Uſes 


in Life, we have added a Compendium of 


Plain and Spherical Trigonometry, by means 


whereof Geometrical Magnitudes are meaſur d, 


and their Dimenſions expreſſed in Numbers, 


J. KEII. 


r 


71 PP 


6 ˙ 


* 
* 
hows 
7 
7 
* 

* 

— 
| : 
555 
55 
bg 


r e BS 


— I RES 


* 
r 
" 
* 
* 
12 
5 
2 
> 
Hb 


Mr. CUNN's 


Shewing the USEFULNESS and Ex- 


CELLENCY of this WORK, 


R. KEIL, in his Preface, hath ſuf- 
ficiently declared how much eaſier, 
plainer, and more elegant, the Ele- 
ments of Geometry written by Euclid 


are, than thoſe written by others; and that the 


Elements themſelves, are fitter for a Learner, 
than thoſe publiſhed by ſuch as have pretended 
to Comment on, Symbolize, or Tranſpoſe any 
of his Demonſtrations of ſuch Propoſitions as 
they intended to treat of. Then how muſt a 
Geometrician be amazed, when he meets with 


a Tract * of the iſt, 2d, 3d, 4th, 5th, 6th, 


I1th and 12th Books of the Elements, in which 
are omitted the Demonſtrations of all the Pro- 
poſitions of that moſt noble univerſal Matheſis, 
the 5th ; on which the 6th, 11th, and 12th fo 
much depend, that the Demonſtration of not 
ſo much as one Propoſition in them can be ob- 


tained without thoſe in the 5th? 


. Fide the laſt Edition of the Eng/i/þ Tacquet. 


The 
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The 7th, 8th, and gth Books treat of ſuch 
Properties of Numbers which are neceſſary 
for the Demonſtrations of the 1oth, whic 
treats of Incommenſurables ; and the 13th, 
14th, and 15th, of the five Platonick Bodies. 
But though the Doctrine of Incommenſura- 
bles, becauſe expounded in one and the ſame 


Plane, as the firft fix Elements were, claimed 


by a Right of Order, to be handled before 
Planes interſected by Planes, or the more com- 
pounded Doctrine of Solids ; and the Proper- 
ties of Numbers were neceſſary to the Rea- 
ſoning about Incommenſurables : Yet becauſe 
only one Propoſition. of theſe four Books, viz. 
the 1ſt of the roth is quoted in the 11th and 
12th Books ; and that only once, viz. in the 
Demonſtration of the 2d of the 12th, aad that 
iſt Propoſition of the 10th, is ſupplied by a 
Lemma in the 12th : And becauſe the 7th, 8th, 


gth, 1oth, 13th, 14th, 15th Books have not 


been (thought by our greateſt Maſters) neceſ- 
fary to be read by ſuch as deſign to make na- 
tural Philoſophy their Study, or by ſuch as 
would apply Geometry to practical Affairs, 
Dr. Keil. in his Edition, gave us only theſe 
eight Books, viz. the firſt ſix, and the 11th 
and 12th. 


And as he found there was wanting a Trea- 
tiſe of theſe Parts of the Elements, as th 


were written by Euclid himſelf ; he publiſhed 
his Edition without omitting any of Euclid's 


Demonſtrations, except two 3 one of which 
was a ſecond Demonſtration of the gth Propo- 
fition of the third Book ; and the other a Demon- 
ſtration of that Property of Proportionals call- 
led Converſion, (contained in a Corollary to the 
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19th Propoſition of the 5th Book,) where in- 
ſtead of Euclid's Demonſtration, which is uni- 
verſal, moſt Authors have given us only parti- 


_ cular ones of their own. The firſt of theſe 


which was omitted 1s here ſupplied : And that 


which was corrupted is here reſtored “. 


And ſince ſeveral Perſons to whom the Ele- 
ments of Geometry are of vaſt Uſe, either are 
not ſo ſufficiently ſkilled in, or perhaps have 
not Leiſure, or are not willing to take the 


Trouble to read the Latin; and ſince this 
"Treatiſe was not before in Engliſh, nor any 
other which may properly be ſaid to contain 


the Demonſtrations laid down by Euclid him- 
ſelf; I do not doubt but the Publication of 
this Edition will be acceptable, as well as ſervi- 
ceable. 15 


Such Errors, either typographical, or in 
the Schemes, which were taken Notice of in 
the Latin Edition, are corrected in this. 


As to the Trigonometrical Tract annexed 
to theſe Elements, I find our Author, as well 
as Dr. Harris, Mr. Cafwell, Mr. Heynes, and 
others of the Trigonometrical Writers, is miſ- 
taken in ſome of the Solutions. 


That the common Solution of the 12th 
Caſe of Oblique Sphericks 1s falſe, I have de- 


monſtrated, and given a true one. Se Page 


319- 


* Vide Page 55, 107, of Exclid's Works, publiſhed by 
Dr, Gregory. So | | 


In 
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In the Solution of our gth and 10th Caſes, 

by other Authors called the iſt and 2d, where 
are given and ſought oppoſite Parts, not only 
the aforementioned Authors, but all others that 
1 have met with, have told us that the Solu- 
tions are ambiguous ; which Doctrine is, in- 
deed, ſometimes true, but ſometimes falſe : 
For ſometimes the Quæſitum is doubtful, and 
ſometimes not; and when it is not doubtful], 
it is ſometimes greater than 9o Degrees, and 
ſometimes leſs: And ſure I ſhall commit no 
Crime, if I affirm, that no Solution can be 
given without a juſt Diſtinction of theſe Va- 
rieties. For the Solution of theſe Caſes ſee my 
Directions at Pages 321, 322. 


In the Solution of our 3d and 7th Caſes, in 


other Authors reckoned the 3d and 4th, where 


there are given two Sides and an Angle oppo- 
fite to one of them, to find the 3d Side, or 
the Angle oppoſite to it ; all the Writers of 


Trigonometry that IT have met with, who have 


undertaken the Solutions of theſe two, as well 
as the two following Caſes, by letting fall a 


Perpendicular, which is undoubtedly the ſhort- 


eſt and beſt Method for finding either of theſe 


Quæſita, have told us, that he Die 3 


of the Vertical Angles, or Baſes, ſhall be the 


| ſought Angle or Side, according as the Perpen- 
within "4 

dicular falls 3 withour x { which cannot be 

known, unleſs the Species of that unknown 


Angle, which is oppoſite to a given Side, be 
firſt known. 


Here 
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Here they leave us firſt to calculate that un- 
known Angle, before we ſhall know whether 
we are to take the Sum or the Difference of the 
Vertical Angles or Baſes, for the ſought Angle 
or Baſe : And in the Calculation of that Angle 
have left us in the dark as to its Species ; as 
appears by my Obſervations on the two pre- 


ceding Caſes. 


The Truth is, the Quæſitum here, as well as 
in the two former Caſes, is ſometimes doubt- 
ful, and ſometimes not ; when doubtful, ſome- 
times each Anſwer is leſs than go Degrees, 


| ſometimes each is greater; but ſometimes one 


leſs, and the other greater, as in the two laſt 


mentioned Caſes, When it is not doubtful, 


the Quæſitum is ſometimes greater than go De- 
grees, and ſometimes leſs. All which Diſtinc- 
tions may be made without another Opera- 
tion, or the Knowledge of the Species of that 


unknown Angle, oppoſite to a given Side; 


or which is the ſame thing, the falling of the 
Perpendicular within or without, For which 
ſee my Directions at Pages 324, 325. 


In the Solution of our 1ſt and 5th Caſes, 
called in other Authors, the 5th and 6th ; 
where there are _ two Angles, and a Side 
oppoſite to one of them, to find the 3d Angle, 
or the Side oppoſite to it; they have told us, 
that the = ot of the Vertical Angles, 
or Baſes, according as the Perpendicular falls 

WAN Shall be the ſought Angle or Side; 
and that it is known whether the Perpendicu- 

TY lar 
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lar falls within or without, by the Affection of 


the given Angles. 


Here they ſeem to have ſpoken as tho? the 
Quzfilum was always determined, and never 
ambiguous ; for they have here determined 
whether the Perpendicular falls within or with- 


out, and thereby whether they are to take the 


Sum or the Difference of the Vertical Angles 
or Baſes for the ſought Angle or Side. 


But notwithſtanding theſe imaginary De- 
terminations, I affirm, that the Quæſitum here, 
as in the two Caſes laſt mentioned, is ſome- 
times ambiguous, and ſometimes not ; and that 
too, whether the Perpendicular falls within, or 
whether it falls without. See my Solutions of 
theſe two Caſes in Page 323. . 


The Determination of the 3d Caſ of Oblique 
Plane Triangles, ſee in Page 325. 
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DEFINITIONS. 


I. : POINT, is that which hath no Parts, 
or Magnitude. . 
II. A Line is Length, without Breadth. 
III. The Ends (or Bounds) of a Line, 
are Points. 


IV. A Right Line, is that which lieth evenly be- 


tween its Points, 

V. A Superficies, is that which hath only Length 
and Breadth. 

VI. The Bounds of a Superficies are Lines. 

VII. 4 Plane Superficies, is that which lieth even- 

by between its Lines. 

VIII. A Plane Angle, is the Inclination of two 
Lines to one another in the ſame Plane, which 
touch each other, but do not both lie in the ſame 
Right Line. 

IX. If the Lines containing the Angle be Right ones, 
then the Angle is call d a Right-lin'd Angle. 

| X. When 


Euclids ELEMENTS. Book I. 


X. When a Right Line, ſtanding on another Right 
Line, makes Angles on either Side thereof, equal 
between themſelves, each of theſe equal Angles is 

a Right one, and that Right Line which ſtands 
upon the other, is cail d a Perpendicular to that 
whereon it ſtands. 


XI. An Obtuſe Angle, is that which is greater than 
a Right one. 


XII, An Acute Angle is that which is leſs than a 
Right one. 

XIII. 4 Term (or Bound) i is that which is the Ex- 
treme of any Thing. 

XIV. A Figure is that which is contained under one, 

or more Terms. 

XV. A Circle, is a plain Figure, contained under 
one Line, called the Circumference; to which 
all Right Lines, drawn from a certain Point 
within the Figure, are equal. 

XVI. And that Point is called the Center of the 
Circle. 

XVII. A Diameter of a Circle, is a Right Line 
drawn through the Center, and terminated on 

both Sides by the Circumference, and divides the 

Circle into tum equal Parts. 

XVIII. 4 Semicircle, is a Figure contain'd under 

2 Diameter, and that Part of the Circumference 
of a Circle, cut off by that Diameter. 

XIX. A Segment of a Cirete, is a Figure contain'd 
under a Right Line, and Part of the Circumfe- 
rence of the Circle [which is cut off by that Right 
Line.] 


XX. Right-lin'd Figures, are ſuch as are contain d 
under Right Lines. 


XXI. Three. ſided Figures are fu ib as are contain d 
under three Lines. 


XXII. Four. ſided Figures, are ſuch as are contain 'd 


under four. 


XXIII. Many-fided Figures, are thoſe that are con- 
tained under more than four Right Lines. 


XXIV. Three 
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XXIV. Of three-ſided Figures, that is, an 
lateral Triangle, which bath three equal Si 
XXV. That an Iſoſceles, or one, which | 
bath only two Sides _—_ Y 
XXVI. And a Scalene one, is that which, bath 
three Nr Sides. 
XXVII. Alſo of three-fided Figures, that is, 4 
Right-anges T1 1 which bath a Nut 
ee. 
XXVIII. That an Obrye-anged one, which bath 
an Obtuſe Angle. 
XXIX. And that an Acute-angled ones which bath 
three Acute Angles. 
XXX. Of fur. ide Figures, that is, a Square, 
 ' whoſe four Sides are 08, and its Angles all 
ö Right ones. 
XXXXI. That an Oblons, or - Ref le, wbieh i is 
N longer than broad; but its oppoſite Sites are 
e aL; and all its 5 Right W.. 
XVXXII That a Rhombus, which hath four 8 
qual Sides, but not Right Angles. * 
XXXIII. That a Rhomboides; I. oppoſit te Sides 
and Angles only are equal. | 
XXXIV. All Quadrilateral Fi igures, beſides theſe, | 
are called Trapexia. 
XXXV. Parallels are ſuch Right Lines in the 


ſame Plane, which if infinitely produc 4 * 


Ways, would never meet. 


* 


5 OS TULA TRA 


I. RANT that a Right Line m FN 

| from any one Print to ph 7 

| II. That finite Right Line may be continued di- 

|  _ reltly forwards. 

III. And that a Circle may be deſcribed about 
any Center, with any Diſtance. 
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AXIOMS. 


* HINVGS equal 10 one and the fame 
5 1 Toke equal 44 ng 
to e s are al Things, 
2:64 . e s will be equal. 5 , 
Ill. J from 222 2 nal Things be taken 
1. I equa er Tnequal Thi 
| a ings be added 10 ne ngs > | 
Sh 2 wht ; will be ung al, 11 1 
7. 185 N rom unequal ns, 
F n will be eral ; 
VI Things which are double to one and the ſame 
Wing, are equal between themſelves.  - «+ 
VII. ings which are balf. ene and the ſame 
bing. are equal between ibemſelves. 
VIIL Things which mutually _ together, are 
., equal 40 2 another. 
IX. The whole is greater than its Parti. 
. Two Rieht Lines do not contain a Space. 
2 All Right Angles are equal between themſelves. 
BY a Riss Line, falling two otber 
t Li, makes the inward Angles. on the 
2 So Herod, both 1 together, leſs 23 t 
s, "thoſe tuo Right Lines, infinite! 
i , wl meet each 295 on that Side 
where the Angles are leſ than Right ones. 


Note, When chere are | ſeveral Angles. at one Point, 
any one of them is expreſs'd by three Letters, of 


which that at the Vertex of i Pure of plac'd in 
Ede . 


the Middle. For Example; In 

XIII. Lib. I. . 6 contain 

Lues AB, B C, is ted the Angle ABC; and 
N le contain'd under the Right Lines AB, BE, 
by 5 TAE 


a 


—— N r re n 

— = a oe es Ln _ *. N * „ { 2 ng a 
q IT a mx n 2 N . * 
* * - wed. — p ”, 5 * * o 0 1 * ** 


: 4 \ K N d, n 2 es * * 
. . . [ & - 
| | 1 * * 
Book I. Las ELEMENTS. 
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PROPOSITION 1 


PIO U 


Ti 5 22 an E | wilateral Trane upon 4 given 
| ; Jnite Togs 1 Tine. | 


ET AB be the 35 inke | he Lin 
upon which it is we w de 
teral Triangle. 
About the Center A, wih the Diſtance 

AB, "deſcribe the Circle BCD®;' and about the 3 P 
Center B, With the ſame Diſtance BA, deſcribe the 
Circle ACE; and from the Point C, where the two 

- Circles cut "ach other, draw the Right Lines C A, 
CHEE: PET ben 
bent An the Center of the Circle DB C; 
AC fhall be equal to A BI. And becauſe B is the t 15 Def 
Center of the Circle C A E, BC ſhall be to BA: 

but CA hath been proved to be equal to A B; there- 

Tha el and OB as ar bg AB. = 

to one and the ſame „ are 

between themſelves, and conſequently C A is equal 

to CB; therefore the three Sides CA, AB, BC, are 
equal between themſelves. 

And fo the Triangle BAC is an Equilateral one, 

and is deſcribed apon the given fits Right Line A'B 3 
which was to be done. | 


PROPOSITION. II. 


PROBLEM. 
At a given * to put a Right Line qual to I 
4 Right Line given. | I 


ET the Point g given be A and the given Right 
L. BC; K 5 to a Right Line at 


the Point A, equal to the given Right Line B C. 
8B 2 | Draw 


* mY. , 4 N 
7 ” j as Rd q 8 
a. N 5 * * , 
p * 2 ww 5 9 
ware r "> — * * "one 9 3 
LE, * 2 


* 


Ele Eu n MEN TS. Book I. 


F. 1. ” raw theRight Line A C from the Point A to Cr. 
+x this. it deſcribe | 73 
. EN DA md. Cn e E and 
t Pen. 2. ; about the Center C, a iſtance B C, 
* Pot. 3 deſcribe the Circle BG H*; and the Center D, 

__ with the Diſtance DG, deſcribe the Cirde G K L. 
Now derne the Point C is the. Center of the Cir- 

* f bf 15. cle BGH, BC will be equal. to CG; and becauſe 

2B D'is the Center of the Circle G K L, the whole DL 

E- will be equal: to the whole D G, the Parts whereof 

1 DA and D. C are equal; therefore, the Remainders 

t Axim 3. AL, GC are alſo equal f. But it has heen demon- 

" ſtrated, that B C is eg ual to CG; wherefore both AL 
and eee ta Ne, f n 
that are equal. tc one and ire are e 
F and therefore likewiſe A al tc 
. odd JOS U 
Whence the Right Line MANS 


Punt A, qa] tothe 2 Bee on 
BE n tothe done, 8 
** : * be _ N 25 ww . 1 
* PROPOSITION . N 
| 125 1 n 1 n a 
e IP Pu 1 2 ll. . fire, N= | 
n Ri "Lines being Fork, to cut ut off a 
Part from the greater SN the Leſſer. 
- =A | | 
| ETA Band be the two ut ta | Righe Lines 
given, the greater whereof js A it Is 


big from the greater AB equal to the 
© n of hs Put * a Right Line AD at the Point A, equal to the 
Line C, and about the Center A, with the Diſtance 

+ PN. 3. AD, deſcribe a Cirde DE F f. 
Then becauſe A is the. Center of the Circle DEF, 
AF's equal to AD; and fo both AE and C are 
each equal to AD; wherefore A E Is likewiſe equal 

1 Axim 7. fo. Cy. 

And ſo there is cut off from A B the greater of two 
given Right Lines AB and C, a Line A E equal to 
the wad Line C; which was to be done. | 


. . — 218 


. — 2 % 
6G 1 FIT N 
0 * * * * 


Right Line A 


Lines will contain a 


28 equi. the Tiriangle DEF, and an 
of te other, 


and Is equal thereto ; ; 35 r the whole Tri 
angle 


” "TIS 5 ö * ** EN" WORE 8 a 
a : i 1 © * 3 


Book 1 Euchd's E E E MENTS. 


2 


* 


PROPOSITION ] * 


ory TAHTOR RN. e 


If there are two Triangles that bane ea | Sides, 
the one equal to two Sides of the other,” eat 
to each, and the Angle contained by thoſe equal 
' Sides in one Triatgle cual 10 the 4 7 tained 
by the correſpondent Sides in the = tangle, - 
then the Baſe of one of the Tria. ler 

equal to the Baſe of the other, the 7 
equal 10 tbe wbole Triangle, and the rem * 
Angles of one equal. to the remaining Angles of the - 
other, each to each, which b ſubleud th Ln 


ach to Sich, that is; the Side AB g 
E, N 1 


„ 
* 
| 
„ 
ind 
"3 
7 xz 
the S 


of the one to the 1 Sap 
each to its cr We 

equal Sides, uiz. the Angle A BC 
2 DEF. and the Ange NCB aig 


670 the Triangle ABC © being 


ns the Tint A co-incide „ and the 
Line A B with D den the Point: f will £04 

with the Point E, becaus AR bY to DE. And. 
ſince A B co-incides with 1 eb 2 


* _ 
W % * 


a wo DEFY = 


$-- x3 * 25 


1 : 
N 
the Point B. i with F. and deere the Baſe | 
BC co-incides with the Baſe EF. For if the Point 
B co-inciding with E, and Q with F, the Baſe BC 
does not. oo · incide with the Baſe EF; then tro — 4 
Space, W 
Therefore the Baſe B C co- incides with the Er. 
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C will co-incide with the whole Triangle 
co-incide with the remaining Angles +, and 
al to them, viz. the Angle ABC equal to 
DEF, and the Ak GY equal to the 


* rt ö * 0 PR” or” 
24 N 


6 a , : N - + * g 2 
je F . Py 822 * FA 2 ,. by * % . * - 82 , * % 
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wt * * A f 2% ” ,4 F , %s 40% T% 5 . 8 2 re 1 . 


* l * N * 43 pr 4 * > | . 


a — \ 


r 
T E OR E M. 


447 the Baſe 'of an Iſoſeeles Triangle are 
' between themſelves: And if the o_ 
produced ," the Angles under the Baſe 


— 


* \ + . 


" 
7 2 | 
4 
——— 3 ; m * > n 
* E rn 2 7 : "x 
« 7 a> oo : : 0 , 2 bs... 
3. 4a AS %gfF * Y Se IT 6 : < . kd 
= = 
— » 
#54 * * * 
* Y. 
c - ; 
"x 
£3 5 


- And 
e GCB: the Angl 
BG. — 
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| PROPOSITIO N- vi. 


e . 
FR R e 
* 2X 2 bo * 2 


F two An gif Trl rc tore ny OY 
lac \the- equal * be * * . 
teen themſelves. 0 : a 


Er ABC be a Lahe, having the 
1. ABC equal to the B. I ay the Si 
AR > Roni opal a hob * TI. 


Co 7, . 2 


between themſelves, the Sides ſi | 
Angles are likewiſe equal between ect Which 
Was to be demonſtrated. 


B 4 Coroll. 


K * 2 — — Denn 


a A * A A * 7 n 282 ** 4 N 
ada. il tee Sh. * e's 9s MJ 
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Coral. Habe every Equiangylar Triangle is alſo E- 
| qu later l. 1 N : 
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\ 


CB, each to each; 
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tuo Triangles baue two Sides . equal 
10 two 22 of the: other, each t0-each, and 
the Baſes equal, then the Angles contained under 

the 1 vides : ak Io 225 f . 5 


V3" at 413 n „ v0 i 
. 


to BEE od. let. CC te B — 

EF. 1 225 the Angie B AC is i 
EDF. EY I 1 3 AN 
Triangle A B Ca be applied: 


—— 


dieb EE, © that ce Point B may — 
| and the Right Line BC with E F, then the [ro VB: | 
; * 


„ 
will likewiſe co-incide- with ED ant DF. For == 
the Baſe B C ſhould eozirnide with E P, and at the | 
ſame. Time the Sides HA, AC, ſhould not co-incide 

with the Sides ED, PF, but change their - Poſition, © 
3 GF, then there would be conſtituted on the 
ſame Right Line two Right Lines, btw - 
Right Lines, each to each, at. ſeveral Points, an cke 
ſame Side, | 


to be. otherwiſe ; Hhirefore ie i imply.” r_the'® 7 of thi. 
Sides BA, AC, not to eo-incide Wich che Sides 'ED, 
DF, if ——— yaw — 
— whereſo they will --co-mc conſequently 

Angle BAC will -chantide-with the Angle E DF, 
and will be equal to it. Thereſore if two-Triangles 
have tus Sides of thi ene e of the other, 
each to anch, and the Baſes: equal, then the: Angles. con- 


tained under the equal Sides will be equal ; which Tow 


to be demonſtrated, 2 4 7 e 


iwequal to 


"Pt" Ss 
be 5 a 7 . 


2 , - 
$i. - ; 5 3 Oe > oxy 
„ * 4 » » & C 


i r 1 e 


1E 
AC is equal to C 
mon, the Right Lines AC, C 


the twa Righ Lines B C, Cb, and dhe 
'B CD; 'therefore t the 
DB. And 'ſo-the-Right Line 
e Point D; which was to be done. 


Fx 2 * , 2 


">. RY 298 * 
79 * 
”. 


B, and CD ' is com- 
B, ee 
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» RO PO 8 vr HON «XL. 
| N W : 
Me draw a Right Ling at R FO a: given 
N ms ant rc in the * 


N Pont Ut bmw ire ee Line kan 1 
he Point C, at ee to AB. 1 
ee any Pomt Din AC, Aan makes. CE 

equal to CD, and pen DE make + the 


erik, IDES 


ht Lie A-B;at Right - 
| 4 ar bps DG © i aqul 2 
1 ere, oe which Was. to be done. 3 = 7 
| . PROPOSITION XII. „ 
A HF 73734 1 
0 ach. - 2p. PROBLEM., 


3 Right Line perpendicular, upon a given 
"PR 1 Funma Point | given out of its 


1 given/infinite Line, and C the 


Er AB be t 
2 3 It 3 he Line. 
ab; perpendicular. upon the given Right 

A B;\fvom' the” Point C giten out of it. 

ary Point D on the other Side of the Right 


Aſſume 
Line AB, and about the Center C, with the Diſtance 


CD deſcribe ® a Circle EDG, biſet+ EG in H, 1 % 3 
and join CG, CH, CE. I ſay there is dawn the f ie J dl. 


Per- 


a at. x, 
* 9 7 * 
9 


Euciids EENMEN TS. Bookl. 
Perpendicular C H on the given infinite Right Line 
AB, from the Point C gien out of it. , 

For becauſe G H is equal to HE, and HC is com- 
mon, G H and HC are each to E H and HC, 
and the Baſe CG is equal to the aſe CE. Therefore 
* the Angle CH G is equal f to the Angle CHE; and 
they are adiacent Angle. But "when a t Line, 
7 n another Right Line, makes the les 

* Sernietvosy cathy ofe the agtal;Abghte 
is a Right ones, GEL Line is 
call'd a. Per — it ſtands. om 
2 122 perpumuicuar, a given 

infinite Right Line, from a N out Fate 3 which 

demonſtrated. 


1 Wee e 

. „ e ee Try 
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*& R WEL : 4 * hs « 1 * r ; N rn * * 
* * * * — los, % LY. 7 » TE >. j 9 . . - 1 * * ” 2 4 9 5 . = 
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When a Right Line, | ndixg UPOR 2. 
mater Angles, theſe:ft Eber lau hs 
3 or togother-oghal 46: 0 ui Aale 

eee ee Nn ert 
"OR let a Right Line AB ftandi upon the Right 
Line C D, make the Angles 818 Thy, 

3 CBA, ABD, are either Right Ange. 

"BY gles, or both F to two 

beef. For if CBA be 0 ABD, de ok ud. of 
+ 11 of chi. them Right Angles : if not; draw + B E from the 

Point B, at Rip to CD. Therefore the 

Angles CB E, BD, are two Right : And 

—_ to both the Angles CBA, ABE, 

2518 8 le EB , which is mon; and the two 


E; EBD, er, are | equal to ron 
eg Angle CBA ADE E BD, | wgetr, Again 
becauſe the Angle DB A is equal to two: Angles 
DBE, E BA, together, add the common 
ABC, poke poke DBA, AB C, are equal 
to the three Angles „EB A, ABC; DG, agate 
But it has — —.— char the two BE, 
E BD, together, 2 os three An- 

geiles: But Things that are equal to one and the fame, 
'* Ax 1. are equal between themſelves. Therefore. likewiſe 


ES CBE, E BD, together, are equal to the 
Angles 


* 3 fas - 
Ss. 
. 4 
> 


or 
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Bbok L. Eule: BEN > 
Angles DBA, ABC, r; but CBE, E BD, 
are two Right Angles. herefore.the Angles DB A, 


A ABC, are both water equal to two Right Angles. 


Wherefore when a gy t Line, ſtanding upon another 
Right Line, makes Angles, theſe ſhall + either two 


Right Angles, or together _ to 1 patty Angles ; 
which was to be demonſtrated. - 


£5, " PROPOSITION, NIV. 
8 n a 1 
e >.>: 144, 2 5 5 N 2 


HS 10. 9 Right Line; and Peini thertin ,” 1 
Right a 


FH . | 
Þ. LIE be 1 AT, from contr —_ 
1 — * ts 5 170 75 5 mal ee Y mos 

pe LG ir EE 

TDI. : b 1% oe -. We ..* 29 251 n 

42 4 $, 53 & 254 I. Line. 1 | a Ge oh 
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© 4 10537 7 : 5 Fj 3 
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EN For if BD, CB, or _ ons fight ANG, 
kt CB and BE make one. 
Tben, n b eee 


wp 


} 7 A 


* 
11 
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ex, 5 
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13 t . r 
. bo. wh p 
1 3Y 
«> 7 » 
as 


"greater | 
"Therefore BE, B C, are 99.008 trig 
Lin? And in the ſame Manner it is demonſtrated 
that no other. Line but BD is in a Line with 
CB ; wherefore CB, BD, ſhall be in one ſtraight 
Line. Therefore if to any Right Line, and Point therein 
two Right Lines be drawn from contrary Parts, making 
the adjacent Angles, both together, equal to two Right 
Angles, the ſaid two Rig . 
Araight Line; which was to be demonſtrated. 
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PROPOSITION XV. 


Tü 


i two Right Lines mutually cut each other, the 


oppoſite Angles are equal. 


ET the two Right Lines AB, CD mutually cut 
L each other in the Point E. I fay, the Angle AFC 
to the Angle DEB; and. the Angle CE B 
to the Angle AE D. 

on the 


For becauſe the Right Line AE, 
Right Line CD, makes the Angles EEA AED: 


e Theſe den eee ſhall by lee rs Righ 
DEB: the Right Line AB, he 8 4 
. a ape 
Ban ior 


E D, are likewiſe together equal igh 

. gies. Therefore the Angles CEA, AED; — 

e 
3 Ar. 3. 9, Ang i A, is 
cual to the Angle n n -For'the Ame 

Reaſon, che Angle CE B ſhall be'equal to the Angle 
DEA. Therefore if two. Right ' Lines mutually cut 
27. be Nr ow ad are T__; which was 
to 


cen * From hne ti mani, that two Right 

ines mutually” cutting other, make Angles 

at the Sefion"equal't four Right Angles, 

Ceroll. 2. All the Angles conftituted about the ſamo 
ns PO TT ae Pu 
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Book I. Euclids EL RMB ur-. 


PROPOSITION IN. 


T HEOREM. 5 
If one Side of any Triangle be produced, ibe . 
, ward Angle i rs greater than either Fa wry inward 


oppoſite Ang tes. 


ET ABC. be be Trig mts Ss 
BC, be I fay, the outward 
Angle ACD is greater than either of the inward 


n or BAC. 
or biſect AC in E, , nd jon BE, which hy 10 of this. 
duce to F, and make E F equal to B E. Moreover, 
join F C, and produce A C to G. 
Then, becauſe A E is equal to E C, and BE to 
E F, the two Sides AE, E B, are equal to the two 
TS Is, 
to the r are ite Þ 15 of ebrs, 
es. - Therefore the Baſe A B, 9 
e FC; "and the Triangle A E B, 


Angle B AE, is to the 
Angle E CD, is Den u. er 
fore the Angle ACD, b e rays 
Aſter the ſame manner, if the © 5 
e Kc eee than the Angle 
, A is greater the AB 
'Therefore one Side of 4 Cy Triangle being . proc 55 

the outward' Angle is. greater than either of t e imodrd 

oppoſite Angles ; which was to be demonſtrated. 


PROPOSITION XVII. 


THrtOREM. 


Two Angles of wy Triangle ; bowſoever 
taken, are leſs than two Right Angles. 


1 ABC be a Triangle. I ſay, two Angles of 


it together, howſoever taken, are leſs than two 
Right Ana les. For 
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Dunas ELEMENTS, 


For produce B C to D. 
Then, byeauſe; the outward 
BC, is greater* than 
. Ange ABC: If the common A 5 
dee Angle ACD, AC B, together, will be g 1 
XY than the Angles ABC; Ac together: BM AD, «©: 
tua AOB, are qᷓ equal to:two Right 7 3 Therefore 5 
3 ABC, BCA, are leſs than two R 
the ſame manner we demonſtrate tt Ang 2 8 
bag A GB;: a al PAB, AB C, are le than 
0e Nair Ne refore two Angler of qny Ir - 5 
Then ne 1s _ wi Rign | 


Q, N 
angle > 224 en * 2 
Angles; W was to be 
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| Book I; Euclids ELEMENTS. 


PROPOSITION XIX. 
THEOREM. 


The Per Angle of every Triangle tends the 
greater Side. 


ET ABC be a Triangle, having the Angle ABC 
L greater than cher Angie BCA. I fay the Side 
AC is greater than the Side AB. 
For if it be not greater, AC is either equal to AB, 
or leſs than it. It is not equal to it, becauſe then the 


Angle ABC would be equal“ to the Angle ACB;* 5s of this. 


but it is not. Therefore AC is not equal to AB; 
neither will it be leſs; for then the Angle ABC would 


be + leſs than the Angle A CB ; but it is not. There- f 18 F this 


fore AC is not leſs than AB. But likewiſe it has 
„ proved not to be equal to it: Wherefore AC 
than AB. Therefore the greater Angle 4 
3 Triangle ſubtends the greater Sides + which was to 
be demonſtrated, 


PROPOSITION XX. 


THEOREM, 


Two Sides of any Triangle, bowſoever taken, are 
 togelber greater than the third Side. 


1 ABC be a Triangle: I ſay two Sides there- 
of, howſoever taken, are greater than 
the third Side, viz. the Sides BA, AC, are . 
than the Side BC; and the Sides AB, BC, grea 
than the Side AC, and the Sides BC, CA, Prater 
than the Side AB. 
For produce BA to the Point D, fo that AD be 
2 and join DCC. | 

o Then becauſe DA equal to AC, the Angle ADC 


| BCD. is greater than the Angle AC D. Wherefore 
de Angle BCD is greater than the Angle ADC; 

aud becuſe DCB is a Trig le, having the Angle 

43 Be. — the greater 
Angle 


be equal to the Angle ACD. But the Angle f . 


4 3 =, 
29% this Angle ſubtends * the greater Side; the Side DB will 


Baske RE ENTS | es? 


be greater than the os But DB. is equal to 


BA and AC rd. * the Sides BA, 8 
AC, together, are greatet Side BC. In tho 
fan 


lanner we demonſtrate, yok the Sides AB, 
| together, are greater than the Side CA; and 
the es BC, CA, t r, % Fee 
AB. Therefore two Sides beret Tri 
taken, are togetber greater t the third Ke 
was to be demonſtlated. 


"PROPOSITION Xl. 


Frtgory bt, ES 


if fas N ths be. drawn from as extreme | 
4 *% >) Point. of. ane Side of _ 4. Triang le 22 Bank 
. ..vvitbin-4h6 ſame, thee tevs Lines ſoal De 4 
Aban the other "two Sides LA Jhe hr 2 Fes 
* rontaln a greater Ag. 
Co Lard has | „Ve 
OR let two Right Lines TY 1 ee 
from the Extremes B, C, of the Side B C of tbe 
Triangle / ABC, id the Paint D within the fine. I fay N 
BD, DC, are leſs than BA, AC, the other two Sides | 
hy + > ls ON "Ig 


1 


5 is is common and the 


55 


B. Bu es E, ED, v that 
t-it , ; 

= 18 3 BE, EC: Wherefore HA, 
; are much greater than BD, DC. Again, be f 
$7167 te cured Argeat wy 'Trahgle, is Trent 


8 of 
b CED. 'the fame Reafon; 
wad Avgkcoſ the Tri BE: 1 Mil 5 
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25 


— a Fr 
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tain a greater Angle; which was to be d 
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ngle BAC; but the Angle BDC has been | 3 
proved to be greater than the Angle CE B. Where- we 
fore the Angle BD C ſhall be much greater than the 9 
Angle BAC. And ſo if N Right Lines be drawn 
Fom the extreme Paints F one Side of a Triangle to { 
any Point within the ſame; theſe two Lines ſhall be T 
leſs than the other two Sides of the Triangle, but con- Y 


PROPOSITION XXI. 
FF _ ay 
To deſerib#@ Triangle of three Right Lines which 
ar aun to three others given: Bui it is requi- 
Jie, at any tte May: Right Lines taker to- 
"gether br greater than-the third ; becaiſe do 
Sidet of a Triangle," boteſbewer taken, are toge- 
ber greater than the third Side. 
A, B, Ce thre Right hine pine tw of 


. 
78 


D 


2 
85 


PROPOSITION XXII. 


PROBLEM.- 


Right-lin'd Angle given. 


equal to the given Right-lined Ang le DCE. 
Aſſume the Points D and Eat Plaſure in the Lines 
CD, CE, and draw DE; then, of three Right Lines 
22 of chit. equal. to CD, DE, EC, make*a Tri AFG, 
fo that AF be equi to CD, AG to.C and FG 
to 
Then becauſe the two Sides DC, CE, are equal to 
F the Baſe 
E equal to the Bale FG; the Angle DC E ſhall be 
eren to the Angle FAG. Therefore, the 
RA * b 1 gre Po 
ven Line A to the given -lined 
E DCE; which was to be dane. * 


PROPOSITION KV. 


THEOREM, 


F two Triangles bade two Sides of the one, 6, eee 
10 two Sides of the other, each to each, and the 
Angle of the one, contained ayer the equal 


ig bt Lines, greater than 73 pre efpondent An- 


le of the ah, then the Baſe of the one will 
greater than the Baſe of the other. 


ET there be two'T iangle: ABC, DEF, having 

two Sides AB, AC, equal to che two Sides D 
DF, each to each, wiz. the Side AB equal to 4 
Side DE, and the Side AC equal to NF; 5 ths 
Angle BAC be greater than the Angle EDF. 
lay, the Baſe BC 6 greater than he Bu EF. 


With à given Right Line, and at a given Point 
in it, to make 4 Right-lin'd Angle equal io a 


Ir the given Right Line be AB, and the Point 
therein A, and the given Right-lined Angle 


* It is required to 1 ht-lined le 
— CE. given Point A, with the gn Right L Line A 


Right- 


For 


Euclids ELEMENTS. Bock I. 


1 a. 1 eee 


Land 
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ſo the Angle 
than the Angle 
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the Correſpondent 


* r : 


05 K Fickd's Br 


For becauſe 'the Angle BAC is greater than the 
Angle EDF, inake an Angle EDG at the Point * 23 of 75. 


D in the Righ Line DE, equal to the Angle BAC, 


and make G equal to either AC or DF, and f 3 bis. 
join EF, FG. 8 


Now becauſe AB is equal to DE, and AC to DG, 
the two Sides BA, AC, are each equal to the two 
Sides ED, DG, and the Angle BAC equal to the | 
Angle EDG: Therefore the Baſe BC is equal to 4 4 of chi. 


the Baſe EG. Again, becauſe DG is equal to DF, 


the Angle DF G is þ equal to the Angle BGE; and 45 Albi. 
DF G is greater than the Angle EGF: 
the Angle EFG is much greater 
GF. And becauſe EF G is a Tri- 
le, having the Angle EF G greater than the Angle 
F; and the greateſt Side fub ſubtends the greateſt t 19 of this. 
Angle, the Side E ſhall be greater than the Side EF. 
But the Side EG is equal to the Side BC. Whence 
BC is likewiſe greater than EF. Therefore if tw 
Triangles have two Sides of the one, equal to tus Sides 
of the other, each to each, and the Angle of the one, 
contained under the e I Right Lines, greater than 
40 of the other; then the Baſe 
of the one lhe be rates of 5 the Baſe of the 1 
which was to be demonſtrated. 


PROPOSITION XXV. 


THEOREM. 


And conſequent] 


If two Triangles have two Sides of the one equal to 


. #wo Sides the otber, each to each, and the Baſe 

| of the one greater than tbe Baſe of the other; 
they Hall alſo have the' Angles, contained under 
"the equal Sides, the one greater than the other. 


Ba there he two Triangles ABC, DEF, having 
two Sides AB, AC, each equal to two Sides 
DE, DF, viz. the Side AB to the Side DE, 
and the Side AC to the Side DF; but the Baſe BC 
greater than the Baſe EF. | foy, the Angle BAC 

is alſo greater than the Angle E, 
For if it be not greater, it will be either equal or 
leſs. But the Angle wi is-not — to 1 
1 


» 4 this EDF; for if it was, the Baſe BC would be * equal 
| to; the Baſe EF; but it is not: 1 tag 


Fache nen Bel 


BAC is not to the Angle EDT „ neither 


1H. be lefſer ; for if it ſhould, the Baſe RC Saul be le. 


than the Baſe EF; but it is-not, Ter the 


likewiſe been proved not to be equal to it. 
fore-the BAC is 


pb the 


#0 bis correſpondent 


D 


Z 
4 


t 


LY 


Aer 


Sf 


M— 


I | 
72 


2 2 therefore, two 


' the one equal to two * 

of the a+, and the 7 
e e, 1 7 

which was s to by d moni, Piet 


| PROPOSITION, I 


4 1 > A 1 * 


tow Iri angles Lave two Angle gies. of OY wal | 
10 —— of the ather, each e de and one | 
Side of the one equal to one Side of the. ther, ei- 
tber the Side lying between tht hedge les, er 
wobich ſublends one of the Le * ; "the re - 
a 2 Sides of 5 one Triang 4 
equal to the conn; Sides o the 1 each 
„and ibe remaini 77 
Angle 2 T% 8855 _ os the "OY Ang 
4 1 the other = 


TT ns 8 DEF, hav- 
r 


BAC is not leſs than the Angle EDF ; hut 


to 


175 


x 


— 


F 
E 


he 


F 


to the 

F. ne Tri- 

e wi of the 
5 or rg 

| Side 


the ro- 
For 
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17 the Side A B , e the Side DE 
one af them will be the greater, which let be Ak 


gle BCG 


Angle DEF; And F. ad 
BAC equal to to the remaihin 


to the remain 


— 1 K 


. 
+. e Og I, VE ITY mY N 
. « 0 \ 1 - » * 
* 7 * 


make GB equal to D E and join G C. 

Then becauſe BG E ena) to DE, and BC EC. 
the two: Sides G B, BC, are equal to the two Sides 
DE, EF, each to each; and the Angle G Be 
A enn e C © he Tae 4 ff this 


- DFE. But the Angle DF E, by the Hypo» 
to the Angle BCA; and forks . 
+ likewiſe 
$ to the greater, whi cannot be. | 
is not un to DE, and conſequently is 1 to 
it. And ſo ze dex AB, BG, ar each og the 
two Sides DE, EF, and the An ai ie ACE 

0 


and BC EE rr res 
Tn 8 


For if BU 


Euclid's ELEMENTS. 
equal to it. But AB is alſo equal to DE. Where- 
fore the two Sides AB, BC, are equal to the two 
Sids DE, EF, each to each; and they contain equal 
5 And ſo the Baſe A C is equal to the Baſe 

. and 

the remaining Angle to remaining 
7 V therefore, two Triangles have tius 
les' equal, each to each, and one Side of the one 
equal to one Side of the other, either the Side lying 
between the equal Angles, or which ſubtends one of the 

I Angles ; he remaining Sides of the one Triangle 
2 be alſo equal to the remaining Sides of the whe, 
each to his correſpondent Side, and the remaining Anglo 
of the one equal ta the remaining Angle of the other ; 
which was to be demonſtrated. 


PROPOSITION XXVIL 


THnzonzm.. 


If a Rig bt Line, falling upon pate Right 1 
. the alternate An ual between them- 
ſeives, the two Right Lines j all be parallel. 


ET the Right Line EF, filling n tes ight 
L Lines AB, CD, make the alternate Angles Age 
EFD, equal between themſelves. J. fay the Right 
Line AB is parallel w CD. 

For if it be not parallel, AB and CD, produced 
towards B and D, or towards A and C, will meet: 


than the inward and oppoſite An- 

EF G, and alſo equal ſ to it; which is abſurd. 

AB and CD, produced towards B and D, 

13 meet each oder By the * rea- 

— 7 pp . 

t Det 35 neither Side, are parallel between themſelves There 
due AB i fan ©D. Therefore if a Right Line, 

falling upon two Right Lines, makes the alternate An- 

gles equal between gde, the two mw Lines ſhall 
5 which was to be demonſtrated 
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PROPOSITION XXVII.. 


THEOREM. 


If a Right Line, falling upon two Right Line 
nab the outward Angle of the of 1h ob 
fo the inward and 1100 te ** of the 2 
on the ſame Side, or the inward Angles on the 
ſame Side together equal to two Ri 5 Angles, 
the two Right Lines Gal be Ta el lauen 
| themſehves. 


ET the Right 1 EF a 
L Lines AB, CD, make the urwnrd A 


equal to the inward and- oppoſite 3 - 
e BOH OH] HB on — 
together equal to two Right Angles. 1 fay de Right 
Line AB is parallel to the Line CD. 
neon eo 
, to the An- px 
le A GH,.the Ange AGH dall be equi to the * 7 
Angle GHD; CITING FED. There- 
—_— =_ 4 BGH, GHD, are 5 _ 
Again, becauſe 
to two Right Angles, and A G H, BGH, 825 13 of this 
to two Right Ones, the Angles AG H, BGH, 
n the 8 CH, GHD; and if — 
common Angle B Heer n 
remain the Angle A G H equal to the GHD; 
but theſe are alternate Angles. T AB is 
parallel to CD. , therefore, a Right Line, Falling 
ji ot Tine Fong, makes the cut, , Angle of the 
the i te fore the: inward and oppoſite Angle of the | 
Side, or the inward Angles on the 
= Side tg ber equa] ta two Right Angler, the two 


Right Ling "hal be parallel between e thenyelves hy 
which was to be Ale cu | , 


P RO- 


PROPOSITION XKIX. 
5 TH BORE N. 
. a Right Line falls upon two Parallels, it will 


and oppoſite Angle, 
iinwar ee the be fave 
© hy Right Angles. 


ite Jo 


ht Lines AB,.CD. I fay 5 


1 n eee 


2212 13 ; 
ing 2 


58 Ik = 
DEE h 


C 5 —2 


1 e of —— Right / 


oppoſite tngle, on the 


fame Side, and a inward <a on the ſame Side 


_— ight Angles ; — 
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mute the alternate Angles equal between them- 
* ſeves; the ers Ihe le equal to the inward 
ame Side; and the 
ame Fr RY 580 to 


Ls the Right Line EF fall n — 


ry nat are equal berweon themſelves ß 
| OS = eqial ©. the inward ond 
GHD the 1 and the uro inward ones, 


4 
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- PROPOSITION * 


Laus. ura to one and the} : ö K 
nope pep | 


[ET AB; AB and CD be- 


3 o — 


* end: 


oh vega LY SY 
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of teh . given Right — e 8. 
IE 40,» 0 Ai 1+ AH Trl 


«ET A. ee given, and B 
to draw a. 


in Line BC- - RAE 
Polk: Ay wi then 


ADC 
3 


—— Line Ab dig Ren, Zan 
56 0 F, makes the 72 
t Line EAF + 27 of this, 


to the given 
Coroll. 


the 
is drawn thro! the given Point A, 


Rght Line BC; which was to be done, 


Coroll. Hines it appears, tar if one Angle of any 
Triangle be equal to the other two, that is.a Right 
one; becauſe that the Angle adjacent to this Right 

one, is equal to the other two. But when adjacent 
' Angles are equal, they are neceſſarily Right ones. | 


PROPOSITION, XXXIL. 
e "Trzorn; 


Angle is equal: to both the inward and oppoſite 
Ales; ed the three inward Angles of a Tri- 
ange arg * to To Rb Angles. | 


ET: ABC he's Trangk, ons of whole Sides 


ce ACD i. to the two inward. and 

3 ABC; and the three inward Angles 

of the Triangle, viz. ABC, BCA, e inc 

equal to two Right Angles... 5 

31 h. For let CE be drawn * thio' the Point C 
to the Right Line AB. Then becauſe AB is 
to CE, And AC. falls upon them, the alternate; Angles 


Þ 29 of chi. te . are between themſelves. 9 
AB is . and the 
outward Angle ECD: 5 + 


of u Triangle be 
| both the in- 


angle are equal to two Right tes.; 
2 to be "PIs. — 


Euclids ELEMENTS. Bock 


Vs one Side of any T1 riangle be produced, the outward 


B produced to D. T fay, the outward An- 


Bt 


C 


* I | : F 
- * OS =. 4 IF, 


+ * 2 no 


Book I. Eura a Ar 3. 


c 1. All the three Angles of any one Triangle 
en together, are equal to all the three Angles of 

| ohne Triangle taken together. 
121 2. If two Angles of any one Triangle, either 
why os or taken together, be equal to two An- 


- gles of any other Triangle ; then the remaining 
Angle of the one Triangle, will be equal to the 


Angle of the other. 
Call 3. If one Angle of a Triangle be a * 
3 the other no Angles together make one 


le, 
Coral. 4. If the Angle included between the equal 


2 v7 an Iſoſceles Triangle be a Right one, each 


of the other Angles at the Baſe will be half Right 
Corall. 5. Any Angle in an Equilateral Triangle is 


Fri to one e Third of two Right Angles, or two 


hirds of one Right Angle. 


THEOREM L. 


All the inward Angles of any Right. ine 


Sides. 
F 0 R any Fightin Figure may be reſolved inte 


as many Triangles, abating two, as it hath Sides. 
Fer Example, if a 12 igure has four Sides, it may be re- 


7 into two Triangles : If a Figure has e Sides,” 
t may be reſolved 110 three Thien gles; i 7) into 
the 


fade and fo on. Wherefore 19 Prop 

Angles of + theſe Triangles I to twice as many 
Right Angle as. there are Trian + But the — I 
all the Triangles are equal to t e Angles 


F eure. Therefore all the inward Angles of the 7 he 


are equal to twice as many Right Angles 75 there are 
Triangles, that is, twice as many Right Augles, ny 


away Four, as the Figure has Sides, | W, W. D. 


Fi- 
gure whatſoever, make twice as many Right 
- Angles, abating four, as the Figure has: 


Tun. 
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All the outward Angles of any Right-lined Fi- 1 
gure together, make four whe A 


OR the outward Angler, chr s the inward 
ones, make twice as many Angles as the Fi- 
gure has Sides; F3 2 the Iaft Them, alF the Tmward 
Angles tog t e Angles, abat- 
ing four, as the Fi r has Sides. 25 e tho out- 
war we are all gether equal to four . 


 PROPOSFTION XXII. 


TA TORE A. 


Ty Ri ig Lines, which: j join bow equal 450 pa- 
rallel Rigbt Lines, e. 8 fame Parts, 


are alſo equat and parallel. 


L's the parallel and equal Right Lines & B, CD; 
bs towards the ſame by the. Night 
ws BC. 


Lay AC, BD, een 
er to CD, and BC falls | 


T4 gf this BaſAC +: 


the Right L 


] 27 bi Lines A C, D, ma | 
CBD, between eres; AC bt 
to BD. it has been proved alſo. to be equal to 


"Therefore two Right Lines, which join two equal 
parallel Right Lines, towards the ſame Parts, are alfo 
equal and parallel; Which was to be — 


Wa 


'A Book n Eiz Arve. 


Dein. A Poralldiyrein is a Dradrilateral Herre. ac | 


of whoſe hafte Sides are parallel. | 
PROPOSITION XXXIv. 


"THEOREM. 


The 0 e Sides and 6 Poſte les of. any Pa- 
22 are equal ; and — plan, di- 
vides the ſame into ere _ Parks.” 


ET ABDC be a Parallelogram nt Dine 
ter is BC. I fax, the oppe 
between t 


meter BC b the 

For becauſe AB is 
Line BC falls on them, the alternate Angle 
BY kl derween 8e 0 


'BC A; of the 1 
Fier 15 . to 


DE the Side 
Weg Ke ha befor 


ſhall bf own 


„ moreover, that the Diameter biſeds it. For 
AB is equal to CD, and BC is common, 
the two Sides AB, BC, are each equal to the two 
Sides DC, CB; and the ABC is alſo equal 
do che Angle BCD. There re the Baſe AC is 
{equal to the Baſe DB; and — — 


meter B C biſects 
Was 2 ze demonſtrated. 


PROPOSITION XXXV. 


THEOREM. 
Reales conſtituted upon the ſame 25 


and between the ſame Parallels, are equal he- 


tween themſelves. 


ET. ABCD, EB CF, be Parall con- 
ſtituted the ſame Baſe B C, and between 
the fame P ds AF and BC. I fay, Air tet 


ABCD is to the 
EBCF. ak 


ue equal to BC; and for the ſame Reaſon EF is equal 
* Axiom 1. to BC; wherefore AD ſhall be f equal to EF; but 
1. DE is common. Therefore the whole AE is t equal 
to the whole DF. But AB is equal to DC; where- 

fore EA, AB, the two Sides of the Triangle ABE, 

to the two Sides FD, DC, each to each; 


"#29 of thin and Angle FDC equal to the Angle EA B, the 


outward one to. the inward one. Thane 
"£0" RUBY to the Baſe CF, and the Trang 
to 


rang FDC. if the common T* 
DGE be taken from both, there will remain 


Trapezium ABGD, to the Trapezium m FOE, 3 
and if the Tri 


BC, which is common, be 
2 ABCD will be equal to 
BCF. Therefore, Parallalo- 
pt — 1. the ſame Baſe, and between 


the ſame Parallels, are equal between themſelves ; 
TILL — 


I tr 3. 


For becauſe ABCD is a Parallelogram, AD is 
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equal to the Triangle BCD. Wherefore the Dia- |. 
Parallelogram ACDB; which } f 
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Book I. Euclids ELEMENTS: 


PROPOSITION XXXVI. 


THEOREM. 


Parallelograms conſtituted upon equal Baſes, and 
| between the ſame Parallels, are equal between 
themſelves. ; 


1-5. the Parallelograms AB CD, EF GH, be 
conſtituted upon the equal Baſes B C, F G, and 

between the ſame Parallels AH, BG. I fay, the 
Parallelogram ABCD is equal to the Parallelogram 

EF GH. | 

For join BE, CH. Then becauſe BC is“ equal + 

to F G, and FG to EH; BC will be likewiſe equal 

to EH ; and they are parallel, and BE, CH, joins them. 

But two Right Lines joining Right Lines which are 

equal and parallel the ſame Way, are equal, and pa- f 33 his. 
rallel : Wherefore EBCH is a Parallelogram, and is 3 
+ equal to the Parallelogram ABCD; for it has the f 359 wb. 
ſame Baſe B C, and is conſtituted between the ſame 

Parallels BC, AD. For the fame Reaſon, the Pa- 


N nlllogram EF GH e equl t the fame Paralllo- 

* gram EBCH. Therefore the Parallel ABCD 
ſhall be equal to the Parallelogram EFGH. And fo 

. Parallelgrams conflituted upon equal Baſes, and be- 


ol trocen the ſame Parallels, are equal between them- 
Jules; which was to be demonſtrated. 


PROPOSITION XXVII. 


THEOREM. 


2h Triangles conſtituted upon the ſame Baſe, and between 
be ſame Parallels are equal between themſelves. 


ET the Triangles ABC, DBC, be conſtituted 

| upon the ſame Baſe B C, and between the ſame _ 
Parallels AD, BC. I ſay, the Triangle ABC, is 
= equal to the Triangle DBC. 

1 For produce AD both ways to the Points E and 
F:; and through B draw * BE parallel to CA; and * 31 Tie 
{8 through C, CF, parallel — BD. 


Where- 


36 

Wherefore both EBCA, DB CF, are Parallelo- 
* 35of this. grams; and the Parallelogram EBCA is * equal to 
the Parallelogram DB CF; for they ſtand upon the 


fame Baſe BC, and 8 the ſame Parallels B C, 
YU 34 of this. EFF, But the Triangle ABC is one half of the Pa- 


rallelogram E B CA, becauſe the Diameter A B bi- 


ſes it; and the Triangle DB C is one half of the 
Parallelogram DB CF, for the Diameter DC biſects 
it. But Things that are the Halves of equal Things, 
14. 3. are t equal between themſelves. 2 the Tri- 
angle ABC, is equal to the Triangle DB C. Where 
fore, Triangles con — upon the ſame Baſe, and 
between the ſame Parallels, are pn between them- 
ſelves ; ; * was to be demonitrated, 


PROPOSITION XXXVII. 


TAO N. 


Triangles conſtituted upon equal Baſes, and 1 
the ſame Parallels, are equal between themſelves. 


LET. the Triangles ABC, DCE, be conſlituted 
the equal Baſes B C, CE, and between the 
eme Parallel BE, AD. | foy the Trangle ABC 
is equal to the Triangle D CE, 
For odors AN: both Ways to. he Failes'G, B : 
n e thro! B draw* BG parallel to CA; and thro' E, 
E H, parallel to DC. 
Wherefore both GB CA, D CEH, are Paralle- 


lograms, and the e GBC is t equal 
t 36 of hi. to the Parallelogram DCE H: For 4 ſtand upon 


Baſes, BC, CE, and between the ſame Paral- 
134 of ebis. le BE, GH. But the Trian ole ABC is 1 one 
half of the Parallelogram GBCA, for the Diameter 
AB biſects it; and the Triangle DCE I is one half 
of the Parallclogram DCEH, for the Diameter DE 
biſects it. But Things that are the Halves of equal 
+ ;c. Things, are equal between themſelves, Therefore 
' the Triangle ABC, is equal to the Triangle DCE. 
Wherefore Triangles — upon equal Baſes, and 
betiveen the ſamg Parallels, are equal between them- 
ſelves; which was to bs demoultrated, 
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PROPOSITION XXXIX. 


THEOREM. 


Equal Triangles conſtituted upon the ſame Baſs, 
on the ſame Side, are in the ſame Parallels. 


E ABC, DBC, be equal Tian ples, confti- 
tuted upon the ſame Baſe BC, ont the aa Side. 


I fay are between the ſame Parallels. For let 


AD be drawn. I fay AD is parallel to BC. 
For if it be not , draw * the Right Line AE 3: of this, 
thro' the Point A, parallel to B C, and draw E C. 
Then the Triangle ABC, + is equal to the Triangle f 37 bir 
EBC; for it is upon the fame Baſe BC, and between 
the ſame Parallels BC, AE. But the Triangle ABC 
is 1 equal to the Triangle DB C. Therefore the tre- Ze. 
Triangle D B C is alſo to the Triangle EBC, 
a leſs to a greater, which is impoſſible. herefore 
AE is not parallel to BC: And by the ſame Way of 
Reaſoning we prove, that no other Line but AD is 
— BC. Therefore AD is parallel to B C. 


re equal Triangles conſtituted upon the ſame 


Baſe, en the | fame Side, are in the ſame Parallels; 


wW þ was to be demonſtrated. 
PROPOSITION Xs: 


TR ZORE M. 


Equal 7 riangles conſtituted upon e qual Baſes, on 
the ſame Side, are between the 2 Parallels. 


E ABC, CDE, be equal Triangles, conſti- 
upon equal Baſes BC, CE. f ſay _ 
are 8 the ſame Parallels. For let AD be 
drawn. I fay AD is parallel to BE. 
For if it be not, let AF be drawn“ thro' A, pa- 31 of this. 
rallel to BE, and draw F E. 
Then the Triangle ABC is f equal to the Triangle 1 38 of bn. 
FCE; for they are conſtituted upon equal Baſes, and 
between the ſame Parallels BE, AF. But the Tri- 
angle ABC is equal to 8 Triangle D CE. T 1 
ore 
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fore the Triangle D CE ſhall be equal to the Trian- 
gle FCE, the greater to the leſs, which is impoſſi- 
ble. Wherefore AF is not pa rallel to BE. And in 
this Manner we demonſtrate, that no Right Line can 


be parallel to BE, but AD. Therefore AD is pa- 
rallel to BE. And fo equal Triangles conflituted upon 


Jae Baſes, on the ſame Side, are between the ſame 


at allels ; which was to be demonſtrated. 
PROPOSITION XII. 


oni. 


If a Parallelogram and a Triangle bave the ſane 
Baſe, and are between the ſame Parallels, the 
DIR will be double to the Triangle. 


ET the Parallelogram AB CD, and the Trian- 
gle EB C, have the ſame Baſe, and be between 


the ſame Parallels, BC, AE. I fay.the Parallelo- 


which was to be demonſtrated. 


To conſtitute a 3 Ref 10 a * Tri- 


gram AB C is double the Triangle EB C. 
For join A C. t 
Naw the Trans ABC is* equal to the Tri riangle 
"E BC; for they are both conſtituted upon ha ſame 


_ Baſe BC, and between the ſame Parallels B C, AE. 


. But the Parallelogram AB CD is + double the Tri- 
angle ABC, ſince the Diameter AC biſects it. Where- 
fore likewiſe it ſhall be double to the Triangle EB C. 


if, therefore, a Parallelgram and Triangle have bath 


the ſame Baſe, and are between the ſame Parallels, | 
the Parallelogram will be double to the Triangle; | 


PROPOSITION XII. . 


angle, in an Angle equal to à given on | 
Angle. | 1 


E the given Triangle be ABC, and the Right- þ 
lined Angle given D. It is required to conſtitute | 
a Purifiers nl to the given Triangle AB C, | 
in a Right-lined Angle equal to D. Biſect 
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Biſect * B C in E, join AE, and at the Point E, in * 10 of this. 
the Right Line EC, conſtitute f an Angle CEF 237 i, 
to D. Alſo draw f A G thro' A, to EC, 1 31 ofthis 
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and thro C the Right Line C G parallel to FE. 
Now FE CG 1s a Parallelogram: And becauſe 


BE is equal to EC, the Triangle ABE ſhall be“ equal 2 ** 


to the Triangle AEC; for they ſtand upon equal 
Baſes BE, EC, and are between the ſame Parallels 
BC, AG. Wherefore the Triangle ABC is double 
to the Triangle AEC. But the Parallelogram FECG 
is alſo double to the Triangle AE C; for it has the 
fame Baſe, and is between the ſame Parallels. There- 
fore the Parallelogram F ECG, is equal to the Tri- 
angle ABC, and has the Angle CEF equal to the 

le D. Wherefore the Parallelogram FECG is. 
conſtituted equal to the given Triangle ABC, in an 
_— F equal to a given Angle D; which was 
to be done. | 


PROPOSITION XLII. 
THEOREM. 
In ever Parallelogram the Complements of the Pa- 
rlldegams that ſtand about the Diameter, are 
| egual between themſelves. 


T ET ABCD be a 8 whoſe Diame- 
L ter is DB; and let FH, EG, be Parallelograms 
ſtanding about the Diameter BD. Now AK, K C, 
are called the Complements of them: I ſay the Com- 
plement AK is equal to the Complement K C. 

For ſince AB CD is a Parallelogram, and BD is 


the Diameter thereof, the Triangle AB D is equal * 34 7 #5" 


to the Triangle BDC. Again, becauſe HK FD is 
a Parallelogram, whoſe Diameter is D K, the Trian- 
gle HDK ſhall ® be equal to the Triangle DFK ; and 
for the ſame Reaſon the Triangle K BG is equal to 


the Triangle K E B. But ſince the Triangle B EK is 
equal to the Triangle BG K, and the Triangle HDK 
to DF K; the Triangle B E K, together with the 
Triangle HD K, is equal to the Triangle B G K, to- 
gether with the Triangle DF K. But the whole Tri- 
angle ABD is likewiſe equal to the whole Triangle 

D 3 BDC. 


BDC. Wherefore the Complement remaining, A 
will be equal to the remaining Complement KC 


| Therefore in every Parallelgram the Complements of 


the Parallelograms, that fland about the Diameter, are 
equal between themſelves ; which was to be done, 


PROPOSITION XLIV. 
5 PrRoBLEM 5 
Fo apply a Parallelogram to a given Right Line, 


Angle. 


L T the Right Line given be AB, the given Tri- 
angle C, and the given Right-lined Angle D. It 
is required to the given Right Line AB, to apply a 
Parallelogram equal to the given Triangle C. 

In an Angle equal to D, make the Parallelogram 
*424 4: BE F G equal to“ the Triangle C; in the Angle 
E BG, equal to D. Place BE in a ſtraight Line with 
AB, and produce F G to H, and thro' A let AH be 
+ 32 of li drawn f parallel to either GB, or FE, and join H B. 

Nou becauſe the Right Line HF falls on the Pa- 

1 299 i rallels AH, EF, the Angles AHF, HFE, are equal 

to two Right Angles. And fo BHF, HF E, are 

leſs than two Right Angles; but Right Lines making 

leſs than two Right Angles, with a third Line being 

* Ix, 12. —_—_— = ed, will meet ® each other. Where- 
2 9 


fore H produced, will meet each other; which 
31 J 4. let be in K, thro which * draw KL parallel to EA, or 
FH, and produce AH, GB, to the Points L and M. 
Therefore HLK F is a Parallelogram, whoſe Dia- 
meter is HK; and AG, ME, are Parallelograms 
about HK ; whereof LB, BF, are the 
t 43 of is. Therefore LB is f equal to BF. But BF is alſo 
equal to the Triangle C. Wherefore- likewiſe LB 
ſhall be equa to the Triangle C; and becauſe the 
1 15ef . Angle GBE is t equal to the Angle ABM, and 
alſo equal to the Angle D, the Angle AB M fhall 
be equal to the Angle D. Therefore to the given 
Right Line AB is applied a Parallel equal to 
the given Triangle C, in the Angk A B M, equal to 
the given Angle D; whrch was to be done, = 8 
| | ? 


; equal 10 à given Triangle, in a given Right-lined 
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PROPOSITION XLV. 

| PROBLEM. 

To make a Pa rallelogram y to a given Right- 
lined Figure, in a given Rigbht-lined Angle. 


F ET ABCD be the given Right-lined Figure, 
| and E the Right-lined Angle given. It is re- 


2 


, quired to make a Parallelogram equal to the Right- 

Al | lined Figure ABCD in an Angle equal to "Sides 

F Let DB be joined, and make * the Parallel ® 42 of this, 
PF equal to the Triangle ADB, in an Angle HKF, 

- |, cqual to the given Angle KE. A 

t Then to the Right Line G H apply + the Paralle- + 44 of tb. 

L logram G M, equal to the Triangle DBC, in an 

Angle G H M, equal to the Angle E. 1 

oh Now becauſe the Angle E is equal to HE F, or 

HM, the Angle HK F fhall be equal to G H M, 

add K HG to both; and the Angles HK F, K HG, 


HG, are t, together, equal to two Right f 29 J. 
es. Wherefore, likewiſe, the Angles K HG, 
HM, ſhall be equal to two Right Angles: And 
ſo at the given Point H in the Right Line GH, two 
1 0 Lines KH, HM, not drawn on the I 
ö make the adjacent les, both together, to 5 
two Right Angles 3 KH, HM. 475. 
b make one ſtraight Line. And becauſe the Right Line 
| HG falls the Parallels EM, FG, the alternate 
Angles MHG, HG F, are t equal. And if HGL 
be added to both, the Angles MH G, HG L, toge- 
ther, are equal to the Angles HGF, HG L, together. 
But the Angles M H G, HGL, ae“ together equal * 299 4 
1 ee 5 - 88 N N the Ark 
8 F, HG L, are together to two Right 
Nr GL, make one ftraight Line. 
And ſinte KF is equal and parallel to H G, as like- 
wiſe HG to ML, K F ſhall be r equal and parallel f 30 of lia 
to ML, and the Right Lines K M, F L, join them. 
Wherefore KM, FL, are t equal and parallel. There- f 34 of cis 
fore K F LM is a Parallelogram. But ſince the Tri- 
angle ABD is equal to 55 HF, ad 
4 t 


[ary 5 to the Angles K HG, GH M. 
| Bol EF EG. : 


— —ů — 


5 * 
* . TIE * 
8 4 4 „ * % 9 * 
* _ : x 
” 
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the Triangle DB C to the Parallelogram GM; then 
the whole Right-lined Figure AB CD will be equal 
to the whole Parallelogram K F LM. Therefore 
the Parallelogram K F "LM is made equal to the 
given Right-lined Figure ABCD, in an Angle FEM, 
equal to the given Angle E; which was to be done. 


Coroll. It is manifeſt, from what has been ſaid, how 
to apply a Parallelogram to a given Right Line, 
equal to a given Right-lined Figure in a given 
Right-lined Angle. 


PROPOSITION XLVI. 


> PROBLEM. 
To deſcribe a Square upon a given Right Line. 


EE T AB be the Right Line given, upon which 
1 5 it is required to deſcribe a 
* rr of this. Draw AC at Right 7 to AB from the Point 
Þ+ 3 of this. A given therein; make f to AB, and thro! 
t 31 of bis. the Point D draw tDE pra to AB; alſo thro 
B draw BE parallel to AD. 
* g$4ofrttis, Then ADEB is a Parallelogram; and fo AB is 
to DE, and AD to BE. But BA is equal to 
; Therefore the four Sides BA, AD, DE, EB, 
are equal to each other. 
"A fo the Parallelogram ADEB is equilateral : 


I fay it is likewiſc . wrt For becauſe the Right 
Line AD falls upon the Parallels AB, DE, the An- 
+ 29 of this cles BAD, ADE, are equal to two Ri ght Angles. 
But BAD is a Right Angle: Wherefore ADE is 
alſo a Right Angle; but the oppoſite Sides and oppo- 
I 34 bi fite Angles of are f equal. Therefore 
each of the Angles A B E, BED, are Right 
and conſequently AD BE is a R ah 
Bat as be Sees, be T T 
it is neceſſarily 2 | and s deſcribe! upon th 
| Right Line A B; 3 h was to be done. 


Corall. Hence every Parallelogram that has one e Ri ht 
__ is a 8 . 
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PROPOSITION XLII. 


TRA, | 
In any Right-angled Triangle, the Square deſcribed 
upon the Side ſubtending the Right Angle, is e- 


qual to both the Squares deſcribed upon the Sides 
containing the Right Angle. 


EZ T AB C be a Right-angled Triangle, having 
the Right Angle BAC. I tay the Square de- 
ſcribed upon the Right Line B C, is equal to both the 
Squares deſcribed upon the Sides BA, AC. 
For deſcribe * upon BC the Square BDEC, and * 46 ff «i: 
on BA, AC, the Squares GB, HC, and thro* the 
Point A draw AL parallel to BD, or CE; and kt 
AD, FC, be joined. | 
Then becauſe the Angles BAC, BAG, + are Right + Def. 30. 
ones, two Right Lines AG, AC, at the given Point 
A, in the Right Line B A, being on contrary Sides 
thereof, make the adjacent Angles equal to two Right 
Angles. Therefore CA, AG, make ꝗ one ftraight t 14 of bir. 
Line; by the ſame Reaſon AB, AH, make one ſtraight 
Line. And ſince the Angle DB C is equal to the 
Angle F BA, for each of them is a Right one, add 
ABC, which is common, and the whole Angle 
DBA is equal to the whole Angle FBC. And 4. 2. 
| fince the two Sides AB, BD, are equal to the two 
_ Sides FB, BC, each to each, and the Angle DBA 
equal to the Angle FBC; the Baſe AD will be t 4 7 b. 
equal to the Baſe F C, and the Triangle ABD equal 
to the Triangle FBC: But the Parallelogram BL 
is 4 double to the Triangle ABD; for they have the f 41 / this, 
ſame Baſe D B, and are between the ſame Parallels 
BD, AL. The Square GB is f alſo double to the 
Triangle FBC; for they have the ſame Baſe F B, 
and are in the ſame Parallels FB, GC. But Things 
that are the Doubles of equal Things are * equal to“ Ar. 6. 
each other. Therefore the Parallelogram BL is equal _ 
to the Square GB. After the ſame Manner, AE, 
BK, being joined, we prove, that the Parallelogram 
CL is equal to the Square HC. Therefore the whole 
Square DBEC is equal to the two Squares GB, HC. 
But the Square DBEC is deſcribed on the Right TA 
2 | | 4 
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B C, and the Squares G B, HC, on BA, AC. There- 
fore the Square B E, deſcribed on the Side BC, is 
equal to the Squares deſeribed on the Sides BA, AC. 
Wherefore in any Right-angled Triangle, the Square 
deſcribed upon the Side ſubtending the Right Angle, 
is equal to bath the Squares deſcribed upon the Sides 
containing the Right Angle. 


PROPOSITION XLVIIL _ 
IT uZOII V. . 
Va Square deſcribed apon one Side of a Triangle be 


equal 10 the Squares Yeſeribed upon the other two 


Sides of the ſaid Triangle, then the Angle contain- 
ed by theſe two other Sides is a Right Angle. 


F the Square deſcribed upon the Side B C of the 

Triangle ABC, be equal to the Squares deſcribed 
upon the other two Sides of the Triangle BA, Ac: 
I fay the Angle BAC is a Right one. 


+; or let there be drawn from the Point A, at 


F 477 this, 


ight Angles to A C; likewiſe make AD equal to 
FC 
Then becauſe DA is equal to AB, the Square de- 
ſcribed on D A will be equal to the Square deſcribed 
on AB; And adding the common deſcribed 
on AC, the Squares deſcribed on DA, AC, are equal 
to the Squares deſcribed on BA, AC. But the Square 
deſcribed on D C is * equal to the deſcribed 


on DA, AC; for DAC a Right Angle: But the 


$8 of this, 


Square on BC is put equal to the Squares on BA, AC. 
Therefore. the Square deſcribed on DC is equal to 
the Square deſcribed on BC; and ſo the Side CD is 
equal to the Side CB. And becauſe DA is 1 201 
AB, and AC is common, the two Sides DA, AC. 
ate equal the two Sides BA, AC; and the Baſe 
DC's equal t the Baſe CB. Therefore the Angle 
DAC is equal to the Angle BAC; but DAC is a 
Right Angle; and fo BAC will be a Right Angle 


alſo, If, therefore, a Square deſcribed upon one Side 
of a Triangle be equal to the Squares deſcribed upon the 
other two Sides of the ſaid Triangle, then the Angle con- 
tained by theſe two other Sides is @ Right Angle; which 
was to be demonſtrated. EUCLID':s 
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BOOK I. 


DEFINITIONS 


L ER Right-angled Parallelogram is 
ſaid to be contained under two Right 
| Lines, comprebending a Right Angle. 


II. In every Parallelogram, either of thoſe Pa- 

_ rallelograms that are about the Diameter, toge- 
ther with the Complements, is called a Gno- 

mon. . 


7 31. 1. 


PROPOSITION I. 
THEOREM. 

If there be two Right Lines, and one of them be 
divided into any Number of Paris; the Ref- 
angle c Fir under the whole, and di- 
vided Line, ſhall be equal ta all the Rectangle 


contained under the 24 Line, and the: ary 
Segments of the divided Line. 


Points D, E. I ſay, the Rectangle con- 

tained under the Right Lines A and B C, 
is equal to the Rectangles contained under A and 
BD, A and DE, and A and E C. 

For let * B F be drawn from the Point B, at Right 
Angles, to BC; and make t B G equal to A; and 
let G H be drawn thro' G parallel to BC: Like- 
with, let + there be drawn DK, EL, CH, thro! 
D, E, C, parallel to BG. 


Then 2 i 


gles BK, DL, EH; but the Rectangle B H, is that 
contained vader A and BC; for it is contained un- 


der GB,. BC; and GB is equal to A; and the 
Rectangle B K is that contained under A and BD; 


for it is contained under GB and B D, and G B is 


equal to A; and the Rectangle DL is that contain- 


ed under A and DE, becauſe DK, that is, B G, is 
equal to A: So likewiſe the Rectangle E H is that 
contained under A and EC. Therefore the Rect- 


angle under A and B C, is to the Rectangle 


under A and BD, A and D , and A and EC 


"Therefore, if there be two Right Lines given, and 


one J them be divided into any Number of Parts, 
the Rectangle comprehended under the whole and di- 
vided Line all be equal to all the Rectangles contained 
under the whole Line, and the ſeveral Segments of the 
#ivided Line; which was to be demonſtrated. 


PR O- 


ET A and BC be two Right Lines, where- 
of BC is cut or divided any how in the 
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PROPOSITION II. 
5 THEOREM. 
If a Right Line be any how divided, the Rectangles 


4 contained under the whole Line, and each of the 
” Segments, or Paris, are equal to the Square of 
the whole Line. 


3 | EN the Right Line A B be any how divided in 

| Ly the Point C. I ſay, the Rectangle contained 
under AB, BC, t with that contained under 

> AB and AC, is to the Square made on AB. 

: For let the Square ADE B be deſcribed * on AB, 46. 7 

and thro' C let CF be drawn parallel to AD or BE. 

Therefore AE is equal to the Rectangles AF and 

CE. But AE is a Square deſcribed upon AB; and 

A is the Rectangle contained under BA, AC; for 

it is contained under D A and AC, whereof AD is 

equal to AB; and the Rectangle CE is contained 
under AB, BC, ſince BE is equal to AB. Where- 

fore the Rectangle under AB and AC, together with 

the Rectangle under AB and BC, is equal to the 
Square of AB. Therefore, if a Right Line be. any 
haw divided, the Reftangles contained under the whole 
Line, and each 7 the Segments, or Parts, are equal 
to the Square of the whole Line. 


PRO POSITION I. 


THEOREM. 


If a Right Line be any how cut, the Reftangle 
contained. under the whole Line, and one of its 
Parts, is equal to the Rectangle contained under 
the two Parts together, with the Square of the 
firſt-mentioned Part. 


LV the Right Line AB be any how cut in the 
Point C. I ſay, the Rectangle under AB and 
BC is equal to the Rectangle under A C and BC, 
together with the Square deſcribed on BC. 


For 


K 4 222 n 


Eur lid s n Book II. 

46. I. For deſcribe * the CDEB upon BC; 
+ 31. 1. produce ED to F; and i= AF bo devs 4th 
55 A, ald to CDer BE. 

8 le AE fhall be equal to the two 
ReQangles e Rectangle AE is that 
contained under AB and BC; for it is contained un- 
der AB and BE, whereof B E. is equal to B C: And 

the Rectangle AD is that contained under AC and 
CB, ſince DC is equal to CB: And DB is a 
deſeribed upon B C. Wherefore the Rectangle under 
AB and B C is equal to the Rectangle under A C and 
CB, together with the Square deſeribed upon BC. 
Therefore if a Right Line be any boto cut, the Rectan- 
gle contained under the whole Line, and one of its 
Parts, is equal to the Reftangle contained under the 
two Parts: together, with the 9 of the en. | 
timed Part ; which was to be demonſtrated. 


J O Gone Ea 


-PROPOSITION Iv. 


Turo M. 


if a Right Line be any bow cut, the Square which 
is made on the wobole Line will be equal to the 


. Squares made on the Segments there together 
with twice the Rectangle containe under the 


— Segments. 


ET the Right Line AB be an how cut in C. 


I fay, the 4 is equal to the 
Squares of AC, CB, together, with twice the Rect- 
angle contained under A C, CB. 
* 46. 1. For “ deſcribe the Square ADEB upon AB, join BD, 
+ 31. 1. and thro C draw CGF parallel to AD or BE; 
and alſo thro' G draw HE aa to AB or DE. 
Then becauſe CF is parallel to AD, and BD falls 
1 29. 11 upon them, the outward 1 BGC ſhall be + equal 
to the inward and oppoſite Angle ADB, but the 
„ Angle ADB is * equal to the Angle ABD, fince the 
Side BA is equal to the Side AD. Wherefore the | 
Angle CGB. is equal to the Angle GBC; and fo the 
+ 6. 1. Side BC equal f to the Side CG; but likewiſe the 
t 34.1. Side CB is I equal to the Side GK, and the Side CG 
to BK. Therefore GK is equal to KB, and CGKB 


is 
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is equilateral. I fay, it is alſo Right-angled ; for be- 
cauſe CG is parallel to BK, and CB falls on them, 
the Angles K BC, GCB, are equa to two Right 


Angles. But K B a is a Right Angle. Wherefore 
GBC alſo is a R Right Ang — IS ſite Angles 
GCB, CGK, GKB Right Therefore 


CGEB is a Reclangle. But it has been proved to 
be equilateral, Therefore CGEB is a Square de- 
ſcribed 3 C. — the ſame 22 HF is alſo 
a Square made upon „ that is to. the Square 
of AC. Wherefore HF and CK are the Squares of 
AC and CB. And becauſe the Rectangle AG is 
* equal to the R e GE, and AG is that which 4% * 
is contained under A and CB, for GC is equal to 
CB: GE ſhall be equal to the Rectangle under AC, 
and CB. Wherefore the Rectangles AG, GE, are 
equal to twice the Rectangle contained under A C, 
CB; and HF, C K, are the Squares of AC, CB. 
Therefore the four Figures HF, CK, AG, GE, are 
equal to the Squares of AC and CB, with twice the 
contained under AC and CB. But HF, 
CE, AG, GE, make up the whole Square 
vis ADE RB. Therefore the Square of AB i equal 
to the of AC, CB, N 
255 Ny _ A ba B. Wherefore, 
* a Right Line be any how cut, the Square 
Ae on the whole Line, will be equal to. the Squares 
_ on. "og Segments: theregf, together with . ttnice the 
ay 3 ned tos Ones. which was 
to 


Cell Ms that the. Panties 
| cy of a Square, are 


Go cata 
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Euclid's ELEMENTS. Book II, I 


PROPOSITION V. 


THEOREM. 


If a Right Line be cut into two equal Parts, and 
into two unequal ones; the Rectangle under the 
unequal Parts, together with the Square that is 
made of the intermediate Diſtance, is equal to 
the Square made of balf the Line. | 


| Bag any Right Line AB be cut into two equal 
Parts in C, and into two unequal Parts in D. I 
ſay the Rectangle contained under AD, DB, toge- 
— the Square of CD, is equal to the Square 
O 5 | | 
For i deſcribe CE FB, the Square of BC, draw 
BE, and thro D draw* DH G, parallel to CE, or 
B F, and thro H draw K LO, parallel to C B, or 
E F, and AK thro' A, parallel to CL, or BO, © 
Now the Complement CH is equal to the Com- 
plement HF. Add DO, which is common to both 
of them, and the whole CO, is equal to the whole 
DF; but CO is equal to-AL, becauſe AC is equal 
to CB; therefore AL is equal to DF, and adding 
CH, which is common, the whole A H ſhall be 
equal to FD, DL, together. But AH is the Rect- 

contained under AD, DB; for DH is * equal 
to, DB, and FD, DL, is the Gnomon MN X; 
therefore MN X is equal to the Rectangle contained 
under AD, DB, and if LG, being common, and 
equal to the Square of CD be added; then the 
Gnomon MN X, and LG, are equal to the Rect- 
angle contained under AD, DB, together with the 
Square of CD; but the Gnomon MNX, and LG, 
make up the whole Square CEF B, via. the 
of CB. Therefore the Rectangle under AD, DB, 
together with the Square of CD, is to the 
Square of CB. Wherefore, if a Right Line be cut 
into two equal Parts, and into two unequal ones; 
the Reftangle under the unequal Parts, together with 
the Square that is made of the intermediate Diſtance, 
is equal to the Square made of half the Line ; which 
was to be demonſtrated, 
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PROPOSITION VI. 
TarGnt PE 
| F a Right Line be divided into two equal Parts, and - 
5 2 Right Line be added diretily tothe ſame, 
the Rectangle contained under the Line, com- 
5 pounded of the whole and added Line, (taken as 
I one Line,) and the added Line, together with 
| the Square of half the Line, is e ur to the 
Square of the Line een of balf the Line, 
and the added Line taken as one Line. 


ET my ight Line AB be biſected i in the Point 


* 


Rectangle gr AD, and DB, together r wit 
. ee > apa te Spe CD, . 
For deſcribe * C of CD, and » 46. 1. 


Join DE; ack * ro rent * to CE, + 31. It 
of DF, and K L M thro” H, parallel to AD, or 
EF, as alſo AK thro' A, parallel to CL, or DM. 

Then becauſe AC is equal to CB, the Rectangle 
Als ſhall be ® equal to the Rectangle C H, but CH * 36- 1 

equal to HF, Therefore AL will be equal to 1 43. 1. 
HF; and adding CM, which is commoti to both, 
then the whole ReQangle AM, is equal to the 
Gnomon NXO. But AM is that Rectangle which 
is contained under AD, DB, for DM is to # Cor. 4. 
wu therefore the Gnomon NXO is equal to T . 

le under AD, and DB. And adding 
Lo which is common, viz. Þþ the e of CB; + Cr. 4 
and then the Rectangle under AD, DB, together Y + 
with the Square of BC, is equal to the Gnomon 
NX O with LG. But 95 NX O, and 
LG, together, make up the Figure CEF D, that 
is the Square of CD. Therefore the Rectangie un- 
der AD, and DB, together with the Square of 
BC, is equal to the Square of CD. Therefore, if 
a Right Line be divided into two equal Parts, and 
another Right Line be added directly to the ſame, the 
Rectangle contained under the Line, compounded of the 
whole and added Line, ( taken as one L ine, _ 2 
adar 
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| Euclid | '$ ELZMENTS. Book © 11 * F 
| added Line, er with thy, Square of 8 A 
it I to the Square ine compounded of balf . 
he Tone? and the a Line taken as one Line 3 : 
which waz to be demonſtrated. „ 
PROPOSITION II. 
| Le EL I Tees 
If a Right Line be any how cut, the Square of 
* 4 = Line, togetber with the Square of one 


ew! 


of the Segments, is equal to double the Rectangle 
contained under the whole Line, and the ſaid” 

Segment, together with the Square, made of the 
other. Segment. 8 


2 N22 22558 988 


* For, let the Squareof AB be ® deſeribed, viz. || 
T 43- Is Then becauſe 


being the Square er 
mon, bei 0 to both; 
then the Gnomon K L. M, and the Squares CF, 
HF, are equal to double the Rectangle contained 


{\ MA Frgurets ſaid to be conſtructed, toben Lines, drawn in a Paral- 
lelogram parallel ta the Sides thereof, cut the Diameter in one Point, and, 
make two Paralldograms about the Diameter, and two So 
likewiſe a double. Figure is ſaid to be conſtructad, wwhen tewo Right Lines 
parallel to the Sides, make four Parallilgrams about the Diameter, and 
Hau Complements, 

under 
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| der AB; BC, tc with the of AC. | 
But the Gho LM with the 


CF, HF, are equal to AD B, and CF, viz. the 
of AB, BC. Therefore the Squares of A B, 
BC, are together equal to double the e con- 
tained under AB, B C, together with the Square of 
AC. Therefore, if a Right Line be any how cut, 
the Square of the whole Line, together with the Square 
of one of the Segments, is equal to double the Reftangle 
contained under the whole Line, and the * Segment, 
together with the Square, made of the other Segment; 
which was to be demonſtrated. 55 <p 


PROPOSITION VII. 


THEO RE M. 


If a Right Line be any how cut into two Parts, 
four times the Rectangle, contained under the 
whole Line, and one of the Parts, together with 

the Square of the other Part, is equal to the 

Snare of the Eine, compounded of the whole 

Line, and the firſt Part taken as one Line. 


i PET the Right Line AB: be cut any how in C. 
a = 


E-fay four times the Rectangle contained under 
BC, together with the Square of AC, is equal 
bd che Square of AB, and BC taken as one Line. 
| For let the Right Line A B be produced to D, fo 
« that BD be equal to BC, deſcribe the Square AE 
"Y FD, on AD, and conſtruct the double Figure. 
Now fince CB is to BD, and alſo to“ Hy. 
| TGK, and BD is equal to K N: GK fhall bet 34-1 
g likewiſe equat to K N; by the ſame Reaſoning, PR 
is equal to RO. And ſince CB is equal to BD, 
and GK to KN, the Rectangle CK will 4 bet 36. 1. 
equal to the Rectangle BN, and the Rectangle GR 
d che Rectangle RN. But C K is“ equal to RN; 4. 1. 
| for they are the Complements of the Parallelogram 
CO. Therefore BN is equal to GR, and the four 
Squares BN, KC, GR, RN, are equal to each 
other; and ſo they are together Quadruple CK. 
Again, becauſe CB is equal to BD, and BD to 
E that is, equal to C 2 and the ſaid CB is al 
2 0 


„ 


Euclids ELEMENTS. Book II. 
alſo to G K, that is, to GP; therefore CG ſhall: 
de equal to GP. But PR is equal to RO; there- 
fore 1 le 1 1 
angle MP the Rectangle equal to * 
Bet MP i el t PL; for they are the: Co 


ments of the Parallelogram ML. Wherefore AG: | 
is equal alſo to RF. Therefore the four Parallelo-. 


grams AG, MP, PL, RF, are to each other, 
and accordingly they are together ruple of AG. 
But it has 4M proved that the four CK, 
BN, G R, RN, are Quadruple of CK. Ther- 
fore the four ReQangles, and the four Squares, mak- | 

ing up the Gnomon ST V, are t Quadruple 
of AK; and becauſe A K is a Retlngde contained 


under AB, and B C, for BK is equal to BC; four 


times the Rectangle under AB, B C, will be Qua- 1 
druple of AK. But the Gnomon 8 T V has been 1 
proved to be Quadruple of AK. And fo four times 
the Rectangle contained under AB, B C, is equal to 
the Gnomon ST V. And if X H, being 1 to 
I the Square of AC, which is common, be added 
to both: Then ſour times the R le contained 


under AB, B C, together with the Square of A C, is 


equal to the Gnomon ST, and the Square X H. 


But the Gnomon 8ST Y and HX, make AE FD, 1 


the whole Square of AD. Therefore four times the 
Rectangle contained under AB, BC, together with 
the Square of A C, is equal to the Square of AD, 
that is, of AB and BC taken as one Line. | 
fore, if a Right Line be any how cut into two Parti, 
four times the Rectangle contained under the whole 
Line, and one of the Parts, together with the Square 
of the other Part, is equal to the Square of the Lins, | 
compounded of the whole Line, and the firſt Part 
taken as one Line; which was to be demonſtrated. 


4 


3 PRO-F: 


nn © - ” - 


F — - 1 — 0 0 
1 5 IO „FCC „ in 7 S LON <3 IO * r Buh a 1 
4 7 2 BNET 8 af TS . rn 9, eo LI ES TS F ar : 2 * 9 * 1 


FF e , / wt FP 


x >” x" ERR 3 ty * 
2 N 8 2 5 5 4 » . 


N *K * "x 4.9% ern "II N r 7 * 
»4 FYy I 4 « : * E 1 
K * N * 4 2 25 7 q 
- 


4 ven __— wy, *4q A E . 5 
may >, N and: 2 > L 1 . 1 io . ; . * "= p B 2 * m — * " ” * by on « A ** 37 © Þ 
a A ; . <0 7 I 1 5 1 ; N 
4 5 * 
x . . : — 
Boo uclics ELEMENTS. 


and join EA, EB. Alfo thro 


PROPOSITION IX. 


THEOREM. 


Tf a Right Line be any how cut into two equal, and 


two unequal Paris; then the Squares of the un- 
equal Parts together, are double to the Square 
of the half Line, and Phe Square of the inter- 
mediate Part. 


. ts T any Right Line AB be cut unequally in D, 
and equally in C. I ſay the Squares of AD, 
E together, are double to the Squares of AC and 


together. 
For let * CE be drawn from the Point C at Right · 12 1. 
to AB, r AC, or CB, 


| to CE, and F G thro' F parallel to AB, 


and draw AF. 
| Now becauſe A C is equal to CE, the Angle EAC . 
to the Angle AEC; and ſince the Þ 5 r. 


will be 1 equal 
at C is a Right one, the other A ngles AE C, 
EAC, „ ſhall * make one Right Ang Angle, and * 5: 
are equal to each other : And ſo AEC, 

equal to half a Right Angle. For the ſame Reaſon 
are alſo CEB, EBC, each of them half Right Angles. 
Therefore the whole Angle AEB is a Right Angle. 
And ſince the Angle GEF is half a Right one, 


and EGF is a Right Angle; for it is f equal to the 29. 2 


inward and oppoſite Angle E C B, the other Angle 
EFG will be Palſo l to half a R ght one. There- 
fore the Angle GE equal to hy - EF G. 

And fo the Side EG as. to the Side G 
—_— the Angle at B is half a Right one, and F DB 
a Right one, becauſe equal to the inward and oppo- 
bee Angle E CB, the other Angle B F D will be half 
a Right Angle. Therefore the Angle at B is equal 


to the Angle BFD; and fo the Side DF is equal to 


the Side DB. And becauſe AC is equal to CE, the 
Square of AC will be equal to the Square of CE. 
Therefore the Squares of AC, CE, together, are dou- 
ble to the Square of AC; but the 'Squ are of EA 


is þ equal to the Squares of AC, CE, wether, ſince I 47. 1. 
E ACE 


3 


et T DF be drawn f 31. 1. 


AC, are each * by 


Again, t 6. 1. 


1 47 7. 


EF double to the Square of CD. But 
Wherefore the Squares of A E, and 
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ACE is a Right Angle. Therefore the Square o 
EA b ROT 


EG is to GF, and the Square 

3 GF: Therefore the 7 
GF, F ee But 
the Square of EF is equal to to the 
Therefore the Square of EF is double the 
GF: But GF is equal to CD; and ſo t 


of AE is likewiſe double to the 
to che Squares of 


AC and CD. But-the.Square of 


Line, and ** Square of the in- 
was to be mee 


PRO POSITION x. 


TR EZORE II. 


Fa Right Line be cut into "_ ual Parts, 2 to 
it be diretly added another ; the Square made on 
[the Line compounded of] the whole Line, and 
tbe added one, together with the Square of the 
added Line, fpall be double to the Square of the 
balf Line, and. the Square of [that Line which is 
compounded of | the balf, and the added Line. 


1 ** the Right Line AB be biſeQed in C, and 
ſtraight Line BD added direQtly thereto, I 


ſay hn BAD, DB, together, are double 


0 the Squars of AC, CD, aber For 
0 


, n n 
r 28 _ ' * 3 
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Wok II. Euchds EL x NMH NN | B 
For draw ꝰ CE from the Point C at 
to AB, which make equal to AC, or CB, and draw 
AE, EB; likewiſe une E let EF be +drawn paralll t 31.» 
6 A0 and thro D, e 65 noon | 


Then becauſe the Right 
Parallels EC, FD, the A les CEF, 5 5 bk 
ihe Angie But 


3 to- 


® IJ. i. 


EB, FD, pro- * As. 12. 
towards BD. "Now let them be 
7 ind der xc ehe inthe Pole C. an 


becauſe AC is equal to CE, the Angle 
AE — el Ne 
CAE, or AEC, is half a Right one. By the fie | 
9 of Reaſoni d A B, or EBC, is half 

ight one. Therefore AE B is a Right Angle. 
And ſince EBC is half a Right Angle, DBG will t alſo t 15. . 
be half a Right Angle, ſince it is vertical to CBE, 
But B DG is a Right Angle alſo; for it is ® equal to * 2% *: 
pr DGB if half « Rioke per equal to 

e B 18 a t e, 0 
DBG. Wherefore the Side BY is I equal to the + 6. :. 
opp Again, becauſe EG F is half a Right An- 
8 r Angle, for it is 
oppoſite Angle at C; the remaining An- 
FEG A be adde be half a Righ one, and is equal 


the Angle EGF ; and fo the Side GF is + equal \ 
to. the Side EF. And 8 ä 


the wr „ Square of CA; there 
LT r 
Square o re o is 
Rags. Squares of E C, CA, Wierd — 


of EA is double to Gs Since ef A Again, be- 


equal to FE, the Square of GF alſo is 
_=_ 0 Square of FE. Wherefore the 

of GF, FE, irs double to the Square of FE But 
the Square of EG is+ equal to the Squares of G F, FE. 
Therefore the of EG is double to the Square 
of EF: But EF is equal to CD. Wherefore the 
Square of EG mall be double to the Square of CD. 
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to the Square of AC. Therefore the 
+ 47.1. the Square of AG is +equal to the Squares of AE, 
to the 


of AD, DB, = double to 
Ac, CD. Therefore if a Right Ling be 


Line, and the added one, together with the Square 9 
the added Line, ſhall be double to the Square 


7 ompounded of ] the hal If, and the added Line. 
PROPOSITIO N XI. 


PIA n 1 lt. 


be equal to the Square of the other Segment. 


ET AB beagi given Right Line. It is 

to cut the ſame 105 that the Rectangle 2 
under the whole, and one N thereof, be equal 
to the Square of the other 


in E, and draw RE: Alſo, produce CA to F, fo 
tae e eſeribe FG HA the 
nn produce G H to K. I ſay, AB 


" For fince the Right Line A C is biſected in E, and 
under 


AF is directly added thereto, the R 


CF, F A, together with the Square of AE, will be 

+ 5 of dis. + equal to the Square of EF. But EF is equal to 
5B. Thongs 8 wo FA, to- 

g wi Square o , bo ths 

{ 47. % of EB. But the Squares of BA, AE, are tequal to 

the Square of EB; e 

gle. 


Book IE * 
- But the Square of EA has been proved geen gi | 


AE, EG, are double the Squares of AC, CD. Im 


EG; and conſequently the Square of AG is double 
of AC, CD. But the Squares of AD, | 
DG, are+ to the Square AG. Therefore the _ 
of AD, DG, are double the 2 : 
CD. But DG is equal to DB. herefore the 
of 
e cut into tus 
agua Part:, and to it dire roſy anotber; the 
Square made on [the Line compounded of ] the whole ' 


LL LE en ed me > > oo A A Om fad 8 


half Line, and the Square of | that Line whih 6 ir 1 3 


To 0 cut a given Right Line ſo, that the | Refbangls i 
contained under the whole Line, and one Segment, 


5 Deerbe® ABCD the Squre of AB biſet A 


4 a 1 * * 23 F = out dic. "OT PF * . ky 
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gle. bara or Bape, Na ren Bp A. to- 
gether with o is to uares 
of BA, AE. And taking away the of AE, 
which is common, the remaining Rectangle under 
CF, F A, is equal to the Square of AB. But FK 
is the Rectangle under CF, F A; ſince AF is equal 
to FG; and the Square of AB is AD. Wherefore 
N F K is equal to the Square AD. And 
if AK, which is 1 * from both, then 
the remaining Square Is to the remaining 
Rectangle HD. But HD is the Rectangle under 
AB, BH, ſince AB is equal to BD, and FH is 
the Square of AH. Therefore the R le under 
AB, BH ſhall be equal to the Square of AH. And 
ſo the given Right Line AB is cut in H, fo that the 
Rectangle under AB, B H, is equal to the Square of 
AH; which was to be done, 1 


PROPOSITION XII. 
3 


TR EZORE M. 


In obtuſe angled Triangles, the Square of the Side 
ſubtending the obtuſe Angle, is greater than the 
Squares of the Sides containing the obtuſe Angle, 
by twice the Rectangle under one of the Sides, 
containing the obtuſe Angle, viz. that on which, 
produced, the Perpendicular falls, and the Line 

taten without, between the perpendicular and 
the obtuſe Angle. Hs 


T ET ABC be an obtuſe angled Triangle, hav- 
ing the obtuſe Angle BAC; and“ from the 12. 1. 

Point B draw BD perpendicular to the Side CA 

produced. I ſay the Square of BC is greater than 

the Squares of BA and AC, by twice the Rectangle 

contained under CA, and AD, 

For becauſe the Right Line CD is any how cut in 

the Point A, the Square of CD ſhall be f equal to the f 4 of chi, 

Squares of CA, and AD, together with twice the 

ReQangle under CA, and AD. And if the 

of BD, which is common, be added, then the Squares 

of CP, DB, are equal to the Squares of CA, AD, 
2 8 


® 12. 1. 


T 4-7 


ff 
ay” 


of 


= 


ne 
roy 4 e 9 


wethout, between the perpendicular and the obtuſe Au 


ge; which was to be demonſtrates. 


PROPOSITION XIII. 


Tu REOREM II. 


In acute angled Triangles, the $ oe of the Side fub- 
| eſs than the Squares 
of the Sides containing the acute Angle, by tier 
a Rectangle under one of the Sides about the acute 
Angle, viz. on which the Perpendicular falls, 


tending the acute Angles, is 


and the Line aſſumed within the Triangle, from 
tbe Perpendicular to the acute Angle. 


ET ABC be anacute 
the acute Angle B: And from A let there * 
drawn AD 7 to BC. I fay the Square 
of AC is leſs than the Squares of CB and BA by 

v 


led Triangle, having 


twice a ReQangle under CB and BD. 
For becauſe the Right Line CB is cut any ho 


0 in 
T 7 of % D, the Squares of CB and BD will be + equal to 


twice a R awe ny tay tos 
the Square of DC. And if the Square of AD be 


1 Squares of CB, BD, and 


DA, are to twice the Rectangle contained un» 
er CB 2d BB, with the Squares of AN 
and DC. But the of AB NN 
Squares of BD and DA; for the at D is 


Right Angle. And the Square of AC i equal 9 
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of C 
gether, with twice the Rectangle 
and BD. Wherefore the 
than the Squares of CB and BA, by twice 


Angles, is 2 than the Squares of 
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of AD and DC. Therefore the 

and BA are equal to the Square of AC, to- 
contained under CB 
> Ret 
under CB and BD. Therefore is acute angled 
Treangles, the Square of the Side ſubtending the acute 
the Sides containing 
the acute Angle, by twice a Rectangle under one of the 
Sides about the acute Angle, viz. on which the Peryen» 
dicular falls, and the Line 2 within the Tria gle 


from the perpendicular to the acute Angle; which was 


to be demonſtrated. 
PROPOSITION XIV. 


PROBLEM. 


To make 4 Square equal to a given Right-lined 
Fi igure. 


ET A be the given Right -lined Figure. 1 * 
to Rage ansid re equal thereto. 

Make * the e e "Para BCDE 45 1. 
equal to the Rhine ow if BE be 
equal to ED, 8 2 will be already 
done, ſince the Square BD is made equal to the Right- 
lined Figure A : But if it be not, let either BE or ED 
be the — Suppoſe B E, which let be produced to 
F; fo that EF be equal to ED. 8 
Jet BE be + biſeted in G, about which, as a r, f 10. 1, 
with the Diſtance GB or G F, deſcribe the Semicircle 
BHF; and let DE be produced to H, and draw GH. 


| Now becauſe the Right Line BF is divided into two 


equal Parts in G, and into two unequal ones in E, 

the R le under BE and EF, er with the 
Square of GE, ſhall de equal to the Square of GF. t 5 of this 
wi G A, 1 1 Ll ay ton Rectangle 

. with the re of GE, 

is equal to the Square of GH. But the Squares of 

HE and EG are * equal to the Square of GH. * 47. 1. 
Wherefore the R under BE, EF, together 

with the Square of EG, is is equal to the Squares of 

HE, EG, And if the Square of EG, which is com- 


mon 


Square of EH ; but the Parallelogram is equal | 
to the Right- lined Figure A. Wherefore the Right- - | 


_ - fo there is a Square made equal to the given Right- | 
* > oy A, v viz. the — of EH; which was 
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SUCTLI D. 


lined Figure A is equal to the Square of EH. And 
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DEFINITIONS. 
| FE Circles are fuch whoſe Diameters 


are equal ; or from whoſe Centers the 
Right Lines that are drawn are equal, - 
IT. A Right Line is Fours to touch a Circle 
when touching the ſame, and being produced, does 
not cut it. 
III. Circles are ſaid to touch each other, which 
Touching do not cut one another. 

IV. Right Lines in a Circle are ſaid to be equally 
diſtant from the Center, when Perpendiculars 
drawn from the Center to them be equal. 

V. And that Line is ſaid to be farther from the 
Center, on which the greater Perpendicular falls. 

VI. A Segment of a Circle is a Figure contained 
under a Right Line, and a Part of the Cir- 
cumference of a Circlc. | 

VII. An Angle of a Segment is that which is con- 
lained by a Right Line, and the Circumference 

F a Circle. 0 | 

e VIII. A 


Euchkd's ELEMENTS. Book II. 
VIII. 4n Angle is ſaid to be in a Segment, when 


and from it Right Lines are drawn to the Ends 
of that Right Line, which is the Baſe of the Seg- 


drawn, is ſaid to be an Angle in a Segment. 
IX. But when the Right Lines containing the An- 
gle do receive any Circumference of the Circle, 


cumference. 
X. A Sector of a Circle, is that Figure comprebended 
' between the Right Lines drawn from the Center, 
and the Ci contained between them. 
XI. Similar w_ of Circles are thoſe which | 
include 4 — or whereof the Angles in 
« them are equal 


PROPOSITION I. 


PROBLEM. 
To find the Center of a Circle given. 


quired to find the Center thereof. 
Let the Right Line AB be any how 
® 10 . drawn in it, which * biſe& in the Point 
1 1. 1. D; and let DC be +drawn from the Point D at 

ht Angles to AB, which let be produced to E. 

hen if EC be “ biſected in F, I fay, the Point 

F is the Center of the Circle ABC. 

For if it be not, let G be the Center, and let GA, 


GD, GB, be drawn. Now becauſe DA is equal to 


DB, and DG is common, the two Sides AD, DG, 
are equal to the two Sides GD, DB, each to each; 

bg. 15.1. and the Baſe GA is 4 equal to the Baſe GB; ; for they 
are drawn from the Center G. Therefore the Ang 

. 1. ADG is* 14 the Angle GD B. But when a 

Right Line ſtanding upon a Right Line, makes. the 

adjacent Angles equal to one another, each of the 

4. 10. 1. 5 Angles will + be a Right Angle. Wherefore 

the Avgle, GDB is a „ APE, But FDB ð alſo a 


Right 


ſome Point is taken in the Circumference thereof, = 


nent; then the Angle contained under the Lines 


then the Angle is ſaid to fend upon that Cir- | 


4 ö 


ET ABC be the Circle given. It l re- 
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"PYBook III. Euckd's ELEMENTS 
I Right Angle. Therefore the Angle FDB is to 

4 ; 35 GDB, a n Nin 
G is not che Center of the Circle ABC. 
I Aſter the ſame Manner we vers that no other Point, 


LJ unleſs F, is the Center. Therefore F is the Center 
#, foſ the Circle ABC; which was to be found. 


4 | | Call. If in a Circle, any Right Line cuts another 


DBE. But the greater Side ſubtends the greater 


ht Line into two Parts, and at Right An- 
—＋ e in that ut- 
ting Line. 
PROPOSITION I. 


THEOREM, 


any two Points be aſſumed in the 8 


77 G Circle, the Right Line joining thoſe two 
Points ſhall fall within the Circle. 


"ET ABC be a Circle; in the Circumference of 
which let any two Points A, B, be aſſumed. I 
hy, a Right Line drawn from the Point A to the 
Point B, falls within the Circle. 
For let any Point E be taken in the Right Line 
AB, and let DA, DE, DB, be joined. | 
Then becauſe DA is equal to DB, the DAB. 


wil be * equal to the Angle DBA; and fince the- 5. t 


Side AE of the Triangle DAE is produced, the An- 


DEB will be + greater than the Angle D AE, t 26. . 


the Angle DAE is equal to the Angle DBE; 
therefore the Angle DEB is greater than the Angle 


Wherefore DB is greater than DE. But DB only 
comes to the Circumference of the Circle; therefore 
DE does not reach ſo far. And ſo the Point E falls 
within the Circle. Therefore, if two Points are afe 
ſumed in the Circumference of a Circle, the Right 
Line joining thoſe two Points ſhall "up within the 


Circle ; which was to be demonſtrated 


Coroll. Hence if a Right Line touches a Circle, it 
will touch it in one Poigt only, | 
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PROPOSITION III. 


THEOREM: 


If in a Circle a Right Line drawn tbro the Can. 
ter, cuis any by: us Rigbt Line not drawn thro: 
- the Center, "its equal 
Right Angles; and if it cuts it at Right Angles, 
it Hall cut it into two equal Paris. 


Euchds ELEMENTS. Bock III 


1 
4 ö 
i 


| 


Parts, it ſhall cut it at 


ET ABC be a Circle, wherein the Right Line! 


CD, drawn thro the Center, biſects the Right 


Line AB not drawn thro the Center. I ſay, it cuts 


21 of . 


it at Right Angles. 


4 or* find E the Center of the Circle, and let EA! 


be joined. 
2 becauſe A F is equal to FB, and FE i is com- 


mon, the two Sides AF, FE are que cs 


+ 8. 1. 


T Def. 10. 1. 


Sides BF, F E, each to each, but the Baſe EA 1 
equal to the Baſe EB. Wherefore the Angle AFE 
ſhall be + equal to the Angle BF E. But when a Riche. 
Line ftanding upon a Right Line makes the adjacent 
Angles equal to one another, each of the equal gler 
is 1 a Right Angle. Wherefore AFE, or BFE, is, 
a Right Angle. And therefore the Right Line CD 
drawn thro the Center, biſecting the Right Line A3 
not drawn thro' the Center, cuts it at Right Angles. 
Now if CD cuts AB at Right Angles, I ſay, it will 
biſect it, that is AF will be equal to FB. For the 
ſame Conſtruction remaining, becauſe EA, bei 
drawn from the Center, is equal to E B, the Angle EAF - 
ſhall be * equal to the Angle EBF. But the Right An- 
gleAFE is equal to the Right Angle BFE; therefore 


the two Triangles EAF, E BF, have two Angles of 


126. 1. 


the one equal to two Angles of the other, and the Side 


EF is common to both. Wherefore the other Sides 


of the one ſhall be F equal to the other Sides of the other: 
And fo AF will be equal to FB. Therefore if in a Cir- 
cle a Right Line drawn thro the Center, cuts any othet 
Right Line not drawn thro the Center, into two equal 
Parts, it ſhall cut it at Right Angles ; and if it cutf 
it at Right Angles, it ſhall cut it into two equal Parts ; 
which Was to be demonſtrated. 
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1 PROPOSITION IV. 


1 ane. 
| | If in a Circle two Right Lines not being drawn 
thro? the Center, cut each other, they will not 
cut each other into two equal Parts. 


ET ABCD be a Circle, wherein two Right 
Lines AC, BD, not drawn thro' the Center, 
cut each other in the Point E. I fay, they do not 
biſect each other. | 
For, if poſſible, let them biſect each other, ſo that 
AE be equal to EC, and BE to ED. Let the Cen- „ f 
ter F of the Circle ABCD be * found, and join EF. V4 
Then becauſe the Right Line FL drawn thro' the 


2 * * F 2 55 
A — 
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2 Center, biſets the Right Line AC not drawn thro? 
1 the Center, it will t cut AC at Right Angles. And t 3 7 
1 ſo FEA is a Right Angle. Again, becauſe the 
[2 Right Line FE biſects the Right Line BD not drawn 
5 thro the Center, it will cut BD at Right Anglos. 
5 Therefore FEB is a Right Angle. But F EA has 
ff been ſhewn to be alſo a Right Angle. Wherefore 
: the Angle F EA will be equal to the Angle FEB, 
3 a leſs to a greater; which is abſurd. Therefore A C, 
F BD, do not mutually biſect each other. And fo if 
a in a Circle two Right Lines, not being drawn thro 
© the Center, cut each other, they will not cut each 
' other into two equal Parts; which was to be demon- 
# | 

f THEOREM. 

g If two Circles cut one another, they ſhall not 
| have the ſame Center. 

7 ET the two Circles ABC, CDG, cut each 
1 other in the Points B, C. I fay, they have not 
'f the fame Center. 

For if they have, let it be E, and join E C, and 


draw E F G at pleaſure. 
1 Now 


A | 


Now becauſe E is the Center of the Circle AB C, 
CE will be equal to EF. Again, becauſe E is the 
Center of the Circle CDG, CE is equal to EG. 
But CE. has been ſhewn to be equal to EF. There- 
fore E F ſhall be equal to E G, a leſs to a greater, 
wvhich cannot be. Therefore the Point E is not the 
Center of both the Circles ABC, CDG. Where 
fore, if two Circles cut one another, they ſhall not have | 

the Ju Center 3 which was to be demonſtrated, 3 


PROPOSITION v1. 


THEOREM. 


Tf tuo C ircles touch one another inward! 75 they 
will not have one and the ſame Center. 


ET two Circles ABC, CDE, touch one an- 
1 other inwardly in the Point C. I fay, they will 
not have one and the ſame Center. 

For if they have, let it be F, and join F C, and 
draw F B any how. 
| Then becauſe F is the Center of the Circle ABC: 
CF is equal to FB. And becauſe F is only the 
Center of the Circle C DE, CF ſhall be equal to 
EF. But CF has been ſhewn to be equal to FB. 
Therefore F E is to F B, a leſs to a greater; 
which cannot be. Therefore the Point F is not the 
Center of both the Circles ABC, CDE. Where- 
fore, if two Circles touch one mother inwardly, they 
will not have one and the ſame Center; which was to 
be demonſtrated. 
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PROPOSITION VI. ' 
7  THxroOREM. 


If in the Diameter of a Circle ſome Phint be taken, 
which is not the Center of the Circle, and from 
that Point certain Right Lines fall on the Cir- 
cumference of the Circle, the greateſt of theſe 
Lines Mall be that wherein the Center of the 
Circle is; the leaſt, the Remainder of the ſame 
Line. Aud of all the otber Lines, the neareſt to 
that which was drawn thro* the Center, is al- 
ways greater than that more remote, and only 
too equal Lines fall from the aboveſaid Points 
' upon. the Circumference, on each Side of the 
leaſt or greateſt Lines. 
LV ABCD be a Circle, whoſe Diameter is AD, 
in which aſſume ſome Point F, which is not the 
Center of the Circle. Let the Center of the Circle 
be E; and from the Point F let certain Right Lines 
FB, FC, F G, fall on the Circumference: I ſay, FA 
is the greateſt of theſe Lines, and FD the leaſt; and 
of the others FB is greater than FC, and FC 
For let BE, CE, GE, be jay 
Then becauſe two Sides. of every Triangle are 
® preater than the third; BE, EF, are greater than * 20. 1. 
BF. But AE is equal to BE. Therefore BE and 
EF are equal to AF. And fo AF is greater than 


FB. f 
equal to CE, and F E is 


" — — _— 


” 
.— 
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Again, becauſe BE is 
common, the two Sides BE and FE, are equal to 
the two gides CE, EF. But the Angle BEF is ; 

than the Angle CEF. Wherefore the Baſe 4 

F is greater than the Baſe F Cf. For the ſame 24. 1. * 
Reaſon, CF is greater than FG. -- 

Again, becauſe GF and FE are “ greater than 2, 1. 
GE, and GE is equal to ED; GF and FE ſhall 

O- | begreater than ED; and if FE, which is common, 

be taken away, then the Remainder GF is greater 

than the Remainder FD. Wherefore FA is the 
1 | * greatet 
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ateſt of the Right Lines, and FD the leaſt: Alſo 
F is greater than F C, and F C greater than FG. 
I fay, moreover, that there are only two equal 
—» Right Lines that can fall from the Point Fon 
A ABCD, the Circumference of the Circle on each Side 
4 | the ſhorteſt Line FD. For at the given Point E, 
T 23-7 with the Right Line EF, make t the Angle FEH 
equal to the Angle GE F, and join FH. Now be- 
cauſe GE is equal to EH, and EF is common, 
the two Sides GE and EF, are equal to the two 
Sides HE and EF. But the Angle GEF, i equal 
to the Angle HEF. Therefore the Baſe F G ſhall 
T4 be equal to the Baſe FH. I fay, no other Right 
Line falling from the Point F, on the Circle, can 
be equal to FG. For if there can, let this be F K. 
Now ſince F K is equal to F G, as alſo FH, FK 
* will be equal to F H, viz. a Line drawn nigher to 
22 that paſſing thro' the Center, to one more re- 
3 mote, which cannot be. JU, therefore, in the Dia- 
3 meter of a Circle, ſome Point be taken, which it nat 
3 the Center of the Circle, and from that Point certaik 
Right Lines fall on the Circumference of the Circls, 
the greateſt of theſe Lines ſhall be that wherein the 
Center of the Circle is; the leaſt, the Remainder of the 
fame Line. And of all the other Lines, the neareſt ta 
that which was drawn through the Center, is always 
greater than that more remote ; and only two equal 
Lines fall from the aboveſaid Point upon the Circum- 
ference, on each Side of the leaft or greateft Lines; 
which was to be demonſtrated = 
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PROPOSITION VIII. 


T-uzoREM: 


i ſome Point be aſſumed without a Circle, and 
from it certain 2 gef Lines be drawn to the Cir- 
cle, one of which pa es thro the Center, but 
the other any how ; the greateſt of theſe Lines, 
is that the thro the 1 and falling upon 
the Concave Part of the Circumference of the 
Circle; and of the others, that which is neareſt 
to the Line paſſing thro the Center is greater than 
that more remote. But the leaſt of the Lines 
that fall upon the Convex Circumference of the 
Circle, is that which lies between the Point and 
the Diameter; and of the others, that which is 
nig ber to the leaſt, is leſs than that which is fur- 
' ther diſtant; and from that Point there can be 
. drawn only two equal Lines, which ſhall fall on 
_ the Circumſerence on each Side the leaſt Line. 


T ET ABC be a Circle, out: of which who car 

Point D. From this Point let there be drawn 
certain Right Lines DA, DE, DF, DC, to the 
Circle, whereof D A paſſes thro' the Center. I fay 
DA, which paſſes through the Center, is the great- 
eſt of the Lines falling upon AEF C, the Concave | 
Circumference of the Circle, and the leaſt is + | = 8 
viz. the Line drawn from D to the Diameter GA: 
Likewiſe DE is greater than DF, and DF FSK 
than DC. But of theſe Lines that fall upon H 
the Convex Circumference of the Circle, that which 

is neareſt the leaſt DG, is alwa leſs than that 

- More remote; that is, DK is than DL, and 
DL leſs than DH. 

For find“ M the Center of the Circle ABC, and ® x of «i 
let ME, MF, MC, MH, ML, be joined. 
Now becauſe AM is equal to E; if WD, 

which is common, be added, A D will be 

O- EM and MD. But EM and MD are Fig. - oF PM 

| than LED, therefore AD is alſo greater than ED. 
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Again, becauſe ME is equal to MF, and MD is 
common, then EM, MD, ſhall be:equal to MF. 
MD; and the Angle E MD is greater than the An- 
gle F MD. Therefore the Baſe E D will be f | 
than the Baſe FD. We prove, in the ſame 
that F D is greater than C D. Wherefore DA is the | 
grated of the Rig Right Lines falling from the Point 

is greeter than DF, and DF i greater 
than DC. 


Moreover, becauſe MK and KD ate * greater than 
MD, and MG is equal to MK; then the Remain- 
der KD will + be g reater than the Remainder GD. 


And fo GD is leſs han K D, and conſequent] * 


leaſt. And becauſe two Night Lines MR, K | 
drawn from M and D to the Point K, within oh 

Triangle ML D, MK, and K D, are 1 leſs than 
ML and LD; but MK is equal to ML. | Where- 
fore the Remainder DE is leſs than the Remainder 
DL. In like Manner we demonſtrate that DL is 
leis than DH. Therefore D G is the leaft. And 


DK. i is leſs than DL, and DL than DH. 


I fox, likewiſe, that from the Point D y two 
ht Lines can fall upon the Circle on each 


| Side the leaſt Line. For make * the Angle DMB a 


the Point M, with the Right Line M D, 


the Angle KM D, and join DB. Then 


MK is equal to MB, Za MD > cotton, th 
two Sides K M, MD, are equal to the two Sides 
, each to each; but the Angle: K MD a 

e Angle BMD. Therefore the Baſe DK 
N to the Baſe DB. I fay no other Line cag 
drawn from the Point D to the Circle equal to 


be 
DK; for if there can, Jet DN. Now ſuice DK us 


equal to DN, 25 alſo to DB, therefore DB ſhall be 
to DN, vl. the Line drawn: neareſt to the 
leaſt equal to that more remote, which has been ſhewn 


to be impoſſible. Therefore, if ſome Point be you 
be 


tuithout a Circle, and from it certain Right 
drawn to the Circle, one of which paſſes through the 


Center, but the others any how; the greateſt of theſe | 
Lines, is that paſſing through the C enter, and falling 
upon the Concave Part of the Circumference of the Cir+ 
cle; and of the others, that which is neareſt to the 
Line paſſing through the Center, is greater than that 

more 
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more remote. But the legſt of the Lines that ry 2 
the Convex Ci erence of the Circle, is that which 
lies between the Pont and the Didnieter ; 3 and the 
others, that which is nigher to the leaſt, is leſs than 


that which is farther d fant; and from that Pont there 


can be drawn only two equal Lines which ſball fall on 
the Circumference' on each Side the leaft Line; which 
was to be demonſtrated. 


PROPOSITION IX. 


THEOREM. 


If. 4 Point be aſſumed in a ; Circle, and from: it more 
than two equal: Right Lines be drawn io the Cir- 
E then that SM: is the Center 7. the 
Circle. 


ET the Point D be ſumed within the Circle 
ABC; and from the Point D, let there fall more 
chan two Right Lines to the Circumference, vix. 
the Right Lines D A, DB, DC. I ſay the aſſumed 
Point is the Center of the Circle ABC. 

For if it be not, let E be the Center, if poſlible, 
and join DE, which produce to G and F. 

Then FG is a Diameter of the Circle ABC; and 
fo becauſe the Point D, not being the Center of the 
Circle, is aſſumed in the Diameter F G, DG will 
* be the preateſt Line drawn from D to the Circuml 
rence, and DC greater than D B, and DB than DA; 
but they are alſo * which is abſurd. Therefore 
E is not the Center of the Circle ABC. And in'this 


Manner we prove that no other Point except D is the 


Center ; therefore D is the Center of the Circle ABC; 
which was to be demonſtrated. 


Otherwiſe : 


Let ABC be the Circle, within which take the 
Point D, from which let more than two equal Right 
Lines fall on the Circumference of the Circle, v:z. 
the three equal ones DA, DB, DC: I fay, the Point 
D i is the Center of the Circle ABC. 
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E and Z; as alſo join ED, DZ; which produce to 
the Points H, K, O, L; then becauſe A E is equal to 


EB, and ED is common, the two Sides AE, ED, 


ſhall be equal to the two Sides BE, ED. And the 


v2. x, 


Baſe DA is equal to the Baſe DB: Therefore the 
"Oo 1 D will be * equal to the Angle BED: 


„ 10. 1.] each of the 1 2 AED, 
BED, p I Fam Angle: Therefore H biſecting 
AB, cuts it at Right Angles. And becauſe a Right 


Line in a Circle, biſecting another Right Line, cuts 


it at Right Angles, and the Center of the Circle is in 


the cutting Line, [by Cor. 1. z.] the Center of the 


Circle ABC will be in HK. For the ſame Rea 


ſon, the Center of the Circle will be in OL. And 


the Right Lines HK, OL, have no other Point 


common but D : Therefore D is the Center of the 


Circle ABC; which was to be ame. 
PROPOSITION X 


THEOREM. 


A C ircle cannot cut another Circle in more tban 


two Points. 


OR if it can, let the Circle ABC cut the Circle | 


DEF in more than two Points, viz. in B, G, 
F, and let K be the Center of the Circle ABC, 
and; K B, K G, KF. 
Nov becauſe the Point K is aſſumed within the 
Circle DEF, from which more than two equal Right 
Lines K B, k G, KF, fall on the Circumference, 


19 din the Point K ſhall be f the Center of the Circle DE F. 


t hyp. 


But K is t the Center of the Circle ABC. Therefore 


K will be the Center of two Circles cutting each other, 


which is abſurd. Wherefore a Circle cannot cut a 
Circle in more than two Points; which was to be de- 


monſlraicd.. 
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Book III. 
For join AB, BC, which biſeQ *® in the Points 


eres nmniwy « Q- 


AQ. bY Of, rand 


= * * : 7 Pe * . 2 ** 
Y 3 4. _ * * - a . 8 "IH 1 — % 4 \ 2 3 ow -_- ras; 4-40-92: ” , 
* 8k n * * 7 N (3. % CREE As - * 
* Ss PF MY I ETAL. 3 * 1 oe a. 4 3 8 5 2 N 
: , 5 :, py # N 4 e G * 


1 * of E 8 = a | FR 
I Bock III. Euclids ELEMENTS. 


PROPOSITION X. 
THEOREM. bo 
If two Circles touch each other on the Inſide, and 
" the Centers be found, the Line joining their 


Centers, will fall on the 1 of ] ontatt 
of thoſe Circles. 


E T two Circles ABC, ADE, touch one an- 
other inwardly in A, and let F be the Center of 
the 2 AB C, 28 * I fay, a 
ht Line poining the ters An 3 being 
CO ol £0 wake Pot. 
If this be denied, let the Right Line, joining FG, 
cut the Circle in D and H. 5 
Now becauſe AG, GF, are greater than AF, 
* that is, than FH; take away F G, which is com- 20 1. 
mon , and the Remainder AG is greater than the 
Remainder GH. But AG is equal to GD; there- 
fore GD is greater than GH, the leſs than the 
greater, which is abſurd. Wherefore a Line drawn 
thro? the Points F, G, will not fall out of the Point 
of Contact A, and fo neceſſarily muſt fall in it; 
which was to be demonſtrated. l 


PROPOSITION XII. 


THEOREM. 


If two Circles touch one another on the Outſide, 
a Right Line joining their Centers will paſs 
tbro' the [Point of | Conta. 


ET two Circles ABC, ADE, touch one ano- 
ther outwardly in the Point A; and let F be the 
Center of the Circle ABC, and G that of ADE. 
I fay, a Right Line drawn h * Center F, G, 
will paſs thro the Point of Con 
For if it does not, let, if — FCDG fal 

without it, and j join FA, AG. 
Now ſince F is the Center of the Circle ABC, AF 
will be equal to FC, And becauſe G is the — 
4 


20. I, 


411177 this, 


fore BG is greater than HD, and BH much greatee 


and H that of EBF. 
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the Circle ADE, AG vil be equal to GD: but AF. ' 
has been ſhewn "to be equal to FC; therefore FA, 


AG, are equal to FC, DG. And ſo the whole FG Þ| 
than FA, AG; and alſo lefs, which s 
abfurd, Therefore a Right Line drawn from the Point 


F to G, will paſs through the Point of Contact A; 
which was to be demonſirated. 1 


' PROPOSITION XII. 


THzOREM. 


One Circle cannot touch andiber in more- + Point 
than one, whether it be inwardly, or oxtwardly. 


Pom in the firſt Place, if this be denied, let the 1 
Circle ABDC, if poſſible, touch the Cirele 

885 inwardly, in -mots Points than one, viz. in 
> Andie G be the Center of the Circle ABDC ? 


- Then a Right Line drawn from the Point G-to-H, 
will + fall in the Points B and D. Let this Line de 


BGH D. And becauſe G is the Center of the Cirtle 


AB DC, the Line BG will be equal to G D. There 


than HD. Again, ſince H is the Center of the Cir- 
cle EBF D, the Line BH is equal to HD. But it 
has been proved to be much greater than it, which s 
abſurd. Therefore one Circle cannot touch another 
Circle inwardly in more Points than one. 

. Secondly, let the Circle ACK, if poflible, touch 


the Circle ABDC outwardly in more Points than 


12 of its 


one, viz. in A and C, and let A, C, be joined. 


Now becauſe two Points A, C' ar affimed in the 
Circumfeterige of each of the Circles ABDC, ACK, 
a. Right Line j theſe two Points, will fall 
Within either of the Circles. But it falls within the 
Circle ABDC, and without the Circle ACK, which 
is abſurd, Therefore one Circle cannot touch an- 
other Circle-in more Points than one outwardly. But | 
it has been proved, that one Circle cannot touch an- 
other Circle inwardly, [in more Points than one.] 
Wherefore one Circle cannot tenth another in 9 | 

oints 


FT MY Euclirs nn 


Þ Piints than one, whether it be inwardly or * 3 
, which was to be demonſtrated. | 


PROPOSITION xv. 


ww A © Www T2 


TnrorzM. 


Eee, Right Lines in a Circle are equally di ant 

the Center; and Right Lines, which are 

Equally diftant from the er, are — be- 
Labern themſelves.” 1 th 


T | Le ABDC be 2 Gieele, wh oth amet 
Lines AB, CD. I fay. theſe Lines are 
cs Tf diſtant from the Center of the Circle. i 
For let E be the Center of the Circle ABDC; 
from which let there be drawn EF, EG, perpendi- 3 
cular to AB, CD, and let AE, EC, be joined, 2 
Then becauſe a Right. Line EF, drawn thro' the -Y 
Center, cuts the Ri — Line AB, not drawn thro' A 
the Center at Right Angles, it will * biſect the ſame. » ; of this 
Wherefore AF is equal to F B, and ſo AB is double | 
to AF. For the ſame Reaſon CD is double to. CG, 
but AB is equal to CD. Thereſore AF is equal to 


„ 
—— * 4 - 


Squares of AF and FE are f equal to the Square of f 47-7 
AE. For the Angle at F is a Right Angle; * 
Squares of E G, and GC, are to the Square of 4 
EC; ſince the Angle at G is a Right one. There- = 
fore. the Squares of AF and FE, are equal to the = 
of CG and GE. But the Square of AF 4 
to the Square of CG; for AF is equal to 
265 the Ry a of FE is equal to the 
equal to EG. Allo 


=» B71. 


28 


| AB, CD, ar eqully ile om tho en 
wr, har if FE be equal to EG: I fay AB, is 


the fame Conſtruction being ſuppoſed, we de- 


i 

n 

1 

e 

h 

* But if 
+ | 

2 

* 
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*. hy ve, that AB is double to AF, _ 


T 47. 1. 


* iS mn — ** ** 
„ $47. tian . 
- * 
0 
b 
- 


9 


 Pulits Bert W 
CD to Cc; and becauſe A E is equal to E C, the 


Square of AE will be. equal to the Square of EG 
But the Squares of EF and FA, are I equal to the 


Square of AE, and the Squares of EG, and G C, 


| equal i to the Square of EC. Therefore the Squares 


of EF and FA, are equal to the Squares of EG: | 
and G C. But the of EG is equal to the 
Square of EF; for EG is equal to EF, Therefore | 


the Square of AF * to the Square of CG; 


and fo AF is equal to CG. But AB is double to 


greater 
than EH. Let EL. be equal to EH; draw LM 
through L at Right' Angles to E K, which produce to 


* 14 of this, 


T 28 1. 


AF, and CD to CG. Therefore equal Right Lines 
in a Circle are equally diftant from the Center; and 


Right Lines, which are equally diftant from. the ol 


ter, are _ between themjelver which was 
5 * 


PROPOSITION xv. 


TR TORE N. 


4 Diameter is the greateſt Line in a Circle; and of 


all the other Lines therein, that which is neareſt 


to the Center is greater than that more remote. 


ET ABCD be a Circle, whoſe 8 1 
AD, and center E; and let BC be nearer. to” 


the Diameter than F G. I fay, AD is the greateſt, 
and BC is greater than F G. 

For let the Perpendiculars EH, EK, be tad 
from the Center E to B C, F G. Now becauſe BO 
is nearer to the Center than F G, E K will be 


N, and let EM, EN, EF, EG, be joined. 


Then becauſe E H is equal to E L, the Line BC. 


will be equal to MN“. And, fince AE is equal 
to EM, and DE to EN, AD will be equal to ME 


and EN. But ME and EN are + greater than MN: 


And fo AD is greater than MN; and NM is 
to BC: Therefore AD i greater than BC. 


ſince the two Sides EM, EN, are equal to the two 


Sides FE, EG, and the Ang le MEN greater than 


1 24. * 


the Angle FE G, the Baſe MN ſhall be + greater 
than the Baſe FG. But MN is equal to BC. Ther 
ore 
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fore B C is greater than FG. And fo the Diame- 
ter AD is the greateſt, and BC i is greater than F G. 
Wherefore the Diameter is the greateſt Line in a 
Circle; and of all the other Lines therein, that which 


is mareſt to the Center is greater than that more re 
mote ; which was to be demonſtrated. 


PROPOSITION XVI. 


TR IORI M. 


4 Line drawn from the extreme [ Point] of the Dia- 
meter of a Circle at Right Angles to that Diame- 
ter, ſhall fall without the Circle; and between 

be ſaid Right Line, andthe Circumference, no 
other Line can be drawn, and the Angle of aSe-, 
micircle is greater than any Right-lin'd acute An- 

| ole; and the remaining Angle [ without any Cir- 
cumference ] is leſs than any Right-lined Angle. 


E ＋ ABC be a Circle, whoſe Center is D, and 
Diameter AB. I ſay, a Right Line drawn from 
the Point A at Right Angles to AB, falls without 
the Circle. | 
For if it does not, let it fall, if poſlible, within 
the Circle, as A C, and j join DC. 
Wor: bacauke DA & exal © DC theAn e DAC 


aal be ® equal to the Angle ACD. But AC is* g. 1. 


a Right Angle; therefore AC D is a Right Angle: 

And or, off the Angles DAC, ACD, are 

equlto two Right Ang which is abſurd +. tn r, 
Right Line drawn from the Paint A at Right 


Fs ie BA, will not fall within the Circle; and 


ſo likewiſe ' we prove, that it neither falls in the Cir- 
cumſerence. Therefore it will neceſſarily fall without 
the ſame ; which now let be AE: 
Again, between the Right Line AE, and the Circum- 
ference CH A, no other Right Line can be drawn. 
For if there can, let it be FA, and let 1 D G bet 12. 1. 
drawn at Right Angles from the Center D to FA. 5 
Now becauſe AG is a Right Angle, and DAG 
is leſs than a Right Angle, DA A will be greater than 


— = DA is equal to DH, Therefore DH is 1%. 


greater 


as 7 , b * 
1 * a 


abſurd. Wherefore no Right Line can be drawn be- 


' tween AF, and the Circumference AH C. I fay more · 


over, that the Angle of the Semicircle, contained un- 
der the Right Line BA, and the Circumference CH 

is greater than any Right-lined acute Angle; and 
the remaining Angle contained under the Circumfe- 
rence CHA, and the Right Line AE is leſs than any 

ight-lined Angle. x | 

For if any Right-lined acute Angle be greater than 
the Angle contained under the Right Line B A, and 


the Circumference C H A; or if any Right-lined An- 
gle be leſs than that contained under the Circumfe- 
rence CHA, and the Right Line AE, then a Right 


Line may be drawn between the Circumference CH A 


and the Right Line AE, making an Angle greater 
than that contained under the Right Line B A, and the 
Circumference C H A, viz. which is contained under 
Right Lines, and leſs than that contained under the 


Circumference C H A, and the Right Line AE. But 
ſuch a Right Line cannot be drawn from what has 
been proved. Therefore no Right-lined acute Angle, 


| is greater than the Angle contained under the Right 
Line BA, and the Circumference -C HA ; nor lebs 
than the Angle contained under the Circumference 


CHA, and the Right Line AE. 


Corell. From hence it is manifeſt, that a Right Line 
drawn at Right Angles on the End of the Diame- 
ter of a Circle, touches the Circle, and that in one 

Point only, becauſe, if it ſhould meet it in two 
Points, it would fall within the ſame ; as bas bees 
demonſtrated. F 


PROPOSITION XVII. 


PROBLEM. 


To draw a Right Line from a given Point, that 
all touch a given Circle. 


ENF A be the Point given, and BCD the Circle. 
It is required to draw a Right Line from the 


Point A, that ſhall touch the given Circle B CD. 5 


Euclids ELEMENTS. Book II 
greater than D G, the leſs than the greater; which ia 11 
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Let E be the Center of the Circle, and join AE. 
ten about the Center E, with the Diſtance E A, de- 
ſcribe the Circle AF G ; draw DF ® at Right Angles * 11. 7- 
to EA, and join EB F, and AB. I fay the Right 
Line AB is drawn from the Point A, touching the 
Circle B CD. 

For ſince E is the Center of the Circles B C 
AFG, the Line EA will be equal to EF, and E 
to EB. Therefore the two Sides AE, EB, are equal 
to the two Sides FE, ED, each to each; and wy 
contain the common Angle E. Wherefore the 
DF is I equal to the Baſe AB, and the Triangle 14 Te 
DEF equal to the Triangle E BA, and the remain- 


Angles of the one equal to the remaining Angles 
. And ſo the Angle E BA is equal to 


che Angle EDF. But EDF is a Right Angle. 


S Wherefore EB A is alſo a Right Angle, and EB 8a 
Line drawn from the Center; but a Right Line drawn 


1 from the Extremity of the Diameter of a Circle at 


ht Angles 4 to it, touches the Circle. Wherefore f Cor. 16. 
ak touches the Circle, Which was to be done. e $00 


PROPOSITION XVIII 


THEOREM. 


I any Right Line touches a Circle, and from the 
Center to the Point of Contact a Right Line be 
drawn ; that Line will be perpendicular to the 
Tangent. 


FET any Right Line DE touch a Circle AB C 
in — Point C, and let there be drawn the Right 
Line FC from the Center FC. 1 ſay FC is per- 
pendicular to DE. 

For if it be not, let FG be drawn * from the » 15. . 
Center F, perpendicular to DE. 
Now becauſe the Angle FG Cs a Right Angle, 
the Angle GC F will be + an acute Angle; and ac- + 32 1. 
cordingly the Angle FG C is greater than the Angle 
FCG; but es ter Side ee t the greater t 19. 1. 
Angle. Therefore FC: is greater than F G. But FC 
1 to FB. Wherefore FB is greater than F G, 

eſs * the greater; which is abſurd. Therefore 
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F G is not perpendicular to DE. And in the ſame 


_ we prove, that no other Right Line but F C 
icular to DE. Wherefore F C is perpendi- 


a Circle, and from the Center to the Point of Contact 


a Right Line be drawn; that Line will be perpendr- 
cular to the Tangent ; which was to be demonſtrated, 


PROPOSITION _ 


THEOREM. 


0 ircle ſhall be in the ſai Line. 


L ight Line DE touch the Circle ABC 
| is © er et CA be drawn from the Poirit C 
__ Angles to DE. I fay, the Circle's Center is 


P or if it be not, let F be the Center, if poflible, 1 : 12 


and join CF. 


hen becauſe the Right Lis DE touches the 

F Circle ABC, and F C is drawn from the Center to 

2 the Point of Contact; F C will be perpendicular to 
A * 18 of hs DE“. And ſo the Angle FCE is a Right one. 


3 8 * 
bock ll * 1 


8 to DE. Therefore, if any Right Line touches 


If any Right Line touches a Circle, and rom the 
Point of Contact a Right Line be drawn at 
| Right Angles to the Tangent, the Center of the 


* : - a 


the. te But ACE is alſo a Right Angle : Therefore the f 22 


Angle F CE is equal to the Angle ACE, a leſs to 


a greater; which is abſurd. Therefore F is not the F- 

Center of the Circle ABC. After this Manner we | 

prove, that the Center of the Circle can be in no 

other Line, unleſs in AC. Wherefore, if any Right | 

Line touches a Circle, and rom the Point 0 4 Cote 1 
4 


2 Right Line be drawn at Right Angles to the Tangent, 


the Center of the Circle hall be in the ſaid Line; . 
which was to be demonſtrated, [ 
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PROPOSITION XX. 
THEOREM. 
The Angle at the Center of a Circle is double io 
the Anh at the Circumference, when the ſame 
Are is the Baſe of the Angles. 


ET ABC be a Grcle, at the Center whereof 
is the Angle BE C, and at the Circumference 
the Angle BAC, both of which ſtand upon the ſame 
3 +8 ſay, the Angle BEC is double to the 
or join AE and produce it to F. 
I ben becauſe EA is equal to EB, the Angle EAB 

. ſhall be to the Angle EBA“. Therefore the“ 5. 1. 

Angles E AB, EB A, are double to the Angle E AB; 
but the Angle BE F is F equal to the Angles EA B, t 32. 1. 
E BA; therefore the Angle BE F is double to the 
e EA B. For the ſame Reaſon, the Angle FEC 
8 to EAC. Therefore the whole Angle 
BEC is double to the whole 122 BAC. 3.73 
let there be another BDC, and join D E, 
which produce to G. e demonſtrate in the ſame 
Manner, that the Angle GE C is double to the Angle 
GDC; whereof the Part GE B is double to the Part 
8 — gg no 1 double 9 C. 
equently, an at the Center of a Circle is 
| double to the Angle at the . when the 
fame Arc is the Baſe of the Angles ; which was to be 


PROPOSITION xxl. 
g THEOREM - 
Angles that are in the ſame Segment in a Circle, 
are equal to each other, 


Lr ABCDE be a Circle, and let BAD, BED, 


or Yes bebe a Segment BAED, I fay, 


G For 


For let F be the Center of the Cc ABCDE, 


| and join BF, FD. 
3 Now becauſe the Angle BF D is at the Center, 
1 and the Angle BAD at the N and t 


ſtand 


upon the ſame Arc BCD; the Angle BF 


* 20 VTi. will bes double to the Angle BAD. For the fam. 


Reaſon, the Angle BF D is alſo double to the Angle 
BED. Therefore the Angle BAD will be equal 
to the Angle BED. 


ABE, ADE, are a from what has been 
proved, and the Angles AGB, DGE, are "alſo. e 2 


gle GE 
was to be demonſtrated. 


PROPOSITION XXII. 


TAHEORE M. 


ſite Angles thereof are to two Ri M les. 
n 18 a Ang 


are equal to two Right Angles. But the Angle ABC 
"2 of this. is F equal to the Angle ADC; for they are both in 


+ equal to the Angle A D B, becauſe they are in the 


the common Angle B A C be added, "then the An 
BAC, ABC, ACB, are equal to the Angles BAG, 
22 but the Angle BAC, ABC, A CB. ar 
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If the Angles BAD, B ED, are in a Segment leſs 1 
B. than a Semicircle, let AE be drawn; then al! 
1 + 32.1. the Angles of the Triangle AB G FT to al 
= the Angles of the Triang =>. DEG. But the 1 4 


1 15. 1. as. t, for they are vertical Angles. Wherefore. the 
remaining Angle BAG is equal to the remaining An; 

5. Therefore, Angles that are in the. ſame 4 

Segment in a Circle, are equal ts each other; Which 


The oppoſite A ugles of any OO WIN Fi ure * E f 
ſcribed in a Circle, are equal to two Right Angles., 1 


ET AB DC be a Circle, wherein is deſcribed the 1 
quadrilateral Figure AB CD. I ſay, two oppo- 


eee ee 


a Then becauſe the three Angles of any Triangle are 1 
. | * 32.1, equal to two Right Angles, the three Angles of the 
_ Triangle ABC, viz. the Angles CAB, AB C, BCA, 


the ſame Segment ABDC. And the Angle ACR 


ſame Segment ACD B; therefore the whole Angle 5 
B D C is equal to the Angles ABC, AC B; andi 


N 


9 92929 ma 
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1 000 to the two Right Angles. Therefore likewiſe, * 3: 1. 


Y 2 5 AB, | of this. 
1 33 equal Angles; N N A CB. will 
5 | B, 
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the Angles BA C, BDC ſhall be equal to two Right 

And after the ſame Way we that the 
ABD, ACD, are alſo wad gage "reef 
Therefore the oppoſite Angles of any Quadri- 
lateral Figure deſcribed in a Circle, are equal to two 
Rigot Angier 3 which was to be demonſtrated. 


PROPOSIT! oN XXIII. 


Pg OA SA 


i a ; Two ſmila "AY and une qual 8 nts of two C ircles, 


cannot; be ſet upon the ſame Right RW and 
on the ſame Side thereof. 


3 ER if this be poſſible, let the tuo ſimilar and un- 


— gments b ACE, ADB, of two Circles ſtand 
Line AB. on the fame Side thereof. 


I : 3 Ab. and let CB, BD, be joined. Now be- 


/ cauſe. the nent ACB is funiar to the nent 


Segments of Circles are d ſuch * Def 11, 


be equal to the Angle the outward one to the 
inward one; Alle is + ablurd, Therefore ſimilar t 10. 1. 
and unequal. Segments of two- Circles, cannot be ſet 

pon the ſame. Right The, and on the- fame Side there- 
n which was ta be demonſtrated. 8 


PROPOSITION XXIV, 


# 26/2 THEOALM. 


Similar Segments of Circles being upon equal Right 


Lincs, are equal to one another. . 


JET AEB, CF D be equal Segments of Circles 
upon the equal Right Lines AB, CD. I 


fay, the Kean AKB is equal to the Segment . 


For the AEB being applied to the 
ment CF D, ſo that the Point A co-incides with 


and the Line AB with CD; then the Point th G 


2 with the Point D, ince AB and CD are 


And fince the Right Ling AB co-incides with 
2 5 CD, 


wn "IE 
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CD, the t AEB will coneids' with the 
Segment For if at the ſame Time that AB 
—— with CD, the AEB. ſhould not 
cb incide with the FD, but be other trie 
as CGD; then a Circle. would cut u Circle in 1] 
„Feints than two, vis. in the Points ©, G, D; which } 
is * impoſſible Wherefore if the Right Like A 
co- incides with CD, the Segment AE B will co-in - 
cide with and be equal to the Segment: CFD; Tbere- 
fore ſimilar Segments of Circles being upon equal Right 
Lines, are equal ta one ps Which was to ” be 1 | 
monſtrated. 5 4 


PROPOSITION: v. 


PronLem. 


4 Segment of a Circlecheing given, 40. n ** | b 
Cirrie e i is n = 


1 


„e bern enmn e s 


- BT AB Obs * ent of a Cc 3 lon 5 IJ 5 
4 BY :18 46 deſcribe a 2 Circle, whereof. ABC! x 
Þ a Seen CH LF en iy; ie; tgr $ 


Biſect * AC iD, ant ler DB: de denn + final ' 
che Point D at 'Ri ein Angle to AQ, and, join A 
ABD is either 


Now the Ai greater; chual, or leh if * 
than the Angle BAD. And firſt let it Se greater, and ' 
make 4 the Angle BAE at the given Pont A, wih 
2 ht Line BA, —_—_— e rr = 
B to E, and join E C. 21 11 
T pen becauſe the Angle ABE is eqalto the An- 

gle BAE, the Right Line BE will be“ to EA. I 
And becanſs AD is to DC, and D common, 
the two Sides AD, DE, are each to the tus 35 
Sides CD, DE; and the Angle ADE i to ts 
Angle CDE; for each is a Right one. Thereſa} | 
the Baſe AE is equal to-the Baſe EC. But AE F 
been proved to be equal to EB. Wherefore BED | 
alſo equal to EC. And the three Right F + 
Lines AE, EB; EC, are equal to each other. The |} | 
fore a Circle deſcribed about the Center E, with a. t 
ther of the Diſtances A E, E B, E C, ſhall paſs tit _ 
the other Points, and be that required to be deſcribad | 


But it is maniſeſt that the Segment ABC is leſs than 
| - | TEND . a Semi- 
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1 1 equal. Circles, equal Angles and upon EPR 


1 La ABC, DEF, be equal Cireles, n 
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t if che Angle ABD be equal to the Angle BAD; 4 
then if AD be made wo BD; er DC. the three 4 
Right Lines AD, DB, DC, are equal between Y 


| themſelves, and P will be the Center of the Circle - F 


to be deſcribed ; and the Segment ABC i Semi- 


circle. 


But if the ABD s 1% than the Angle 
BAE be made, at the given 


Point A with the ight e. B A, within the Seg- 


ment AB C, equal Db Os Agel e ABD. 


Then the Pole F, in the ht Line D B, will be 
the Center, and ABC a ment greater than a Se- 
micircle. "Therefore a is deſcribed, whereof a 


PROPOSITION XXI. 


THEOREM. 


' Circumferences, whether they be at their Las, 
or a Ni Cireumferencet. 


BQC, EHF, be 
Nr 8 aol _ at their 8 


1885 
i 
1 
5: Ilſe 


joined. Becauſe ABC, Dr. 
Ac . I den en their Centers 
4 pep May nb bag Sides BG, GC, 
+ Sir, ug HF; and the 
xt H. Wherefore the" 


to the e he * + 
Sig 3" - 


to the Segment DF lr wot 06 
bt Lines ines BC, EF. But thoſe” ſimilar 
are: b 4 


to each , 1 34 of this. 


ill be + equal to the Segment EPF. But f Dy: 1% 
Circle ABC, is equal to the whole Circle 


s » 


+ Therefore the remaining Circumference BR 
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i ' Beek 1M 
ſhall be equal to the remaining Circumference EL F. 


Therefore in equal Circles, equal Angles fland "upon 1 | 
equal Circumferences, whether they be at their Centers, | 


or at ther Ir ; which was to be * | | 
| PROPOSITION XXVII. 4 

| Th zo 2M is 1 
Angles, that fand upon equal Cirttimſerohees in ; ; 
al Circles, are equal to each other, whether || 

they be at their Centers or C ircumferences. - '' | 


__ the Angles BG C, EH F, at the Centen 


of the equal Circles ABC, DEF, and the Au- N 
gles BAC, ED, at their IEEE Tay 
Toon the equal ircumferences - Lay te 
ECT » nn OP nas 

bee 

OT 1 to 
it is manifeſt that the Angle BAC is alſo equal to 
Angle EDF: But if not, let one of them be 


5 F 


greater, az B GC, and make * the Angle B GK, at ö 3B 
the Point G, with the Line BG, Jo to the Ange 


T 26 Ubi. EHF. But equal Angles ſtand + upon equal-Circum- F 


ferences, when they are at the Centers. Wherefore |F- 
the Circumference BK, is equal to the Circums- 1 
.rence EF. But the Circuniference EF is equal | 


the Circumference B C. Therefo:e BK is F 


BC, a leſs to a greater; which is abſurd. 
fore the Angle BG C is not unequal to * 


EHF; and fo it muſt be equal to it. But the A 


gle at Ai is one half of the Angle BGC; and the 


Augle at D one half of the Angle EHF. Ther- 


fore: the Angle at A is equal to the Angle at D. 
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- PROPOSITION XXVII. 
1 THEOREM. 


In equal Circles, equal Right Lines cut off equal 
Paris of the Circumferences; the greater equal 
tothe greater, and the leſſer equal to the leſſer. 


= * [ET ABC, DEF, be equal Circles, in which 
1 are the equal Right Lines BC, EF, which cut 
off the greater Circumſerences BA C, EDF „and 
the leſſer Circumferences BG C, EHF. I fay the 
greater Circumference B AC, is equal to the greater 
mference EDF, and the leſſer Ci erence 
| BGC, to the leſſer Circumference E HF. 
For aflume the Centers K and L of. the Circles, 
1 and Join BK, KTC, EL, LF. 
F Becauſe the Circles are equal, the Lines drawn 
from their Centers are alſo equal. Therefore „ Def. 1. 
; two Sides BK, KC, are equal to the two Sides 
EL, LF; and the Baſe BC, is equal to the Baſe EF. 
1 Therefore the Angle BE C, is + equal to the Angle + 8. . 
ELF. But equal Angles ſand + upon equal Circun f 26 of tis, 
4. ferences, when they are at the Centers. Wherefore 
1 the Circumference BG C, is equal to the Circumfe- 
rence EH F, and the whole Circle ABC, equal. to 
the whole Circle DEF ; and fo the remaining Cir- 
cumference B A C, ſhall be equal to the remaining 
Circumference EDF. Therefore in equal Circles, 
equal Right Lines cut off equal Parts e Circumfe- 
rences; which was to be demonfirated.” 


PROPOSITION XXIX. 


THEOREM. 
In equal Circles, « bc Right Lines ſubtend equal 


wrcum ferences. 


E 
6 2 - 22 ** 1 8 Gas © 


TRICE TA IDO oa IO oe mW. 


1 there be two equal Circles ABC, DEF; 
and let the equal Circumferences B G C, EHF, 
de aſſumed in them, and BC, EF, joined. I ay, 
J- 3 the Right Line BC — to the Ri t Line EF. 

G4 For 
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7 EY For find * the Centers of the Circles K, oY 
Then becauſe the Cirumference BG C is 6« 
127 of thi Fate: — * nw of 
Þ 37 of this. to 
ABC, DEF, are equal, the Lines drawn 
| TD. ey Therefore the 
BK, K C, are 


it 


4+ » 


K 


1 £ 
N 
522 * 2 
0 ; 
**. A Oo ” ' 
— » — * F 
TX LN 4? ' A £ 2 af 
* 5 L . . > 
1 . 2. — . $64 „ 7 4 1 3 wr 
, bi. fd; WE IR ES 24S E a Sond  ITIILE W areas hs 55 N - 222 3 2 os 
ö E EP) PB EET PILL r n A n n * 2 


PROPOSITION XXX. 


Nei. 


7 0 cut a 4 given Circumference into #200 « e | 

L's the given Cirentuſiwnce ba. ADB. tel 
required to cut the ſame into two equal Parts. 1 : 
2.6% © TS — 


- 
. 1 
N 
1 Pt n 


e 
n 3 


. 5 4 
* . 2 
ki 7 


- 


S AA 
” * 
> » © a 19 nl 
z * - 


8 0 
9 
8 55 


: 
* 
D * 


_'S 


IH 


* 47, 


1 25 of this. Bale BD. But equal Right Lines cut 1 

ſhall be to the Circumference BD. 
fore a given Circumference is cut into two 
Parts ; which was to be done. 
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PROPOSITION: NH. 
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leſs than a 
the Angle ADC is greater 


, Segment AD 


le that is in a Semicircle, is a 
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is BC, and Center E 
I fay 


there be a Circle ABCD, whoſe Dia- 


ET 
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C, AD, DC. 
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will be 
ment ADC, which is leſs than a Semicircle. 
I fay, moreover, the 


2 1 ͤ ed oh 


than a Right Angle. T his 


cauſt the Angle contained under the 


greater than a Right Again, 
Angle contained under the Right Line CA, AF, 
ight Angle, therefore the Angle whith is 
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than a Right Angle, and is in the Sag I | 
Angle of the greater Segment f | 
contained under the Circumference ABC, and the | 


of the leſſer con cer 1 
Circumſerence ADC, the Right Line A C is 1 
pears.; for be 
ight Lines BA. * 
AC, is a Right Angle, the Angle contained under ue 
828 AB C, and the Right Line A C, 25 1 


kita undes the Right Line AC, and che GEE F 


SE. L a—— i- OO 


ference ADC, is les than a Right Angle. There 8 * 


fore, in a Circle, the Angle that is in a Semicrrele, * 
a Right Angle; but the Angle in a- greater” 
leſs than a Right Angle ; and the Angle in a 
ment, greater than a Right Angle : Moreover,” ah 
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gle of a greater Segment, it greater than 4 Right- 4 8 
1 "the Angle of a leſſer Segment, is tf thaw. * 


Right Angle; which was to de demo 
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PROPOSITION XXX: | 


Trronzn. BY 
I any Right Line touches a Circle, and a Right 


Tine be drawn from the Point of Contact cus 1 


ting the Circle; the Angles it makes with thy 


T, angent Line, will be equal to thoſe which are | 
| made-in the alternate Segments of the Cirele. 7 | 


ET any Right Line EF touch the Circle apc | 


In the Point B, and let the Right Line BD be 
any how drawn from the Point B cutting the Circle, 
I fay, the Angles which BD makes with the Tangent 


Line EF, are equal to thoſe in the alternate Segments 
of the Circle; that is, the Angle F BD. is equal to in 


Angle made in the Segment DAB, viz. to the 
DAB; and the Angle D B E, equal to the = 
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Draw BA from the Point B at Right Angles to 11. 1. 
EF; and take any Point C in the ircumference 
BD, and join AD, DC, CB. 

"Then becauſe the Right Line EF touches the Cir- 
cle ABCD in the Point B; and the Right Line BA 
is drawn from the Point of Contact B at Right An- 
gles to the Tangent Line; the Center of the Circle 
ABCD, will + be in the Right Line BA; and ſo f 19. 3. 
an eee Tock TEE 
in a Semicircle, is 1 a W Therefore the f 31 of chic. 
: 7 N BAD. A equa] to one Right * 32. 1. 
1 the Angle ABF, is 0 4 Weit Andes 
. Therefore the Ange ABF, is equal to the Angles 
4 BAD, ABD; and if ABD, which is common, be 
taken away, then the Angle DBF will 
be. equ jo {hat which: > the Angle BAD. © 
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any 55 Line touches 


Ange. DC and a 257 1 br Line FL drawn from the Point 
Contact cutting 11 Circle ; the Aale it makes 
with the Tangent Line, will be equal to thoſe which 


are made in the alternate Segments of the Circle; 
which was to be demonſtrated. 7 


PROPOSITION XXXIII. 
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2 0 Aerite, upon a given Right Line, a Segment 
of aCircle, which ſhall contain an Angle, 1 
o à given "Right- lined Angle. 


L 40 Right Linete AB, and Ce giea 
Right-lined Angle. It is required to deſcribe the 
Segment of a Circle upon the given Right Line AB, 


«taining an Angle, equi to the Angle C. 
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To cut off a Sement from a given Circle, that 1 
contain an Angie, equal to's givers Righ lad 2 F 
Right 
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Tequired to cut off a 
Segment Ang NG ABC, ans n A. 


IEA 
reg DES: EF, 


23. 1. 


* 
* , . 
2 * a 
I 
- 1 * = . 
©; x = Has £ 
i 
by 
A 
* 4 


"x "her the Segments of tbe other 
JN te — te mo Ris 16 


i A _ "WES 
0 R . : 
* * 4 4. * 
% ay * 


„ 
I. - _ 2 ” * "Ss 2 * F 4 0 Tr "9 
N : * 
- , 1 9 
* 


18. 95, 2» 
n de Angle FRO will be®equal® 1 of. | 
Segment of the Circle; but the 
Angle D. Therefore the 
off 


wo that in the alternate 
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Fe „ Tun a If . 
72 jwo Right Lines in 4 Cirelt niutuiilly cut eat 


5 227 Rettang le contained under the Seg- 
. ments of the aus, 5 2 to 1 Neale * 


BE Hs «G4 


n DE, EE 


— s manifeſt, ſince 
ALEC, DE, EB, 5 ; that the Rectangle, 
_ under AE Reflangle under DE, 


Re FAC, DB, OO the Center, aſ- 
ne diular & the Right Lins 40, DB, 
H, perpen to t AC, DB 

join FB, FC, FE. " 
hen becauſe the Right Line GF, drawn through 
the Center, cuts the Ri Line AC, not drawn thro 


Euclids ELEMENTS. 
of CG, GF. Therefore the Rectangl 


the R 


Square of 


3 the Square of F E, is equal to the 
But it has been proved, that the R * 


ALEC together with the Square © 10 al 


equal to the Square of FB. Therefore the ReQans |} 
gle under AE, EC, together with the Square of FE, | 


is equal to the Reftangly under DE, EB, 

with the Square of FE. And if the common Squar 
1 away, then there will remain 

| le under AE, EC, equal to the'R 


— E, EB. Wherefore, if two Right Lines m 
a Circle mutually cut each other, the Reftangle con." 


tained under the Segments of the one, is equal to the |. | 
Rectangle under the Segments 7 5 wher ; wn 


| was to be demonſtrated. 
PROPOSI TION XXVI. 
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of «which cuts the Scl, an the _ a8 its 15 
the Re contained: under the whole Seca 
Line, and its Part between the Convexity of id 
Circle and the aſſumed Point, will be 7 1% 
the Square of the T, angent Line. ; 0 


ET any Point D be Burned: withour the Cindy 
ABC, Td let two Right Lines DCA, DB 

fall from the faid Point to the Circle; whereof DON 
cuts the Circle} and DB touches it. I fay the RSA 
gle under AD, DC, is equal to the Square of DB. + 
Now DCA either paſles thro? the Center, or not: 
In the firſt place, let it pals thiro' the Center of the 
Circle ABC, which let be E, and join EB. Then 


* 18 tbr. the Angle EBD is * a Right Angle. And fo ſince 


the Right Line AC is biſected in E, and CD is added 
thereto, the Rectangle under AD, DC, gi 
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I le _ AE} Þ 
KC; WIRE WER the Square of is equal to the | 
of FC, but CF is ual to FB. Therefors F 
Ek, is _ to the Square of FB. Fr 
the ſame Reaſon, the Rectangle under DE, EB, 0. 
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pr and FE. But the quart of D E, is equal 


equal the Square 6: 2. 


e For t 47. 7 
the os. STI is a Right Angle: Therefore the 
under AD, DC, together with the 


. EB is equal to the Squares of EB and BD; and 
1 if the common Square of EB be taken 1 4 
'# ReQangle under AD, DC, \ 

do the Square of the Tangent 


_Now.let DCA not paſs e h the Center of the 


draw EF 8 to AC, and join EB, EC, 
ED. Therefore EFD i a Ry 9 And be- 
* * t Line E F, drawn through the Center, 
t t Line AC at Right Angles, not drawn 
00 5 fie dere, it will * biſe& the ſame at Right 3 2 chis 
Angles; and ſo AF is equal to E C. ſince 


ded thereto, the Rectangle under AD, DC, together 


1 with the Square of F C, will be ee 
1 Wa And if the common Square of EF be added, | 


che. Repangle under AD, DC, 32 with 
C and FE, is equal to 


"4 an 


«of DF and FE; for the le EFD 


e And the Square of CE;is to 
. FE. Trede de Nen. 


DC, remaining, will be to the Square of DB. 
Nader if — Point 87 without a Circle, and 
from that Point two Right Lines fall to the Circle, one 
Kg cuts the Circle, and the other touchet it; + 
e contained under the whole Sec: ant Line, and 
its 


From. Eike © "4 97 * 


1 1 ' with the Square of EC, ſhall * de 
; of ED. But EC is equal to EB; wherefore the 
1 ReQangle under A D, D C, togethe 

of E B, is equal to the Square 
of ED, ia f equal to the Nene 
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If ſome Pois be taken without a Circle, and tim | | 
f Right Lanes be drawn: from: iu to the Circle, þ BH 
that one Cuts it, and tbe other falls upon ii; 
and i the Reflangle underihe Secant Ling, | 
and the Part therelf, without the Citcley” « | 
1al to the Square of the Line falling upon s 
 Cirile, then this laſt Line will touch the Cirde, | 
E fome Point D be aſſumed without the G 
3 Circle in ſuch Manner that D CAU²7m 


let the Right 
ide ABC, and find F 
bin EF, FB, FD. 
the Angle FED i 
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Right Line CA. If ther 
2 Paint be aſſumed without a Circle, and two Ri 
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Lines be drawn from it to the Circle, ſo that on- euts 
it, and the other falls upon it; and if the Rectangle 
1 winder the whole Secant Line, and the Part thereof, 
without the Circle, be equal to the Square of the Line 
Falling upon the Circle ; then this laſt Line will touch 

| the Circ, Which was to be demonſtrated. 


Corall. Hence, if from any Point without a Circle, 

| ſeveral Right Lines AB, FS, Furl wa are bp cutting 

the hens - the R under 

the whidle Lines AB, A ald che end — Parts 

AE, AF, are equal 3 themſelves. For if 

the Tangent A D be drawn, the Rectangle under 

B A and AE, is equal to N Hl _ 
the Rectangle under CA and AF, is 

fame Square. of AD: Therefore e he Rating 

ſhall be equal. | > 
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DEFINITIONS. 


; 
- in a Right-lined Figure, when every one 
4 Þ of the Angles of the inſcribed Figure, | 
touc bes every one of the Sides of the Fi- 
gure, wherein it is deſcribed. 

II. In lite Manner a Figure is ſaid to be deſcribed 
about a Figure, when every one of the Sides of 

the Figure, circumſcribed, touches every one of 

— * of the Figure about which it is cir- 

ed. 

III. A Right-lined Figure is ſaid to be inſcribed in 

6 Circle, when every one of the Angles of that 

Figure which is inſcribed, touches the Circumfe- 

rence of the Circle. 

IV. A Right-lined Figure is ſaid to be deſcribed a- 
bout a Circle, when every one of the Sides of the 
circumſcribed Figure, touches the Circumference 

' of 'the Circle. 5 ©; 
_ . 00 


_ Right-lined Figure is ſaid to be inſcribed 
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V. So likewiſe a Circle is ſaid to be inſcribed in a 
Right-lined Figure, when the Circumference 0 
the Circle touches all the Sides of the Figure in 
which it is inſcribed. 1 
VI. A Circle is ſaid to be deſcribed about a Figure, 
oben the Circumference of the Circle touches all 
the Angles of the Figure which it circumſcribes. 
VII. A Right Line is ſaid io be applied in a Circle, 
when its Extremes are in the Circumference of 
| the Circle. 


PROPOSITION I. 


5 PROBLEM. 
To apply a Right Line in a given Circle, equal to 
a given Right Line, whoſe Length does not ex- 
| ceed the Diameter of the Circle. | 


E the Circle given be ABC, and the given 
Right Line not greater than the Diameter be D. 
It is required to apply a Right Line in the Circles 
ABC, equal to the Right Line D. „ 

Draw B C the Diameter of the Circle; then if BC 
be equal to D, what was required, is done: for in 
the Circle AB C there is applied the Right Line B C, 

_ equal to the Right Line D: But if not, the Diameter 
BC is greater than D, and put CE equal to D;“ 3. 1. 
and about the Center C, with the Diſtance CE, let 
the Circle A EF be deſcribed ; and join CA. 

Then becauſe the Point C is the Center of th: 
Circle AE F, CA will be equal to CE; but D is 
equal to CE. Wherefore AC is equal to D. And 
ſo in the Circle ABC, there is applied a Right Line 

Ac, equl to the given Right Line D, not greater 
than the Diameter; which was to be done, 


1. 3. 
T 24. 1. 


1 3% 5- 


Ac is likewiſe equal to the Angle DFE. Where 
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PROPOSITION Il. 


PROBLEM. 


In a given Circle, to deſcribe a T1 riangle egquiangu- 
lar to a given Triangle. 


ET AB C be a Circle given, and DEF a given 
Triangle. It is required to deſcribe a Triangle 
in the Circle ABC, equiangular to the Triangle DEF. 
Draw the Right Line G AH touching * the Circle 
ABC in the Point A, and with the Right Line AH - 
at the Point A, make + an Angle HA, equal to the 
Angle DEF. Likewiſe at the ſame Point A, with 
the Line AG, make the Angle GAB equal to the 
Angle D F E, and j join B C. 
Then becauſe the Right Line H A G touches the | 
Circle ABC, and AC is drawn from the Point of 


Contact in the Circle ; ; the Angle HA C ſhall be 
+ equal to ABC, the Angle in the alternate * nem 


of 1 the Circle. But the Angle HA C is 
Angle DEF; thereſore alſo the Angle ABC, is en 
to the Angle DEF: For the ſame Reaton, the A 


fore the other Angle BAC, ſhall h ch Tn 
other Angle EDF. And conſequen Triangk 
ABC is equi to de Tante DEF. and is 
deſcribed in the Circle ABC; which was to be done. 


PROPOSITION Ill. 


PROBLEM. 


| About a given Circle to deſcribe a Tri angle, equb | 


angular to a Triangle given. 


* ABC be the piven Circle, and DEF Ul 


iven Triangle. It is required to deſcribe a Tri-_ 
8 about "the Circle ABC equiangular to the 


Eagle DEF. 


Produce the Side EF both Ways to the Points 0 
and H, and find the Center of the Circle K, and any 


bew draw the Line KB. Then at the Point K, wi - 


n ht. 4 pw 
- 


"WF 


- 
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K B make the Angle BK A equal to the Angle 23· * 
DEG; and the Angle B K C at the fame Point K 
on the other Side the Line K B, equal to the Angle 


DFH; and thro' the Points A, B, C, let the Right 
Lines LAM, MB N, NCL, be drawn touching the 
Circle AB Cf 5 | 
Ihen becauſe the Lines LM, MN, NL, touch 
the Circle ABC in the Points A, B, C, and the Lines 
KA, KB, KC, are drawn from the Center K to the 


Points A, B, C; the Angles at the Points A, B, C, 


will he + Right Angles. And becauſe the four An- f 1. 3 


87 the quadrilateral Figure AM BK are equal to 
four Right Angles, (for it may be divided into two 
Friangles,) and the Angles KAM, K BM, are each 
ight Angles; therefore the other Angles AK B, 
AMB are equal to two Right Angles. But DEG, 
DEF, are equal to two Right Angles; therefore the 


Angles AKB, AMB, are equal to the Angles DEG, 


F 
77 Angle AMB is equal to the other An- 
gle DEF. In like Manner we.demonſtrate, that the 


Angle LNB is equal to the Angle DFE, Therefore 
the other Angle MEN is equal to the other Angle f Cor. 5. 
EDF. Wherefore the Triangle LN M is equian- 32. 1. 


gular to the Triangle D E F, and is deſcribed about 


the Circle ABC; which was to be done. 


PROPOSITION IV, 
PROBLEM 
To inſcribe a Circle in a given Triangle. 
. 


Cut ® the Angles ABC, BCA, into two equal * g. r. 
Parts by the Right Lines BD, D C, meeting each 


other in the Point D. And from this Point draw 


DE, DF, DG, 4 perpendicular to the Sides A B, T 12. 1. 
A N 


Now becauſe the Angle E BD is equal to the An- 


gle FBD, and the Right Angle BED is equal to the 


icht Angle BFD; then the two Triangles EBD, 
)BF, have two Angtes of the one, equal to two 
H z Angles. 


0. x6. 3. 


2 10. 1. 


711. I 
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Angles of the other, and one Side DB common to both, 
viz. that which ſubtends the equal Angles ; therefore 


the other Sides of the one Triangle ſhall be t equal to 
the other Sides of the other; and ſo DE ſhall be equal to 
DF. And for the ſame Reaſon, DG is equal to DF: 
Therefore DE is alſo equal to DG. And ſo the 
Right Lines DE, DF, DG, are between 
themſelyes. Wherefore a Circle deſcribed about the 


Genter D, with either of the Diſtances DE, DF, DG, 


will alſo paſs thro? the other Points. And the Sides 
AB, BC, AC, will touch it; becauſe the Angles at 
E, F, and G are Right Angles. For if it ſhould out 
them, a Right Line drawn on the Extremity of 8 
Diameter of a Circle at Right Angles, will fall wi 
in the Circle; which is * abſurd. Therefore a Cir 
deſcribed aboyt the Center D, with either of the 
Rances DE, DF, DG, will not eut the gde A 
BC, CA; whereſore it will touch them, and : 
be a Circle deſcribed in the Triangle ABC. bes 


fore the Circle EFG is deſcribed in the given TIS 


ge ABC; which was to be done. | 
PROPOSITION v. 


ProBLEemM. 
To deſcribe a Circle about a given Triangle. 


ET ABC be a given Triangle. It is required to 
deſcribe a Circle — it the ſame. 
Biſect “ the Sides AB, AC, in the Points D, E; 
from which Points let DF, EF, be drawn + at Right 
Angles to AB, AC, which will meet either withi 
the Triangle ABC, or in the Side B C, or without 
the Triangle. 


Firſt let them meet in the Point F within the Tn | 


— 4 „ „FC, FA, Then becauſe AD 5 
and DF is common, and at Right An- 

to AB; the Baſe AF will be 1 equal to the Bake 
B. And after the ſame Manner we prove, that the 
Baſe CF is equal to the Baſe FA, Therefore alſo is 
BF to CF: And fo the three Right Lines FA, 
FB, FC, are equal to each other. Wherefore a Cir- 
cle deſcribed about the Center F, Ld. 3. 
ces 


Y ea > we 
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Diſtances FA, FB, FC, will paſs alſo thro! the other 
Pol LO be a Circle deſcribed about the Tri- 
_— BC. Therefore deſcribe the Circle AB C. 


y, let DF, EF, meet each other in the 
Point F, in the Side BC, as in the ſecond Figure, 


and join AF. Then we prove, as before, that the 


Point F is the Center of a Circle deſcribed about the 
Triangle AB C. : 


L y, let the Right Lines DF, EF, meet one 


another again in the Point F, without the Tn 


as in the third Figure; and jo in AF, F B, FC. And 
becauſe AD en and 'DF is common, 
and at Right an, I open * Irs 

the. Baſe BF. So likewiſe we prove, that CF is 


| alſo equal to AF. Wherefore B F is equal to CF. 


And fo again, if a Circ be deſcribed on the Center 

F, with either of the D ces FA, FB, FC, it will 
zh the other Points, and will be deſcribed 

about the riangle ABC; which was to be done. 


| Corll, If a Triangle be Ri icht-angled, the Center oſ the 


Circle falls in the Side oppolite to the Right Angle; 
if acute-angled, it falls within the Triangle; and if 
 obtuſe-angled, it falls without the Triangle. 


PROPOSITION VI. 


PROBLEM. 
To inſcribe a Square i in a given Circle. 


Lr AB CD be a Circle given. It is required 
to inſcribe a Square within the ſame. 5 
Draw AC, BD, two Diameters of the Circle cut- 


a rs another at Right Angles, and join A B, B C, 


Then becauſe BE is equal to ED, (for E is the 
Center) and EA is common, and at Right Angles to 


BD, te Baſe BA Tu be qui 0 che Baſe AD; 1 


and for the ſame Reaſon BC as alſo BA, AD, 


are all equal to each other. Therafore the quadri- 
lateral Figure AB CP, is equilateral, I ſay it is alſo 
rectangular. For becauſe the Right Line DB is a 
Diameter of the Circle AB CD, B AD, will be a Se- 


H 4 micircle. 


v 17. 3. 
T 18. 3. 


TY I. 


1 34. I. 


micirele. Wherefore the Angle BAD is * a Right 
Angle. And for the ſame Reaſon every one of the An- 

gle es ABC, BCD, CDA, is a Right Angle. Ae 
re AB CD is a rectangular quadrilateral Fi 

But it has alſo been proved to be equilateral. Whe 

fore it ſhall neceſfariy be a Square, TY 

the Circle ABCD; which was ta be done.” 


PROPOSITION: vn. 


PROBLEM. | 
75 daſcribe 4 Square about a given Circle. 


LW; ABCD b be a Circle given. It » in 


to deſcribe a Square about the fame. 


cutting each other at Right Angles, and t 
Points A, B, C, D, draw * FG, GH,H 
Tangents to the Circle AB C D. 


Then becauſe F G touches the Circle A , CD, ) of 14 
EA is drawn from the Center E to the 12 of Con 
tat A, the Angles at A will be + Ri ht Ang! les. For. 
the ſame Reaſon, the Anples at the oints „C D. 
are Right Angles. And * the Angle 7 Bis 


Right Angle, as alſo E BG, ene 
to AC; and for the ſame Reaſon, to K * 


this Manner we prove likewiſe, that GF and H K 
are parallel to BED; and ſo GF is parallel to HK. 

Therefore GK, GC, AK, F B, BK, are Parallelo- 

grams; and ſo GF is ® equal to HK, and GH to 


FK. And ſince AC.is equal to BD, and ACY 
to either GH, or F , and BD ual "to = 
OT * e gl 8 „or H K, Then: 
fore is an equilateral quadrila I 

T fay it is alſo equiangular. 'For b EA U 


a Parallelogram, and A E B is a Right t Angle, then 
AGB ſhall be alſo a Right Angle. In like manner 


we demonſtrate, that the Angles at the Points H, K, F, 
are Right Angles. Therefore the quadrilateral Fi igure 
FGHK is rectangular; but it has been — 5 15 þ 
equilateral likewiſe. Wherefore jt muſt n 

4 Square, and is deſcribed about the Circle 2 11 D; 


| which was to be done, 
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I PROBLEM. = 


5 deſeribe a Circle in a given Square. | 


ET the V e be ABCD, It is required 
he ginp bare be ARCD, 


Piet the Sides A B, AD, in che Points F, E; 10. 1. 
EH thro E, parallel to AB, or DC; and t 3. f. 
N BC, or AD, Then AK, h 


hy 


KL 


polite Sides are t equal. And be- f 3+ 7 
; 100 AE is. half of AD, 


O 
> 
5 


D 8 
=> 
Ren 
5 


"= 
oO x8 


K, 
ſhould cut the the Square, a Riche Line 
dran from the End of the Diameter of a Circle at 

joht Angles, will fall within the Circle; which 


8 
5 
6 


Wherefore a Circle deſcribed about the * 16. * 
| G, with either of the Dine, GE. GF. 
H, GK, will not cut AB, BC, CD, DA, the 
daes of the Square. Wherefore it ſhall neceſſarily 
touch them, and will be deſcribed in the Square ABCD, 
which was to be done. 


PROPOSITION IX. 


PROBLEM. 


To deferibe a Circle about a 8 quare given. 


F-AT: AB CP he a Square given. It is . 
1 to FIT a Circle about the ſame. 
oin B D, mutually cu one another in 
the Point E, 7 And 


wh # * * 8 2 , * " | a | . " | SY bo 9 2 
2 p | . 0 5 3 4 as: | | VI 
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And ſince DA is equal to AB, and A C is com- 
mon, the two Sides DA, A C, are equal to the two 


Sides BA, AC; but the Baſe D C is equal to the Baſe | 


3. 1. BC. Therefore the Angle DAC will“ be te 
the Angle BAC: And conſequently the Angle DAB 
is biſected by the Right Line AC. In the ſame Man- 

we prove, that each of the es ABC, BCD, 
?DA, dome E ines AC, DB. 7 


1 AB bo le DAB & $9366 Av 
*. TB oy bs Angle EAB is 
| LP hi ef neigh 


T6. 1. RARE Ge KA Lina bro het aye” 1 PB. 
ns 8 ger we eee wes exch of the 
5% ED, is el & G&ach of the Right I 


28 1e th our Rh Lr 5 
8 Once EA, E B, EC, 'ED, wil 
dess thro* che d NN and will de deſeribed abe 


the Sire AB Ch; tobich tor to be dne. 778 
PROPOSITION OS, 


"PROBLEM. 


h Ants ax de Tridhfle, biving each of th 
"_ a the "Baſe dorble lo the other Anglt: - 


*11.2 PUT any Hrn Right Line AB in the 5 75 
ſo that 0 the ReQtangle contained under AB 
Wen to the of AC; then about the Cen- 
ter A, with the Diſtance AB, Ses Cicke BD} 
t 1 of this. be deſcribed ; and f in the Circle BDE apply the 
Right Line BD equal to AC; which is not greater 
than the Diameter. T his being done, join D A, DC, 
5 of the, ape a Circle AC D about "ho — 
A 
3 becauſe the Rectangle ABCi is to the 
Square of AC, and AC is equal to BD, Rectan- 
le under AB, BC, ſhall be to "the Square of 
D. And becauſe ſome Point B is taken without 


the Circle A CD, and from that Point there fall two 
Right Lines BCA, BD, to the Circle, one of which 
2 


K ² ! Ä w¼ͤ.. ̃ ö]f⏑—' !! ⅛ ⸗? ! ̃—R ce oc. ˙ . 


cuts 


« 


2 6 a 


6 = ww” CCL OY © 


2 outward . 


da B 


' Wherefore B DA, or D 1 


Angle; which was to ä 


of the Angles at the Baſe G H, double to the other 
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cuts the Circle, and the other falls on it. And ſince 
the Rectangle under AB, BC, is equal to the 

of BD, the Right Line 'BD ſhall * touch the Circle 37. 3. 
A CD. A oe BD joothes it, and D C is drawn 
from the Point of Contact D, the Angle BDC is 

_ to the Angle in the alternate 3 of the 
S 8 Angle DAC. * 32. 3. 


the Anglo = b 


cauſe the Side AD Lege 

fore D B A ſhall be 
BDA, DBA, 

ſince the 

BCD, 8 

BD. is put 

CD. And ſo the 

Therefore 1 


Thexefore the le BCD > 2 * 
DAC. But BC to BDA. or DBA. 


Therefore the Iſoſceles Tri 


le ABD is made, hav- 
ing one of the Angles 


at the Baſe, double to the other 


PROPOSITION XI. 


PROBLEM. 


To deſeribe an equilateral and equiangular Penta- 
gon-in a given Circle. 


'ET ABCDE be a Circle 272 It is required 


to deſcribe an equilateral and equiangular Penta- 
gon in the ſame. 


Make an Iſoſceles Triangle FG H, having * each + 10 of this. 


Angle E; and deſcribe the Triangle ADC in the Circle 
ABCDE, equiangular + to the Triangle FGH; fo that + 2 of thi, 


. * 
. * 


* 26. 3 


7 29. 3. 


ZN 


are equal to each other. But equal Cit 


Pentagon. I ay, it is alſo 
the Ciicumference AB is equal to 


DE; by adding the Circumference B CD, which 


the Circumferences A B, B C. CD, DE, 'E A, be 


4 


a . IE” 
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Euclids ELEMENTS. Book 


the Angle CAD be equal to that at F, and A OD, 
CDA, each equal to the Angles G or H. efore 
the Angles ACD, CDA, are each double to the M 


gle CAD. Tha bein done, bilest A C'D, CDA 


by the Right Lines CE, DB, and Join AB, BY 
DE, EA. 2 
Then becauſe each of the Angles ACD, CD: 41 
double to CA, and they are biſected by the Rig 
Lines CE; DB; the five Angles DAC, ACE, | 
CDB,.BDA, are equal to each other. 
Angles frand * upon equal Circumferences. 1 
fore the five Circumferences AB, BC, CD, DE, Ek 


ſubtend + equal Right Lines. "Therefore the "in 

ht Lines AB, BC, CD, DE, EA, are 5 0 
other: Wherefore ABCDE is an cquilak 
; for beck 
„ Circiimdol 


common, the whole Circumference ABCD is equl 
to the whole Circumference-ED CB, but the Angle 
AED ſtands on the Circumference ABCD, 
BAE on the Circumſerence E D CB: Therefore the 
Angle B A E is equal to the 2 AED. For ie 
ſame Reaſon, each hof the ABC, BCD, ODE, 

is equal to B AE, or AE - Wherefore the Penh 
gon AB CDE ei but it has been provel 
to be alſo equilateral. And conſequently there is n 


equilateral and equiangular Pentagon inſcribed in 3 
given Ci cle; ; which was to be done. 


PROPOSITION XI. 


P ROBLEM. 
7 '0 deſcribe an equilateral and equiangular Penta 
gon about a Ci ircle given. 


ET AB CDE be the given Circle. It is 
to deſcribe an equilateral and equiangular Peru 


gon about the ſame. 


Let A, B, C, D, E, be the angular Points of a Pet- 
tagon ſuppoſed to be inſcribed ® in the Circle ; ſo that 


equi 
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is equal to the Squares of F B, BK. . Therefore the 


+; =, 


tare of FC. is equal to the Square 

the 9 75 of CK ſhall be equal 

5 BK; and ſo K is equal to CK. And 
is 


to FC, and FK is comman.; 
the two Sides BF, F K, are equal to the two CF, 
E VCC En 
|| the Angle B F K ſhall be + equal to the Angle f 8. =: 
| KFC, and the Angle BE F to the Angle FK C. 
' | Therefore the Angle B E C is double to the Angle 
KFC, and the Angle BK C double to the Angle 
| FKC: For the ſame Reaſon; the Angle CFD is 
| double to the Angle CF L, and the Angle CLD 
a double to the Angle CL F. And becauſe the Cir- 
| cumference B C is equal to the Circumference CD, | 
| the Angle BF C ſhall be t equal to the Angle C FD. 127. 3 
But the Angle B F C is double to the Angle K F C, 
F ee ES 
n le 8 to | 1 | 
ſo FK C, FLC, e having two An- 
gles of the one equal to two Angles of the other, 
each to each, and one Side of the one equal to one 
" | Side of the other, viz. the common Side FC; where- 
fore they thall have + the other Sides of the one equal + 26; 1. 
| to the other Sides of the other; and the other Angle 
\ | of the one, equal to the other Angle of the other: 
: Therefore the Right Line K C is equal to the Right 
Line CL, and the Angle F K C to the Angle FLC. ws 
And ſince K C is to CL, KL ſhall be double 


o KC. And by the ſame Reaſon, we prove 5 5 
4 


» 
] 
t 
* 
2 


- 


ML, are each 


HK is double to BK. A Again, becauſe B K has been 
proved equal to K C, and L the double to K C, ay 
alſo H K the double of BK, har GH, Ga | 
KL. So likewiſe, we prove that GH, GM, and 

equal to HK, or K L. Thereſors 
the Pentagon GHELM is equilateral. I fay alſo, 
it is equian 3 for becauſc the Angle FKC is equal 
to the Ang FLC; and the Angle HE L has ben 


proved to be double to the Angle FE C; and alfy 


KLM double to F LC: Therefore the Angle HKL 
ſhall be equal to the Angle KLM. By the ſamg 
Reaſon we demonſtrate, that every one of the Ang 
KHG, HGM, GML, is equal to the e HEL, 
or KLM. Therefore the five Angles, GHK, HKI, 
KLM, LMG, MGH, are between then 
ſelves. And fo the Pantayon G KLM is equiats 
gular, and it has been proved likewiſe to be equila« 
teral, and deſcribed the Circle ABC EI 

which was to be d. 


PROPOSITION XIIL 
PROBLEM. | ol | 


To deſcribe a Circle in an equilateral anda ni, 
| gular Pentagon. 


ET ABCDE be an equilateral and oquangule 
21 — It is required to inſcribe a C in 


DEN * the the Angles BCD, CDE, by the Ri be 
Lines CF, DF, and from the Point F ke Aur F. 
DF, meet ech other, let the Right Lines F B, FA, 
FE, be drawa. Now becauſe BC is equal to CD 
and CF mne the two Sides BC, CF, ar 


7 — 
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— 
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Angle ABC, as alſo CDF equal to CB E; the 
Angle CBA will be double to the Angle CBF; 
and ſo the Angle ABF to the Angle CBF. 
Wherefore the Angle A B C is biſected by the Right 
Line BF. After the ſame Manner we prove, that 
either of the Angles BAE or AED is biſected by 
the Right Lines AF, FE. From the Point F draw 
FG, FH, F K, FL, F M, perpendicular to the“ 12. +. 
t Lines A B, BC, CD, DE, E A. Then ſince 
b Angle H CF i equal to the Ang le KF; and 
5 Nacht Angle FHC to ts Right Angle 
FK ©; the two Triangles FHC, FK C ſhall have 
mp Angles of the one equal to two, Anglea of the 
other, and 


8 05 viz, the Side FC common to each of them. 


e other Sides of the one will be 
* other Sides of the other: Ante 
af TH. coal to the Perpendicular F K. 
Manner 7 arg that F 1 5 


o Circle deſcribed n the Cen er 
b thro' the other Points, ee d Right 

AB, BC, CD, DE, EA; lnce the: 

at © H. K, L, M, are Right For if it 

not touch — 8 but cuts them, a Line drawn 

from the Extremity he ln. prey | 
Right Angles to the Diameter, will fall within the 
Circle; Which is 1 abſurd. Therefore a Circle de- 1 16. 5 
ſcribed on the Center F with the Diſtance of an one 

of the Points G, H, K, L, M, will not cut the Right 
Lines AB, BC, CD, DE, EA; and ſo will neceſ- 
ſarihy touch them; which was to be done. 


Goo If two F 
| * be biſected, and from the 
Fass iu ref es biſecting the Angles meet, 
there be drawn Right Lines to the other Angles of 


the Fi all n will be 
dee. ty Arg Wl 
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| [ET ABCDE be an equilateral and eq 
about the ſame. 


+ 6. Te 


| PROPOSITION XIV; 


PROBLEM: 


To defribe a Circle about a given equilateral an 


 equiangular Pentagon. 


4. 


ſe & required i dee 


Biſe& both the Angles BCD, CDE; by the Riel 
Lines CF, FD, and draw F B; FA, FE, from the 
Point F, in which they meet. Then each of the Au 

CBA, BAE, AED, fhall be biſected * by t 
bs Lines BF, FA; FE: And fince the Angh 
BCD, is equal to the CDE; and the Anp 
FCP, is half the Angle BCD, as "likewiſe eD 1 
half CDE; the Angle F CD, will be equal to the 
Angle FDC; and ſo the Side CF +, equal to the Side 


FD. We demonſtrate in like Manner, that FB, 


FA, or FE, equal to FC, or FD. Thetefore the 
five Right Lines: FA, FB, FC, FD, FE a em 
to each other. And fo 2 Circle being deſcribed on 
the Centet. F, with any of the Diſtances FA, FB, 
FC, FD;FE, will paſs thro' the other Points, and 
will be deſcribed about the equilateral and 

Pentagon A B CD E; which was to be done. 


PROPOSITION XV: 


Prone 


Fo inſcribe an equilateral and equiangular Heap 


in a given C ircle. 


Ez. ABCDEF be 4 Circle given. It is — 
to inſcribe an equilateral and equiangular Hexagon 


_ AD a Diamiter of Cre ABCDEF, 
and let G be the Center; and About the Point D, a 


4 Center, with the Diſtance DG, let a Circle EGCH; 
be deſcribed ; join EG, GC, which produce to the 


* mY *-. 1 Fa.” We PR =rpyy rr 7 Þ- 2 a aw = — _— F _ — wc JI. —_ —— 1 dou” | 


a ** SAC 


Points B, F: Likewile join AB, BC, CD, DE, Hy 


— ; 
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FA. I ay ABCD EF is an equilateral and equi- 
gular Hexagon. 
or ſince the Point G is the Center of the Circle 
ABCDEF, GE will be equal to GD. Again, 
becauſe the Point D is the Center of the Circle 
EGCH, DE ſhal! be equal to DG: But GE has 
been proved equal to GD. Therefore G E is equal 
to ED. And fo EGD is an equilateral Triangle; and 
conſequently the three Angles thereof, EGD, GE, ‚ 
DEG, are * equal between themſelves: But the ©: 5: N 
three Angles of a Triangle are + equal to two Right f 3: . 
Angles. Therefore the Angle EGD, is à third Part 
of two Right Angles. In the ſame Manner we de- 
monſtrate, that DGC is one third Part of two Right 
Angles: And fince the Right Line CG, ſtanding upon : 
the Right Line EB, makes 1 the adjacent Angles f 17 1. 
EGC, CGB; the other Angle CGB, is alſo one 
third Part of two Right Angles. Therefore the An- 
ges EGD, DGC, CGB, are equal between'them- 
ves: And the Angles that are vertical to theni, viz. 
the Angie BGA, AGF, FGE, are * equal to the 75 1. 
Angles E GD, DGC, CGB. Wherefore the ſix 
Angles EGD, DGC, CGB, BGA, AGF, FGE, 
are equal to one another. But equal Angles ſtand + on f 26. 3. 
equal Circumferences. Therefore the ſix Circumferences, . 
AB, BC, CD, DE, EF, FA, are equal to each other. | 
But equal Right Lines ſubtend + equal Circumferen- f 29 3+ 
des. "Therefore the ſix Right Lines are equal between 
themſelves; and accordingly the Hexagon ABCDEF 
is equilateral: I ſay it is alſo equiangular. For, be- 
cauſe the Circumference AF is equal to the Circum- 
ference ED, add the common Circumference ABCD, 
and the whole Circurnference FAB CD, is equal to 
the whole Circumſerence EDC BA. But the Angle 
FED, ſtands on the Circumference FABCD ; and 
3 AF E, on 3 NN E 0 C 2 
ore the Angle AF E is “ equal to the e 27. 4 
DEF. In the 2 we prove, that the o- 
ther Angles of the Hexagon AB CD E F, are ſeve- 
rally equal to A F E, or FED. Therefore the Hexa- 
gon ABCDEF is equiangular. But it has been proved 
to de alſo equilateral, and is inſcribed in the Circ| 
ABCDEF ; which was to be done. 
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| Cordll, From hence it is manifeſt, tat of the 

on is equal to the Semidiameter of the Circle. 
And if we draw thro' the Points A, B, GE „F, 
2 to the e, an equilateral and equian- Ee. 
. "9 agon will be deſcribed about the Circle,, 
E nn from what has been ſaid concerning | 
3 the Nen And ſo likewiſe may a Circle be | ' 
=. - inſcribed and circumſcribed about a given Hex:. 
gon; which was to be done. 


| PRO POSITION XVI. 
3 PROBLEM. | 


7 ageribe an equilateral and equiangular Quin 
decagon in a given Circle, 


Lor ABCD be a Circle given. EE require 
to deſcribe an equilateral and equiangular Quin- | 
decagon in the ſame, 5 La 7 
Let AC be the Bide of an equilatetal Triangle 1 
ſctibed in the Circle ABCD, and AB the Side of z þ 
Pentagon. Now if the whole Circumference of tl 
Circle ABCD be divided into fifteen equal Party | “ 
, the Circumference ABC, one third of che whole, 
ſhall be five of the ſaid fifteen equal Parts; "ind the 
Circumference AB, one fifth of the whole will be | - 
dee of the ſaid Parts. Wherefore the mon "hs 
Circumference B C, will be two of the ſaid P EM 
And if BC be biſected in the Point E, BE, or EC 3 
will be one fiſteenth Part of the whole Circumferencs | 
8 And ſo if B E, EC, be joined, and either 
or EB, be continually applied i in ** Circle, there 
E an equilateral r Quindecagon der | 
| Letibed in the he Oct ABCD; which was to be done. WS 


If, according to whkis has been ſaid of the. Pentagony 3 
Right Lines are drawn thro' the Diviſions of the (= 
Circle touching the ſame, there will be deſcribed 
about the Circle an equilateral and 1 * 
Quintecago n. And, moreover, a Circle may be T3 
 Inferibed, or circumſcribed, about 4 given equilate- . 
ral and equiangular Quindecagon, | 
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£UCELI D's 
ELEMENTS: 


DEFINITIONS 


PART, is a Ma id V Alan. 
tude, the leſs of the greater, when 
the 72 meaſures the greater. 

IT. But a Multiple is a Ma nitude of 

a Magnitade, the ps the leſſer, when 

3 12 7 meaſures 3 greater. 

Ratio, is a certain dave Habitude of Mag- 
1 of the ſame kind, according to Quantity. 
IV. Magnitudes are ſaid to have Proportion id 

each other, which being multiplied can exceed 
one another. 

V. Magnitudes are ſaid to be in the ſame Ratio, 

the firſt io the ſecond, and the third to the 
fourth, when the Equimultiples of the firſt and 
third, compared with the Equimuliiples of the 
ſecond and fourth, according to any Multipli- 
cation whatſoever, ars either both together 
greater, equal, or leſs, than the Equimultiples 
of the ſecond and fourth, if me be talen that 
anſwer each other. 


12 'T ha? 


118 


that Magnitudes in the fame Ratio muſt have laid 
down in the fifth Definition. And let the firſt be a 


That is, if there be four Magnitudes, and you take 


any Equimultiples of the firſt and third, and alſo any 


Equimültiples of the ſecond and fourth. And if the 


Multiple of the firſt be greater than the Multiple of 


the ſecond, and alſo the Multiple of the third greater 
than the Multiple of the fourth : Or, if the Multiple of 


| the firſt be equal to the Multiple of the ſecond; and alſo 


the Multiple of the third equal to the Multiple of the 


fourth : Or, laſtly, if the Multiple of the firſt be leſs 


than the Multiple of the ſecond ; and alſo that of the 


third leſs than that of the fourth, and theſe Things 


according to every Multiplication whatſoever ; 


then the four Magnitudes are in the ſame Ratio, the 
firſt to the ſecond, as the third to the fourth. 


VI. Magnitudes that have the ſame Proportion, art 


called Proportionals. 

Expounders uſually lay down here that Definition 
which Euclid has given for Numbers only, in his 
ſeventh Book, vix. That OS 


Magnitudes are ſaid to be Proportionals, when the 


firſt is ao! ner Equimultiple of the ſecond, as the third 


is of the fourth, or the ſame Part, or Parts. 


But this Definition appertains only to Numbers and 
commenſurable Quantities ; and ſo 2 it is not uni- 
verſal, Euclid did well to reject it in this Element, 
which treats of the Properties of all Proportionals; 
and to ſubſtitute another general one, agreeing to all 


Kinds of Magnitudes. In the mean time, Expounders 


very ' much endeavour to demonſtrate the Definition 
here laid down by Euclid, by the uſual received Defi- 
nition of proportional Numbers; but this much eafier 


flows from that, than that from this ; which may be 


thus demonſtated : 


Firſt, Let A, B, C, D, be four Magni 
are in the ſame Ratio, according to the Conditions 


Multip 


of the ſecond. I ſay, the third is alſo 
lame 


the 
ple of the fourth, For Exanyple; Let A 


% > &@ B Ree B 7 


v N * Do; 
99 \ $46, _ 


the ſame Part of D. For becauſe A is to B, as C 
to D; and ſince A is ſome Part of B; then B will 


oel V. Bel ECTMENTS: 


be equal to 53. Then C ſhall be equal to 5D. Take 
any Number. For Example, 2, by which let 5 be 
multiplied, and the Product will 


de 10: And let 2A, 2C, be A: B: E: D 


Equimultiples of the firſt and 
third Magnitudes A and C: 2A, 16B, 2C, 10D 
Alfo, let 1oB and 10D be Equimultiples of the ſe- 


cond and fourth Magnitudes B and D. Then (by 
De,. 5.) if 2A be equal to roB, 2C ſhall be equal 


to 10D. But fince A (from the Hypotheſis) is five 
Times B, 2A ſhall be equal to 10B; and fo 2C equ 
to 10D, and C equal to 5D; that is, C will be five 
Times D. W. W. D. . TT 
is 


| Secondly, Let A be any Part of B; then C will be 
be 


a Multiple of A: And ſo (by Caſe 1.) D will be the. 
me Multiple of C, and accordingly C ſhall be the 


fame Part of the Magnitude D, as A is of B. W. W. D. 


© Thirdly, Let A be equal to any Number of what- 
ſoever Parts of B. I fay, C is equal to the ſame 
Number of the like Parts of D. For Example: Let 
A be a fourth Part of five Times B; that is, let A 
be equal to B. I fay, C is alſo equal to 3D. For 
becauſe A is equal to 2B, each of them being multi- 
plied by 4, then 4A will be equal to 5B. And fo 
if the I ultiples of the firſt A: B:: C: D 
_ OG, vi. 4A, C be aſ- 1 . © 7 . * 
* the he _ 3 4A, 5B, 4C, 5D. 
SB, 5D, and (by the Definition) if 4A is equal to 
5B; then 4C is equal to 5D. But 4A has been proved 
equal to 5B, and ſo 4C ſhall be equal to 5D, and 
C equal to DP. W. W. P. 5 

And univerſally, if A be equal to „ B, C will be 
equl to —D, For let A and C 
be multiplied by m, and B and A: B:; C: D 
D by a. And becauſe A is equal 1 
to=B; mA ſhall be equl e 
AB; wherefore (by Def. 5.) mC will be equal to D, 


and C equal to — D. W. W. D. 
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Euclids ELEMENTS. 1 
VII. When of Equimultiples, the Multiple of 0 
firſt exceeds the. Multiple of the. ſecpnd, but the 
Multiple of the third does not excped the Mul- 
Able of tht fourib; then the: firſt to the ſecond 
i ſaid to have a greater P roporfion' than the 
third to the fourth. ; 
VIII. Analogy iis 4 Similitude of Proportions, 
IX. Analogy at leaſt conſiſts of three Terms. 
XL. When three Magnitudes arePropertionals, the 
- -firft is ſaid to have to the third, a Puplicate Re 
tio to'what# it bas to the ſecond, | 
XI. But when four Ma agnitudzs are Propertmaly 
"the firſt ſhall bave a triplicate *Ratyo to 1 
N of what it Bas to the frond 5 and ſo al“ 
ay ugh more 1 Order, as 420 Proportionali 5 
extende | 
x11 Homolegaus Mag nitudes,. or: \ Moghitudes of & 
- like Ratio; are ſaid to be ſuch whoſe abr : 
are io the Antecadents, and F 10 Ibs 
Conſeguent. 
XIII. Alternate Ratio, i is the comparin g of | the th 
- tecedent with the Amteceden}, and the Conſequent 
© with the C onſequent. 
XIV Inverſe Ratio, is when the  Conſequ ent. wa 
taken as the Autecedent, and ja compared 


the Antecedent as a Conſequent... 
XV. Compounded Ratio, is when 1he- Antece 
and Conſequent _ both as One, is compared 
to the Conſequent itfe 
XVI. Divide Kale, 1 ; when the Exceſs wh 
| the Amtecedent exceeds the C onſequent, is Fr 
pared with the Conſequent. 
XVII. Converſe Ratio, is when the Antecedent is 
compared with the Exceſs, b y which the Antect: 
| dent exceeds the Conſequent. © 
XVIII. Ratio of Equality, is where there are taken 
more than two Magnitudes in one Order, anda 
like Number of Magniludes in another Order, 
ar uo 10 Iwo being in the ſame Pro- 
Por lion] ? 
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portion; and it ſball be in the firſt Order of 
Magnitade, as the firſt is to be laſt, ſo in the 


fecond Order of Magnitudes is the firſt to the 


laſt : Or otherwiſe, it is the Compariſon of the 


Extremes together, the Means being omitted. 
XIX. Ordinate Proportion, is when, as the Ante- 
cedent is to the Conſequent ; ſo is the Antecedent 


to the Conſequent ; and as the Conſequent is ta 


any other, ſo is the Conſequent to any other. 
XX. Periurbate Proportion, is when there are 


* 
- 


three Magnizudes, and others alſo, that are equal 
to theſe in Multitude as in the firſt Magnitudes 
the Amtecedent is to the Conſeguent; ſo in the 


- ſecond Maguitudes is the Antecedent to jhe Con- 


ſequent : 


J. 


d as in the firſs Magnitudes the Con- 
ſequent is to ſome other, ſo in the ſecond Mag- 
miudes, is ſome other ib the Antecedent. 


Ax IOM. 
QUIMULTIPLES of the ſame, or 
E = 2 Magnitudes, are equal to each 
otber. © es 
II. Thoſe Magnitudes that have the ſame 


Equimuliiple, or whoſe Equimultiples are equals 
ere equal to each ojher, 


I 4 PRO- 


* De 
4 | 
* ** 
v * 
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qual to F in CD. Now divide AB 


Ns e and CH to F;: C 


PROPOSITION I. 


THEOREM. 


Tf there be any Number of Magnitudes Equimulti. 


ples of a like Number of Magnitudes, each to 
each ; whatſoever Multiplẽ any one of the former 
Magnitudes is of its correſpondent one, the 
ſame Multiple is all the n Magnitudes of, 
all the latter, 


| ET there be any Number of Magnitudes 
AB, CD, Equimultiples of a like Number 
of Magnitudes E, F, each of each. I fa » 


what Multiple the nitude A B is of 


the ſame Multiple AB, and CD, together, is of E 


and F together. 


For becauſe AB and CD are Equientihs of E 6 


and F, as many Magnitudes 
E, that are in A B, ſo many be A 


into Parts equal to E, which let be AG, 6 
GB, and CD into Parts equal to F, viz. 


CH, HD. Then the Multitude of 1 | 


Parts, CH, HD, ſhall be equal to the B 
Multitude of Parts AG, GB. And 


to E, and H 
will be 


K F Therefore, as | | 
F 


n as E is contained in AB, ſo often 
and F contained in AB and CD, D 
fo, ROME» goons 6 
er, containgd in 
Therefore, if there are any 


Number of . E quimultiples of a like Num- 
ber of Magnitudes, each to each; what ever Multiple 
any ene of the former Magnitudes is of its ang ch 


dent one, the ſame Multiple js qll the former Magni: 
tudes of, all the lattyr ; which was to be demonſtrated, 


PR O- 
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| the ſixth E H is of the fourth 
F. I fay the firſt added to 


the third added to the th, 
vix. DH, is of the fourth F. 


e Be on os oe a, 
8 F 5 a «x $6 . 
N 4 ; 
. 4 


PROPOSITION I. 


THEOREM. 


I If the firſt be the ſame Multiple of the ſecond, as 

" the third is of the fourth; and if the fifth be 
the ſame Multiple of the ſecond, as the ſixtb is 
of the fourth ;, then ſhall the firſt, added to the 
fifth, be the ſame Multiple of the ſecond, as tbe 
third, added to the fixth is of the fourth. 


LET the firſt AB be the ſame Multiple of the ſe« 


cond C, as thethird DE is of the fourth F; and 
let the fifth BG be the ſame 


Multiple of the ſecond, C. » A414 D 


the fifth, vix. AG, is the ſame B ROD 
Multiple of the ſecond C, as | 


-— 
For becauſe AB is the ſame x 
Multiple of C, ws DE is of F, there are as many 
equal to C in AB, as there are - 
tudes equa] to F in DE. And for the ſame Reaſon 
to 1 


Magnitudes equal to F i 


whole A G, as Nats ae? F in 
DH. Wherefore AG is the ſame Multiple 8 


DH is of F. And ſo the firſt added to the 


AG, is the ſame Multiple of the ſecond C, as the 
thinly added w the fixth D H, is of the fourth F 


Therefore, if the fir/t be the ſame Multiple 

«as the third ts 1 's and if he 
ſame Multiple Y, ſecond, as the faxth is o the fer 
a 5 2. the 155 be t fare Het | 


y of the ſecond, as the third, ud to the fixth, is 
the fourth ; which was to be demonſtrated, 


PRO: 


ln 


3 PROPOSITION in. 

J TEXELLN = 
Tf the firſt be the ſame Multiple of the fecond; as 
tbe third is of the fourth, and there be taken 
' Equimultiples of the firſt and third ; then will 


"of the ſecond and fourth.” 


EEE the firſt A be the ſame Multiple of the f6- 
End B, 5s the third Ci ib of the fourth D ; 'and 
multiples of A and Cc. 1-44-56: OM 
T fay EF'is the fame - 
Multiple of B, as GH _ 
x of D. 4 
For becauſe E F is 
the ſame Multiple of A, 
= TH k of ©, there 
are as man Magni- ſes +: 
tudes equal A ny, ip: 
as there are Magnitudes I | 
equa to C in GH, E A B 


* 6. 7 
7 N 1 


* 1 ? 
: | 25 
s 3 we &* ? + * $$ 
x 
+. 
1 5 * 
. 


888 
1039 
115 


6 
I 
12 


1 f 


w 
.8 


oy 
Ew 


Th 
25 


92 of thes, 


AF 


the third added to the fixth GH 
h D. J therefore, the fir/t be the fame 
Multiple of ag arr as the third is of the fourth, and 
there be taken Equimultiples of the firſt and third; then 


will each of the Magnitudes taken be Equimultiples of 


the ſecond and fourth ; which was to be demonſtrated. 
ot bole e "PRO 


racb ef the Magnitudes taken be Equimiultiples | 


i 
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| If the firſt bave the ſame Proportion to the ſecond 
43 the ubird to thefourth ; then alſo ſhall the Equi- 
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| qauttiples of the firſt and third have the ſame 
Proportion io the Eguimultiples of the ſecond and 


x 


fourth,accordinig to any 
| i they be ſo taken as to anfwer each other, 


ET the firſt A have the ſame Proportion to the 
multiples of A and C, be 
any how taken; as alſo G, 
H, the Equimultiples of B 
and P. Tay Eigto Gas | 
F is to H. 255 
For take K and L, any 


Multiplication whatſoever, 


p 

| | deaf 

M is the ame Multiple of 
| B, asN is of D. And ſince 
| JRun aL 
| | are - 
| tiples of A and C; and alſo 
| nn of 
| B and D. If K exceeds 
| M, then +L will exceed N; 
f if equal, equal; or leſs, leſs. 
| And K, Lare Equimultiples 
| of E, F, and M, N, an 


other Equimultiples of GH, 
Therelore, as E is to G, fs 


126 


t De 5. ſhall 1 F be to H. Wherefore, if the fi 75 have the 
1 ſame Proportion to the ſecond, 4 the third to the 
Fourth ; then alſo ſhall the Equimultiples of the firff 
2 third have the ſame Proportion to the Equimultiples 
e ſecond and far according to any Multiplication 

2455 bever, if t taten as to anſwer each ; 

which was to be demo 

Becauſe it is demonſtrated, if K exceeds M, then 

L will exceed N; and if it be equal to it, it will 

be equal; and if lefs, leſſer. Tt is manifeſt likewiſe, 

if exceeds K, that N ſhall exceed L if equal, 


equal; but if les, Jes, And therefore as G is to 
f 5 ſos®HtoF, | 5 


Ceroll. From hence it is manifeſt if four Magnitides 
be proportional, that they will be alſo inverſely 
proportional. : N 


PROPOSITION V. 


TREOREZ M. 3 
If one Magnitude be the fame Multiple of another 


Part taken from the other; then the Reſidue of 
of the other, as the whole js F the whole, 


of the Magnitude C D, as the Part taken _ 
ay is of the Part taken away CF. 
1 that the Reſidue E B is the ſame B 
Multiple of the Reſidue FD, as the 
whole AB is of the whole CD, | 
For let EB be ſuch a Multiple of | 
CGas AE is of CF. E 
Then becauſe AE is the fame Mul- 
tiple of CF, as EBis of CG, AE | 
6 1 of this, will be * the ſame Multiple of C F, 
as AB is of GF. But AE and AB A 
are put Equimultiples of CF and CD. 
Therefore AB is the fame Multiple of GF as of 
7. mw CD; and fo GF is + equal to CD. Now let CF, 
li which i is common, be taken away ; and the Refidue 
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Magnitude, as a Part taken from the one is of @ | 


the one ſhall be the ſame Multiple of the Refidun 


] ET the Magnitude AB be the ſame Multiple 
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GC is equal to the Reſidue DF. And then be- 
I cauſe AE is the ſame Multiple of CF, as EB is 
| of CG, and CG is equal to DF; AE ſhall be 
= 

| 


the ſame Multiple of CF, as EB is of FD. But 3 
AE is put the ſame Multiple of CF as AB is of CD. 1 
Therefore EB is the ſame Multiple of FD, as = 
AB is of CD: and ſo the Reſidue EB is the ſame 
Multiple of the Reſidue FD, as the whole AB is of 
| the whole CD. Wherefore, if one Magnitude be the 
fame Multiple of another Magnitude, as a Part taken 
from the one is of a Part taken from the other; then 
the Reſidue of the one ſhall be the ſame Multiple of the 
Reſidue of the other, as the whole is of the whole ; 
which was to be demonſtrated. | 


)( K 
THEOREM. 


If two Magnitudes be Equimultiples of two Mag- 
nitudes, and ſome Magnitudes Equimultiples of 

the ſame be taken away; then the Refidues are 
either equal 10 thoſe Magnitudes, or elſe Equi- 
. " multiples of them. MD 


| 

e | 
. | T7 ET two Magnitudes AB, CD, be Equimulti- b 
| I. plesof two Magnitudes E, F, and let the Mag = 1 
a nitudes AG, C H, Equimultiples of the fame E, F, 3 
De taken from AB, CD. I fay, the Reſidues GB, — 
N H D, are either equal to E, F, or are Equimultiples 


of | 
| For firſt, Let GB be equal to E. I fay, HD i 
alſo equal to F. For let CK be e | 
cual to F. Then becauſe AG A 
is the ſame Multiple of E, as CH | E 


is of F; and GB is equal to E; 

and CK to F; AB will be & the 12 
fame Multiple of E, as KH is f E 

F. But A B and CD are ht | | 
Equimultiples of E and F. | 
| ThereforeKHisthe ſameMul- | | 
tiple of F, as CD isof F. B- NU K 

And becauſe KH and CD are 


Equimultiples of F; K H will be equal to CD. 
4 Take 


v De/. 5. 


Take away CH which is com- 


Hal be eqs E, and HD to | 
F. 


ET A, B, be 
1 t — 
ym mans roportion to C; 


Multiple of A, as E is of B, and 
equal to E; but F is a Magnitude 


D exceeds F, then E will exceed E B 14 a 
Fz if P be equal to F, E will be . 


Bucks Einwenrs "Pokey 


mon; then the Reſidue K © is K 


to the Reſidue HD. But A 
C is to F. Thereſore | c 
HD is equal to F; and ſo GB | ö 


— 


H 
In like Mannef we demon- | 
Wr ED 
E, that H Dis thelike Multiple | Y ] 


of F. Therefore, if two Mag- 


witudes be 'Equimultiples of two B D : 


Magnitudes, and ſome Magni- 

eee ee 
dues are either equal to thoſe er, er elſe 
quimultiples of them ; which was to be demonſtrated; 


PROPOSITION VI. 


PROBLEM. 


Equal M agnitudes have the ſame Proton to ty 
ſame Magnitude ; and one aud the ſa {ame deg 
tude has the ſame TT to equa Magnitude 


and let C be 
oy, A 1 Þ b 


Kkelviſe C ha the ſame Propor- - 
tion to A as to B. 1 
For take D, E, Equimultiples 
ef A aud B. and let F be-aty | I 
1 | 


other Multiple of C. | | 
Now bel D is the fame 


A is equal to B, D ſhall be alſo 


taken at Pleaſure. Therefore if | 


equal toF; and if leſs, leſs. But D, E are | 
tiples of A, WM; and F is any Multiple of C. TT here- 
fore it will be ® 2s A is to C, ſo is B to C. | 


Er. moreover, that C has th eſame Proportion 7 


Book V. Euclids ELEMENTS. 
Aas to B. For the ſame Conſtruction 22 


5 7 
we prove, in like manner, that D is equal to E. 
Therefore, if F exceeds D, it will alſo exceed E; if 
it be equal to D, it will be equal to E] and if it be 
leſs than D, it will be leſs than E. But if F is Multiple 
Jef C; and D, E, any other Equimultiptes of A, B. 
| Therefore as C is to A, ſo ſhall * C be to B. Where- * P,. $ 
fore equal, Magnitudes have the ſame Proportion to 
the. fame, Magnitude, and the ſame Magnitude to 
equal ones; tobich ut to be demonſtrated; 
PROPOSITION VIII. 
BOTH ns I WQ 
The greater of any two unequal 1 bas 
aà greater Proportion to ſome third Magnitude, 
than the leſs bas; and that third Magnitude 
_ bath a greater Proportion to the leſſer of the two 
Magnitudes, than it bas to the greater. 
T ET AB and C be two unequal itudes, 
1. whereof AB is the greater: and let D be any 


third Magnitude. I ſay, AB has a greater Pre 
to D, than C has to B; and D has a greater Propor- 


0 


tion to C, than it has to AB. 


; | Becauſe AB is greater than C, make BE equal to 
? ©, that is, let AB exceed C ME ns 
by AE; then AE multiplied F 
; ſome Number of Times, will | 

be greater than D. Now let 


AE be multiplied until it ex- | © | A 
ceeds D, and let that Multiple |. | {| 
of AE, greater than D,beFG, | E | 

B 


Make GH the ſame Multiple | | | 
of EB, and K of C, as FG H B C 


K 
double to D, P triple, and fo | 


on, until ſuch a Multiple of 
D is had, as is the neareſt | 
greater than K; let this be C 
and let M be a Multiple of 
D the neareſt leſs than N. 
Now becauſe N is the 


neareſt Multiple of D greater N M 


—— x 
— 


EO Tg 
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than K, M will not be greater than K, that is, K 
will not be leſs than M. And fince FG is the fame 
Multiple of AE, us GH is of EB; F G ſhall be 
„run ® the fame Multiple of AE, as FH is of AB; bu 
FG is the ſame Multiple of AE, as K is of C; 
wherefore F H is the ſame Multiple of AB, as K | 
of C; that is, 1 AB and 
C. in, becauſe GH is the ſame Multiple of 
Ez, as K is of C, and E B is to C; GH. ſhalt 
1 4. 1. be+equal to K. But K is not leſs than M. Then 
fore GH ſhall not be leſs than M; but FG is 
than D. Therefore the whole F H will be greater 
than M and D; but M and D together, are equal to 
N; becauſe M is a Multiple of D, the neareſt leſſu 
than N: Wherefore FH is greater than N. And 6 
fince F H exceeds N, and K does not, and FH and 


\ 


K are Equimultiples of A B and C, ahd N is another 
I Def-7- 


PROPOSITION IX. 
THEOREM. 


Magnitudes which have the ſame Proportion to ont 
and the ſame Magnitude, are equal to one an 
other ; and if a Magnitude bas the ſame Pre 
portion to other Magnitudes, theſe Magnitude 
are equal to one another. . 


L che Magnitudes A and B have the ſame Pro- 
portion to C. I ſay, A is equal te B. 


For 


7 K 


4 52 wig ** HR 
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For if it was not, A and B would not * have the* 8 1 45 
ſame Proportion to the ſame : 
tude C; but they have. Therefore A | 


15 equal to B. 

Again, let C havè the ſame Foro | 
tion to A as to B. I fay, A is equal ” 
to B. | | C 
For if it be not, C will not have the * 
fame Proportion to A as to B; but it A 
hath : therefore A is neceſſarily equal 
to B. Therefore, . that 

have the ſam Proportion to one and the | 
| Jane Magnitude, are equal to one another; and — 
Magnitude has the ſame Proportion to other Ma gnitudes; 
theſe * Magiltutes are equal to one another; whith way 
to 0 demotiſtrated: 


PROPOSITION K. 


TaronnM 


& Magniiudes having Proportion to the ſame Mag- 
nitude, that which has the greater Foportions 
is the greater Magnitude: And the Magnitude 


to which the ſame bears a greater — 
is the leſſer Magnitude. 


ET A hive a 2 Proportion to C, than B 
has to C. I ſay, 2 then 

For if it be not * ul ther be equal or 
lefs. But A is not equal to B, becauſe . 
then both A ind B would have * the * 7 of thit, - 
fame Proportion to the fame Magni- - A 
tude C; * they have not. Therefore | 
A is not equal to B: Neither is it leſs 5 
chan B; for then A would have i a leſs | E + 2 of bi 
Proportion to C than B would have; 

but it hath not z Teſs Proportion: : There- * 

fore A is not leſs than B. But it has 
deen proved likewiſe not 3 

e e gon B. # Gal & 

gain, let C have a greater Proportion to 
A, L ſay; B is fs than A-: 


" Fer 
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For if it be not leſs, it is greater, or equal. Now 
* 7 of this, B is not equal to A; for then C would have * the | 
ſame Proportion to A as to B; but this it has not. | 
'Therefore A is not equal to B; neither is B greater | 
than A; for if it was, C would have a leſs Propor- 
on to B than to A ; but it has not: Therefore Bis 
not greater than A. But it has alſo been proved not | 
to be equal to it. Wherefore B ſhall $4 leſs than 
A. Therefore of Magnitudes having Proportion ts 
the ſame Magnitude, that which has the greater 
Proportion, is the greater Magnitude : And that Mag- 
nitude to which the ſame bears a greater Proportion, 
is the Ie Ne Magnitude ; which was ta. be demon- 


ſtrated. 
| PROPOSITION XI 7 
THEOREM, 
Proportions that are one and the ſame to any third, 0 
are alſo the ſame 10 one another. f 
Er Ane d and 884 If 
to F. «GH, Ent N 
For take G, H, K Equimultiples of A, C, E; and 
C 
88 = — 1 4 — K. — ql 
A. — E — 
Br —— D — F a 
13 — M — 5 SE 0 
L, M, N, other Equimultiples of B, D, F. Then Y 
| 8 1 4. e a 
Equimultiples of A and C, and L, M 
27 %% Eauinuliglesof B D; if G exceeds L, * then H 1 
exceed M; and if G be equal to L. H will be equl” | 2! 
to M; and if leſs, leſſer. | e as C is to 
D, ſo is E to F; and H and K are taken Equimult- | © 
ples of C and E; as likewiſe M, N, any Equimulti- 6 
ples of D, F; if H exceeds M *, then will exceed * 
N, and if H be equal to M, K will be equal to N; 
and. if leſs, lefſer. But if H exceeds M, G will allo 8 
exceed L; if equal, * and if leſs, leſs. . Where- | 1 
fore if G exceeds L, K will alſo exceed N; 4 * 
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G be equal to L, K will be equal to N; and if leß, 

leſs. 2 Ne A, E, and L, N, 

are Equimultiple of B, F.. tly, x Ais to 

B, ſo“ is E to F. Therefore, Proportions that are Def. f 
one and the ſame to any third, are alſo the ſame to ne 
another; which was to be demonſtrated. 


PROPOSITION XII. 


THEO RE M. 


N 


TF any Number of Magnitudes be proportional, as 
one 1 the Antecedents is to one of the Conſequents, 
fo is all the Antecedents to all the Conſequents. 


E T there be an ny Number of proportional Mag- 
- nitudes, A,B C. P, E, F; whereof as . 


— H x — K I — 
3 ESE SS „ VET 5 Sw = 
| TIRES Boe Bo. 
bn — M. — — N= — 


ſo C is 45 and ſo E to F. I ſay, as A is to B, 
ſo are all the Antecedents A, C, E, © all the Conſe- 
quents B, D, F. 
For let G, H, K, be r of A, C, E; 
and L, M, N, an E D, F. | 
Then becauſe a A is to B, ſo is C to D, and 
ſo E to F; * G, H, K, ale Equimultiples of A, 
. and L, M, N, Eguimultiples of B, D, F; 
if G exceeds L, H to alſo exceed M, and K · Dy. f. of 
will exceed N; if G be equal to L, H will be A 
| to M, and K to N. and if Ie \fs. W re 
. | 6, ifG 3 then G, H, K, together, will 
likewiſe exceed L, M, N, together; and if G be 
equal to I., then G, HI, K, ether, will be equal 

to L, M, N, together; and if leſs, leſs: But G, and 
5 G, H, K, are Equimultiples of A; and A, C, E; 5 
; becauſe, if there are any Number of Magnitudes Equi- 
I multiples to a like Number of Magnitudes, each 

Id che other, the ſame Multiple that one Magnitude 
z of one, ſo ſhall + all the r all. + 1 of this 
And for the ſame — L, and L, M, N, are 


2 Equi. | F 


„ ˖˙ - 
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Equimultiples of B, and B, D F. 
% Pt A ᷣ to B, ſo + is A, C, E, to B, D, F. 


(bis, 


If the firſt bas the ſame Proportion 10 the ſecond, 


| and let the third C have a greater Proportion to the 


* 7 Dy: of than E has to F; there are * certain 


#5 De. 
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fore, if there be any Number of Magnitudes 2 
tional, as one of the Antecedents is to one of the Conſe- 
quents, fo are all the Antecedents to all the C W ; 
which was to be demonſtrated. 


PROPOSITION XIII. 
TBH EORE M. 


as the third to the fourth, and if the third has 
a greater Proportion to the fourth than the fifth 


10 the fixth ; then alſo ſhall the firſt have a 
greater Proportion to the ſecond, than the fi 110 
go to the ſixth. 


] * T the firſt A have the-ſame Propottion to ths | 
ſecond B, as the third C has to the fourth D; 


fourth D, than the fiſth E the fixth F. I fay, 


homes Gece i 
A. aj — C — — 5 E. 
B — 5. F 
N — K. — L. —— 


likewife, that the firſt A to the ſecond B has a greatet 
Proportion than the fifth E to the ſixth F. 5. 
For becauſe C has a greater Proportion to Dy 
Equimultiples 
© and E, and others of D and F, ſuch that the Mu- 
iole of C may exceed the Multiple of D; but the 
Matte of E 1 that of F. Now let theſe Equ- 
multiples of C and E, be G and H; nd K and L. 
thoſe of D and F; ſo that G exceeds E, and H not 
L: Make M the fame Multiple of A, as G is of Ci 
and N the ſame of B, as K is of D. 
Then, becauls A bb to Bu Cho D K F. 
G are Equimultiples of A, C; and N, K 
If M exceeds N; then + G will exceed 2.5 
be cqual to N; G will de equal to K; 1996 


les. But G does — 1 7 Thegzfore M will 
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ſo exceed N. But H does not exceed L. And M, 
H, are Equimultiples of A, E; and N, L, any others 
of B, F. Therefore A has a'* greater Proportion to- D 
B than E has to F. Wherefore, if the ſicſt has the 
ame Proportion to the ſecond, as the third to the fourth; 
| and if the third has a greater Proportion to the fourth 


than the fifth to the ſixth ; then alſo ſhall the firſt have 
a pln; eee the ſecond, gn the hl has to 
the ſixth ; which was to be demonſtrated. 


PROPOSITION XIV, 


THEOREM, | 


If the firſt has the ſame Proportion to the ſecond, 
as the third has to the fourth ; and if the firſt be 
greater than the third; then will the ſecond be 
greater than the fourth. But if the firſt be equal 
to the third, then the ſecond ſball be equal to the 
fourth; and if the firſt be leſs than the third, 
then the ſecond will be leſs than the fourth. 


* ET the firſt A have the fame Proportion to the 
_ ſecond B, as the third C has to the fourth D: 
e C. I. ſay, B is alſo greater 


For becauſe A is ter than C, and 
B is any other itude: A will | 


„ 


2 


1 13 of ch. 


e 


2 
.w»* 


have * a greatar Proportion to B than | 18 ef thi, 

C has os. wemAbwlt fo is | 

C to D; therefore, alſo, C ſhall + 

haye a greater Proportion to D than | | 

C hath to B. But that Magnitude to | 

which the ſame bears a - Pro- | ; 
| t 109f b. 

ſequently R will be greater than D. In A BC D 

like Manner we demonſtrate, if A be 

equal to C, that B will be equal to D; and if A be 

leſs than C, that B will be leſs than D. Therefore, 

if the firſt has the ſame Proportion to the ſecond, as 

the third has to the fourth, and if the ff be greater. 

e 


rtion, is 1 the leſſer Ne 1 

herefore D is leſs than B; and con- | | 
than the third, thin will the ſecond be greater than 
K 3 the 


d 
0 
M 
ſs 
u- 
f 
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| | the fourth. But if the r/t be equal te the third, then 


the ſecond ſhall be equal to the fourth; and if the frft 
be leſs than the hive. "os the ſecond will be leſs than 


r which was to be demonſtrated. 
PROPOSITION XV. 


M 7 of this * likewiſe D K, K L, LE, it ſhall be * » AG is 


. ſhall be as many _ 


ber of the 
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THrroREmM. 


Parts have the ſame Proportion as their lite Mul- 
1 iptes, if taken correſpondently. y 


1 AB be the ſame Multiple of C, as D E is 


of F. I ſay, as C is to F, ſo h AB toDE. 
For becauſe AB and P E are 
Equimultiples of C and F, there A 


equal to C in AB, as Bo © 

Now, let AB be divided. into 

the Magnitudes AG, GH, HB, 

each equal to C; and ED into 

the Magnitudes DE, KL, LE, + * 
2 


each equal to F. Then the Num- 

ber of the itudes AG, GH, 

HB, will be equal to'the Num- 
Magnitudes DK, KL, 

LE. Now, becauſe A G, GH, 1 


DK : So is GH to KL, and fo is HB to LE. But 
as one of the Antec lente is to one of the Conſe- 


T 12 of 61%. quents, ſo + all the Antecedents to all the Conſe- 


ts. Therefore, x AG is to DK, fois AB to 
DE. But AG is 
as C is to F, ſo 


Parts have the ſame Pr ion as their like Multi- 
pts of taken correſpendently ; which was to be demon- 
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PROPOSITION XVI. 
THEOREM. - 
I four Magnitudes of the ſame Kind are propor- 
tional, they ſhall alſo be alternately proportional. 


JET four Magnitudes AB CD, be proportional ; 
whereof A is to B 28 C is to B. I fay likewiſe, 
that they will be alternately proportional, viz. as A 
is to C, ſo is B to D; for take E, F, . 
of A and B, and G, 


H, any Rquimulti- — — * 
ples of C, 5. 4ĩð—— C- — 

Then becauſe E is B 5 
the ſame Multiple of F——_ H“ 


J 
Parts have the ſame Proportian ® to their like Mul-# 25 7 4 
tles, if taken correſpondently ; it ſhall be as A is 
to B, ſo is E to F. But as A is to B, ſo is C to 
D. Therefore alſo as C is to D, ſo 1 i E to F. t 1 of this 
Again, becauſe G, H, are imultiples of C and 
D, and Parts have the ſame roportion with their 
like Multi ples, if taken. correſpondently, it will be 
»C xD, ſo is G to H; but as C is to D, ſo 
is E to F. Therefore alſo 28 E i to F, ſo b G to 
H; and if four Magnitudes be proportional, and the 
firſt greater than the third, then the ſecond will be © f 149/ bi. 
greater than the fourth; and if the firſt be equal to 
the third, the ſecond will be equal to the fourth ; and 
if leſs, leſs. Therefore, if E exceeds G, F will ex- 
ceed H; and if E be equal to G, F will be equal 
to H; and if lefs, leſs. But E, F are any Equi- 
multiples of A, B; and G, H any Equimultiples of 
C, D. Whence, as A is to C, ſo ſhall B be 4 to Df. 5 
D. Therefore, if 5 Magnitudes of the ſame Kind 


wie 1 they a {fo ſhall be alternately propor- 
1 
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PRO POSITION XVI. 


THEOREM. 


nitudes compounded, are proportional; they 
hy alſo be proportional when divided. 


T the compounded Magnitudes AB, BE, CD, 
14855 be proportional, Gt bs ADS UE = 
 CDis DF. I ſa " theſe Me itudes divided arg 
joral, pix. as is to EB, ſo is CF to ED. 
For let GH, HK, LM, | 
M UN, be uimult les of AE: X | 
EB, CF, D, and KX, NP, 8 


Fb. Fquultples of 'EB, 


» | 

FB GH i the fame | 
Multiple of AE as HK. | is of nn. 
bu of thi, EB; therefore GH “ is the H 
ſame Multiple of AE, as GK © E 

is of AB. But GH is the 

dame Multiple of AE, as LM 1 
is. of CF. Wherefore GK. 8 
L 


— 


— 
— 


. 
* 
1 


js the ſame Multiple of A B, 
as LMisof CF. Again, becauſe M is 
Multiple of CF as MN is of FD, LM will | 
* the ſame Multiple of CF, as LN is of 
Therefore G K is the ſame Multiple of AB, as 
is of CD. And fo GK, LN will be Equir 
ples of AB, CD. becauſe HK is the fame, = 
Multiple of EB, as MN is of FD; as likewiſe K X 
the ſame Multiple of E B 2s NP is of FD, the 
4 3 ef (his, compounded Magnitude HX i is I alſo the ſame Mul- 
tiple of EB, as MP is of FD. Wherefore, ſinceit | 
is 3 AB is to BE, ſo is CD to DF; and GK, LN; 
are Equimult iples of AB, CD; and alſo HX, MP 
an imultiples of EB, FD: f GK exceeds * 
1 Pef. 5. then LN willf exceed MP: and if GK be ta 
: HX, then LN will be equal ta MP; if leſs, lefs. | 
Now let G K exceed H X; then if HK, which is 
common, be taken awa Ys GH ſhall exceed K X. 
But when G K exceeds HX, then LN exceeds MP; 


- 
287 


HH 


therefore LN does exceed MP. If MN, which is 
| common, 
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common, be taken away, then LM will exceed NP. 
And ſo if GH exceeds K X, then. LM will exceed 
NP. In like manner we demonſtrate, if GH be 
to KX, that LM will be equal to NP; and if 
Jeſs, les. But GH, LM, are Equimultiples of 
E, CF; and KX, NP, are any Equimultiples of 
B, FD, Whence, * 2; AE is to EB, ſo CF to ® Def. 5; 
FD. Therefore, i 74 compounded, are 40 
ienal; they ſhall alſo be proportional when divided 
ch wr was nn pak 4 * 


| PROPOSITION XVII. 


THEOREM. 


If Magnitudes divided be proportional, the ſame 
40ſ0 being compounded, ſpall be propertienat. 


FS the diyided proportional Magnitudes be A E, 

EB, CF, FD; that is, a» AE » to E B, fo is 

CF to FD. I fay, they are allo propor- 

tional when compounded, viz. as AB is A 

to BE, ſo is CD to DF. 

For if AB be not to BE, as CD is 

en Ws | 

oy — either greater or es E. F 
Firſt, let it be to a leſſer, viz. to Go. 6 

Then becauſe AB is to BE as CD is to „5 

DG, compounded Magnitudes are pro- B 

z and conſequently * will * 17 of this 

propo rtional when divided. Therefore AE is to 

EB CGis to GD. But (by the Hyp.) as AE is to 

EB, fois CF to FD. Wherefore allo as CG is to 

GD. ſo 1 is CF to FD. But the firſt CG is + 11 of thir, 

than the third CF ; therefore the ſecond Oh Jnr 

I greater than the fourth DF. But it is leſs, which is t 14 of mic. 

abſurd. Therefore AB is not to BE, as CD is to DG. 

We demonſtrate in the ſame manner, that AB to BE, 

is not as CD to 2 greater than DF. Therefore AB to 

BE, made wide n And ſo if 

will alſo be 

was ta be de- 
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PROPOSITION XIX. 


THEOREM. 


If the whole be to the whole, as a Part taken away 
is to 4 Part taken away; then ſhall the Reſidue 
be to the Reſidue, as the Whole i is to the Whole. 


- ET the whole AB be to the whole CD, the 
Part taken away AE is to the Part taken away 
CF. TI-fay, the Reſidue E B is to the Reſidue F D, 
= the whole AB is to the whole CD. 
For becauſe the whole AB is to the whole CD, 
*:16of thi:as AE is to CF; . 
n ſo is CD to CF. Then becauſe com 10 
being proportional, will be 
Troy this, + 1 — when divided. As Sa 
BE is Ee ers And = 
it will r | 1 c: 
J F, ſo is EA to FC. But as EA to FC, | 
fo (by the Hp.) is AB to CD. And * pl 
-D 


therefore the Reſidue EB, ſhall be to the 
Reſidue FD, as the whole AB to the whole 
CD. Wherefore, F the Whole be to the Rt 
Whole, as a Part taken away is to a Part 
taken away ; then ſhall the Reſidue be to the Ręſidue, as the 
whole is to the whole ; which was to be demonſtrated: 
Ceroll. If four Magnitudes be proportional, they will 
be likewiſe converſely proportional. For let AB 
be to BE, as CD toDF; then (by Alternation) 
it ſhall be as AB is to CD, ſo is "BE to DF. 
Wherefore ſince the whole AB is to the whole 
C, as the Part taken away BE is to the Part 
taken away DF ; the Reſidue AE to the Reſidue 
CF, ſhall be as the whole AB to the whole CD. 
And again by Inverſion and Alternation) as AB is to 
AE, 00 is C fe CF. Which is by converſe Ratio. 
The Demon mon/tration 0 1 Ratio, laid down in 
this Corollary, ts particular. For Alternatian 
(which is uſed herein) & be applied but when the 
four proportional Magnitudes are a B.. the ſame Kind, 
as will appear from the 4th and 17th Definitions of this 
Book. But converſe Ratio may be uſed = the _—_ | 
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of the firſt Ratio are not of the feos Kind with the Terms 
of the latter. Therefore inſtead of that, it may not be im- 
proper to add this Demonſtration following : If four Mag- 
nitudes are proportional, they will be ſo converſely : For 
lit AB be 10 BE, as CD to DF. And then dividing 
it is, as AE is to BE, fois CF to DF: And this inverſely 
is, as BE is to AE, ſo is DF to CF; which by compaund- 
ing becomes, as AB is to AE, ſots CD t CF; which by 
the 17th Definition is converſe Ratio; By S. Cunn. 


PROPOSITION XX. 
Tu 2011. 


If there be three Magnitudes, and others equal to 
them in Number, which being taken two and two 
in each Order, are in the ſame Ratio. And if the 
firſt Magnitude be greater than the third, then the 
fourth will be greater than the ſixth: But if the 
firſt be equal to the third, then the fourth will be 
equal tothe fixth ;, and if the firſt beleſs than the 
third, the fourth will be leſs than the ſixth. 


ET A, B, C, be three Magnitudes, | 
and D, E, F, others equal to them 
in Number, taken two and two in each 
Order, are in the ſame Proportion, viz. 
let A be to B, as D is to E, and B to C, as | 
Eto F ; and let the firſt Magnitude A be 
8 I ay the fouth | | 
is alſo greater than the ſixth F. And if A B 
A be equal to C, D is equal to F. But 
if A be leſs than C, D is leſs than TF. 
For becauſe A is greater than C, and B 
is any other Magnitude; and fincea great- | 
er itude hath * a greater Proportion 8 ofthis, 
to the ſame Magnitude than a leſſer hath, 
A will have a greater Proportion to B, | 
than C to B. But as A is to B, ſo is Do D E F 
E; and inverſly, as C is to B, ſo is F to E. 
Therefore aſs D will have a greater Proportion to E, 
than F has to E. But of Magnitudes having Propor- 
tion to the ſame Magnitude, that which has the greater 
= Proportion 


— i 
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10 hi. Proportion is * the er Magnitude. Therefore D 
is greater than F. In the fame manner we demon- | 
ſtrate, if A be equal to C, then D will be alſo 
to F; and if A be leſs than C, then D will be leſs 
than F. Therefore, F there be three Magnitudes, and 
others equal to them in Number: which being taken tius 

and two in each Order, are in the ſame Ratio. If th 
firſt Magnitude be greater than the third, then the fourth 
will be greater than the fixth: But if the firſt be equal 
zo the third, then the fourth will be equal to the ſixth; 
and if the ff be. leſs than the third, the fourth will bg 
leſs than the ſixth; which was to be demonſtrated, 


PROPOSITION XXI. 
1: PH ROK EM Rs 
if therebe tbree Magpies, and others equal te 
| them in number, which taken two and two, are 
in the ſame Proportion, and the Proportion be 
_ perturbate ; if the firſt Magnitude be greater than 
the third, then the fourth will be greater than the 


fixth ; but if the firſt be equal to the third, then 
is the fourth equal to the ſixth; if leſs, leſs. 


E T three Magnitudes, A, B, C, be proportional; 
2 others 8 to them in Number. 
r Analogy Ee a perturbate, g | 
vz. as A is to B, fois E to F; and as B is 
to C, fois D to E; if the firft Magni 
A be greater than the third C. I fay, the 
fourth D is alſo greater than the ſixth F. | 
And if A be equal to C, then D is equal to | 
F; but if A be leſs than C, then D is N 


: For ſince Ais greater thanC, and B is 
* 8 of this. ſome other Magnitude, A will have * a 
greater Proportion to B, than C has to B. 
But as A is to B, ſo is E to F; and in- 
verſly, as C is to B, ſo is E to D. Where- 


ſore alſo E ſhall have a greater Proportion 
to F than E to D. But that Magnitude to 
whieh the ſame Magnitude has a greater 


1 10 ef ibis. Proportion, iS T the leſſer Magnitude. 


C 
E F 


Therefore 
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Therefore F is leſs than D; and ſo D ſhall be greater 
than F. Aſter the ſame manner we demonſtrate, if 
A be equal to C, D will be alſo equal to F; and 
if A be leſs than C, D will alſo be leſs than F. /, 
| therefore, there are three Magnitudes, and others equal 
. to them in Number, which taken two and two, are in 


ame Proportion, and the Proportion be perturbate 3 
if ol fir/? Magnitude be greater than the third, thee 


the fourth will be greater than th fixth ; but if the firſt 


be equal to the third, then is the Ne equal to the 
ſiath; if leſs, leſs; which was to demonſtrated. 


PROPOSITION XXII. 
TH EORE M. 
If there be any Number of Magnitudes, and others 


equal to them in Number, which taken two and 


two, are in the ſame Proportion; then they ſhall 
be in the ſame Proportion by Equality. 


12 there be an 3 of Magnitudes A, B, C, 


and others P, E „F, equal to them in Number, 
which taken two and two, are in the ſame Proportion, 


that is, as A is to B, ſo is D to E, and as B is to C, 
ſo is E to F. I ay, they 
are alſo proportional by Equa- 
lity, viz. as A is to C, fois 
D to F. 

For let G, H, be Equi ul- 
no, les of By Ex wy 
Equimultiples of B, ani 
| likewiſe MN = 
multiples of C, F. — bg- 
cauſe A is to B, as D is to E, 
and G, H, are E quimultiples 
of A, D, and K- L, Equi- 
multiples of B, E; it ſhall 
be * as G > to K, ſo is H 
to L. For the fame Reaſon 
alſo it will be, as K is to M, 
ſo is L to N. And * 
there are three 


G. K, * others h. L N, 4 to them i 1 Num- 


* 
. * 1 Þ 9 
nas , _ £ 
VT 5 e 4 KF 
2 -* 1 


6. * 
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ber, which being taken two and two in each Order, 
20 F thir.are in the ſame Proportion. If G exceeds M, * H 
will exceed N; if G be equal to M, then H ſhall be 
equal to N; and if G be leſs than M, H fhall be leſs | 
than N. But G, H, are Equimultiples of A, D, and | 
M, N, any other Equltnultiples of C and F. Whence | 
l“ asAis to C, fo ſhall f D be to F. Therefore, 7 
o his therebe any Number of Magnitudes, and others equal 
to them in Number, whith taten two and two, are in | 
the ſame Proportion, then they ſhall be in the ſame Pro- 
portion by Equality ; which was to be demonſtrated, 


PROPOSITION XXII. | 


THEOREM. © | 


If there be three Magnitudes, and others equal to 
' them in Number, which, taken two and two, are 
in the ſame Proportion; and if ibeir Analogy be 

periurbate, then ſhall they be alſo in the ſame 
Proportion by Equality. | 


FT ET there be three Mag- 
nitudes A, B, C, and o- 
thers equal to them in Num- | 

ber D, E, F, which, taken 
two and two, are in the ſame | 
A 
8 


7 2 
C ˙ 1 a eee hand 


| el 


„ 

Proportion, and their Analo- | | 

gy be perturbate, that is, as A 

is to B, ſo is E to F; and as 

B is to C, ſo is D to E. I ſay, 
as A is to C, ſo is D to F. 

For let G, H, L, be Equi- 


J 
* 


1 


B 

H 
multiples of A, B, D, and | 
K, M, N, ay Equimulti- | 
ples of * E, . IO hare 
Then becauſe G, H, are | 
Equimultiples of A and B, 
and ſince Parts have the ſame 


1 
| | 
C 
| 


| 1 


Proportion as their like Multiples when taken corre- | 

* 15 of this. ſpondently, it ſhall be * as Aus to B, fois G to H; 
and by the ſame Reaſon, as E is to F, ſo is M to N. 

+ 11 of «bis. But A is to B as E is to F. Therefore, f as G is to 
H, ſo is M to N. Again, becauſe B is to C, as D 
2 is 


* 5 9 F * N by P , 1 * "2 0 „ be” ” <A + Gs ? ö = « , 
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two are in the ſame Proportion, and their Analogy is 


If the firft Magnitude bas the ſame Proportion to 


firſt compounded with the fifth, 


o * * =” 2 Nu N 1 * * 4 * * 196 mn _ 
1 128 : 1 * 2 1 — rg * * . 
vy 22 a 4 
\ * a "& * 4 
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is to E, and H, L are Equimultiples of B and D, as 
likewiſe K, M any Equimultiples of C, E; it ſhall be 
as H to K, ſo is L to M. But it has been alſo proved, 
that as G is to H, fois M to N. Therefore, becauſe 
three Magnitudes, G, H, K, and others, L, M, N, 
equal to them, in Number, which taken two and 


perturbate; then if G exceeds K, alſo L“ will exceed 217 
N; and if G be equal to K, then L will be equal to 

N; and if G be leſs than K, L will likewiſe be leſs 

than N. But G, L are Equimultiples of A, D; and K, 

N Equimultiples of C, F. Therefore, as A is to C, fo 

ſhall D be to F. Wherefore, F there be three Magni- 

tudes, and others equal to them in Number, which taken 

two. aud two are in the _=_ Proportion; and 4 their 
Analogy be perturbate, then ſhall they be alſo in the ſame 
Proportion by Equality ; which was to be demonſtrated. 


PROPOSITION XXIV. 
TH ROREM: 


tbe ſecond, as the third to the fourth; and if the 

fifth has the ſame Proportion to the ſecond, as the 
ſixth has to the fourth, then ſhall the firſt, com- 
pounded with the fifth, ED 

Have the ſame Proportion G 
to the ſecond, as the third 
compounded with the ſixth 
has to the fourth. | 


EI the firſt Magnitude A3 
have the ſame Proportion to 

the ſecond C,as the third DE has B 
to the fourth F. Let alſo the fifth | E 
BG have the ſame Proportion to 27 
the ſecond C, as the ſixth EH has 
to the fourth F. I ſay, AG the | 1 


H 


has the ſame Proportion to the 
ſecond C, as DH the third com- | 


pounded with the fi 5 | 
3 e e has to A C D 


\. piped 


19 
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For becauſe BG is to C, as EH is to E, it ſhall be (in 
verſely) as C is to BG, ſo is F to EH. Then ſince AR 
is to Cas DE is to F, and as C is to BG, fois F to 

* 2refthis. EH; it ſhall be“ by Equality as A B is to B G, fo ig 
DE to EH. And becauſe Magnitudes, being divided, 

F 18 f this; are proportional, they ſhall alſo bef proportional when 
compounded, Therefore, as AG is to GB, ſo is DH 

I] Hy. 8 E: But as GB 51 D 

Therefore, by Equality , it ſhall be as AG is to C 

fo is DH to F. Therefore, if the firſt Magnitude bay 
the ſame Proportion to the ſecond, as the third to the 
fourth ; and if the fifth has the ſame Proportion to the 
ſecond, as the fixth has to the fourth ; then ſhall the firſt; 
compounded with the fifth, have the ſame Proportion ts 
the { cond, as the third compounded with the ſixth bas 
to the fourth; which was to be demo . 


PROPOSITION XXV. 


THEOREM, 


If four Magnitudes be proportional, the greateſt ant | 
tbe leaſt of them, will be greater than the other two, 


ET four Magnitudes A B, CD, E, F, be propor- 
tional, whereof AB is to CD, as E is to F; la 

AB be the greateſt of them, 
and F the leaſt. I ſay AB, and B 
F, are greater than CD and E. 

For let A G be equal to E, 
and CH to F. Then becauſe G | 
AB is to CD, as E is to F; 1 
and ſince AG, and CH, ard D 
each equal to E and F, it ſhall 
be as AB is to DC; ſo is AG al | | 
to CH. And becauſe the whole | | ; | 


AB is to the whole CD, as the {| 
Part taken away AG, is to the BE 
Part taken away CH; it ſhall 

* x9 :f tit. alſo be“ as the Reſidue GB to | | 
the Reſidue HD; ſo is tte & & 
whole AB to the whole CD. | 
But AB is greater than CD ; therefore alſo 


* 


5 


ſhall 


EF 
GB ful 
be greater than HD. And ſings AG is equi ol 


bas. 
- 
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and C H to F, AG and F will be equal to C H and 
E. But if equal things are added to unequal things, 
the wholes R Therefore G B, HD 

unequal, for G B is the greater: If AG, and F, 


— added to GB, and CH, and E, toHD; AB and 


F will neceſſaril be greater than CD and E. Where- 
fore, if four Magnitudes be il the greateſt, 


and the leaſt of them, will be _ than the other 
tuo; which was to be demonſtrated 


The END of the FiFTH Book. 
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DEFINITIONS. 


IMILAR Right-lined Figures, are fuch 
as have each of their ſeveral Angles equal 
to one another, and the Sides about the 
equal Angles proportional to each other. 

II. Figures are ſaid to be reciprocal, when the An- 

tecedent and Conſequent Terms of the Ratio's are 
in each Figure. = 

III. A Right Line is ſaid to be cut into mean and 
extreme Proportion, when the whole is to the 

reater Segment, as the greater Segment is to the 
Her. 
IV. The Allitude of any Figure, is a perpendicular 
Line drawn from the Top, or Vertex to the 
Baſe. Z RE 
V. A Ratio is ſaid to be compounded of Ratio, 


1. 


when the Quantities of the Ratios being mulli- 


plied into one anotbæ, do produce a Ratio. 


* . 


P RQ- 
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| ' PROPOSITION I. 
Tu zo E M. 


Triangles and Parallelograms that have the ſanit 
5 Allitude, are to each other as their Baſes. 


ET the Trian Je ABC, Ach, and the 
Paralldograins EC, © F, have the ſame 
Altitude, viz. the Pe rpendicular drawn from 

the Point A to BD: Ti ſay; as the Baſe BC, 
- "WO the Baſe CD, ſo is the Triangle AB C, to the 
| Triangle ACD; and ſo is the Pa logram ECto 
the Parallelogram CF; 
| Fvrproduce'BD both ways to the Points H und L. 
and take GB, G H, any Nam ber of Times equal to 
the Baſe BC; and DK, KL, any Number of Times 
equal to the Baſe CD, and j join AG, AH, AK, AL. 
Then becauſe CB, BG, GH, are equal to one 
another, the Triangles AHG, AG B, ABC, alſe 
will de“ equal to one another: Theefore the fame * 38 1 
Multiple that the Baſe H C is of BC, ſhall the Trian- 
plc AH be of the Triangle ABC. By the ſame 
eaſon, the ſame Multiple that the Baſe LC is of 
the Baſe CD, ſhall the Triangle ALC be of the I.ri- 
angle ACD. Andif HC be equal to the Baſe GL, 
the Triangle A H C is alſo“ equal to the Tria le 
| ALC: And if the Baſe HC, exceeds the Baſe CL, 
then the Triangle AH C, will exceed the Tring ings 
ALC. And if H C be leſs, then the Triang oi 
| will be leſs. Therefore ſince there are N 
* tudes, viz. the two Baſes BC; CD, and the - 
Triangles ABC, ACD; and ſince the Baſe H C, 
and the Triangle A HC, are Equimultiples of the 
Baſe BC, and the Triangle ABC: And the Baſe 
CL, and the Triangle AL C, are Equimultiples of 
the Baſe C D, and the Triangle | ADC. And it has 
been proved, that if the Baſe Hi C, exceeds the Baſs 
CL, the Triangle AHC, will exceed the Triangle 
ALC; and if equal, equal; if leſs, leſs: Then as 
the Baſe BC, is to the Baſe Cb, ſo Fi the Tran + py 9 50 
gle * to the Triangle ACD, 


5 | LA , And 


150 


+ 41, 1. 


1 1. 5. 


1 37. 1. 


17 7. 5. 
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And becauſe the Parallelogram E C, is + double to 
the Triangle ABC; and the Parallelogram F C, dou- 
ble+ to the Triangle ACD; and Parts have the ſame 
Proportion as their like Multiples. Therefore as the 
Triangle ABC is to the Triangle AC, ſo is the 
Parallelogram E C to the Parallelogram CF. And 
ſo ſince it has been proved, that the Baſe BC is to 
the Baſe CD, as the Triangle A B ©, is to the Tri- 
angle ACD; and the Triangle ABC is to the Trj- 
angle ACD, as the Parallelogram E C is to the 
Parallelogram CF ; it ſhall be I as the Baſe. BC is 
to the Baſe CD, 40 is the Parallelogram E C to the 
Parallelogram FC. Wherefore Triangles, and Pa- 
rallelgrams, that have the ſame Altitude, are to each 
other as War Baſes ; which was to be demonſtrated. 


PROPOSITION U. 


Tau E O R E M. 


If a Right Line be drawn Parallel to one of the 


Sides of a Triangle, it Mall cut the Sides of the 
Triangle proportionally ; and if the Sides 9 oe 
Triangle be cut proportionally, then a Right Li 
Joining the Points of Seftion, "ſhall be 3 to 
the other Side of the Triangle. 


[ZZ E be drawn parallel to BC, a Side of 


nangle AB C. I fay, DB i to DA, a 


EEA. 


Then the Trinny) La 
e is 
ba = We for hay Rand 
the ſame 
ADE ST is ſome other Triangle. _ 
tudes have F the ſame uu oth to one 
fame tude. Therefore as the Triangle BI 
is to the Triangle ADE, fo is the Triangle C 
to the Triangle ADE. 
But 2s the Trangle BD E, s to he Tring 


3 17 %. ADE, fot is BD to DA; for ſince they have 


ſame Altitude, viz. a Perpendicular 5 from the 
Point E to AB, they are to each other as their Baſe. 
And for the ſame Reaſon, as the Triangle C D E, i 


therefore as B 
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le ADE, fo is CE to EA: And 
is to DA, ſo “ is CE to EA. ® 11. f. 
And if the Sides AB, AC, of the Triangle ABC, 
be cut proportionally, that is, ſo that B D be to DA, 
as CE is to EA; and if DE be joined, I fay, DE 


to the Tri 


is parallel to BC. 


For the ſame Conſtruction remaining, becauſe BD 


to DA, 3 to EA; and BD is f to DA, as 1 1 of this. 


e BDE is to the Tri ADE; and 
I} is to 15 as the Triangle CD is to the Tri- 
uge ADE) It ſhall be as the Triangle BDE, is to 


the Triangle ADE, ſo is * the Triangle CDE 


the Triangle ADE. And inc he Trangia BD 
CPE, have the. ſame Proportion to the Tri: 
ADE, the Triangle BDE, ſhall be be + equal. © et 9.5: 
Triangle CDE; and they have the ſame aſe DE: 


But equal Triangles being upon the ſame. Baſe, tare! 39. . 


between the ſame Parallels; therefore DE is parallel 
to BC. Wherefore,. if a Right Line be drawn pa- 
rallel to one of: the Sides of a 777 riangle, it ſhall cut the 
of th 1 the Triangle proportionally; and if the Sides 

ng be — proportionally, then a Right Line 
Lug uo Þ, ornts e 6 my Hall be parallel to the other 
Side of the Triangle; ; which was to be d 


PROPOSITION lil. 


THEOREM. 


If one Angle of a Triangle be biſected. and the Ri 
Line that biſects the * cuts the Baſe = 3 
then the Segments of the Baſe will have the ſame 

| Propertione as th? other Sides of the Triangle. 
And if the Segments of the Baſe have the ſame 

Proportion that the otber Sides of the Triangle 

bave; then a Right Line drawn from the Ver- 
tex, 10 the Point of Section of the Baſe, will bi- 
Dc the Angle of the Triangle. 


ET there be a Triangle ABC, and let its Angle 
BAC, be * biſeGted | by the Right Line AD. I 9. 1. 
ay, as BD is to DC, ſo 8s BA to AC. 


3 For 
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* 31. J. 


29. 1. 


46.1, 


* 2 of this 


29, 1, 


and ſo the Angle BAC is bi 
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Fot dre C dae CE parallel to DA, and pro- 


duce B A till it meets CE in * Point E. 


Then becauſe the Right Line AC, falls on the 
Parallels AD, E C, the Angle ACE, will be +equal 
to the Angle CA: But the An gle CAD (by the 
Hypotheſis) is to the Angle B A T3. Therefore 
the Angle B A D, will be equal to the Angle ACE, 
Again, becauſe the Right Line BAE, falls on the 
Parallels AD, EC, the outward Angle BAD, is 
| to the inward Angle AEC; ut the Ang 
N has been proved ad to the Angle B AD: 
Therefore ACE al be equal to AEC; and ſo the 
Side AE is equal r to the Side AC. "And becaufe the 


Line AD is drawn parallel to CE, the Side of the 


Triangle BCE, it ſhall be * as BD's to DC, ſo i 
BA to AE; but AE is equal to AC. Therefore as 


B is to DC, ſo is T BA to AC. 


And if BD be to DC, = BA b to A0; and the 


Right Line AD be joined, then, I fa Jo the Angle 


82G, is biſected by the Right Line A 
or the ſame Conſtruckon remaining, becauſe B D 


1 5 to DC, as BA is to AC; and we BY is to DC, fo 


BA to AE; for AD is drawn parallel to one 
Side EC of the Triangle BCE, it ſhall be as BA i; 
to AC, ſo is BA to AE. Thereſore AC is equal 
to AE; and accordingly the Angle AE C, is oy 


to the Angle ECA: But the Angle AE C, is 


* to the outward Angle BAD; and the Angle A 
equal * to the alternate An le CAD. Wherefare 
the Angle BAD is alſo equ alot the Angle CAD; 
ected by the Right Line 
AD. Therefore, if the Angle of a Triangle be biſefted, 
and the Right Line that biſefts the Angle, cuts the 
Baſe alſo; then the Segments of the Baſe will have the 
fame Proportion as the other Sides of the Triangle. Aud 
if the Segments of the Baſe have the ſame Pr 
that the ather ſides of the Triangle haue; then a Right 
ine drawn from the Vertex, to the Point 0 Ws Section of 
the Baſe, will biſect the aul of the Triangle; "which 
was to be demonſtrated. 
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PROPOSITION IV. 
THEOREM. 


The Sides about the equal Angles of equiangular Tri- 

angles, are proportional ; and the Sides which 
are ſubtended under the equal Angles, are bo- 
mologous, or of like Ratio. 


ET ABC, DCE, be equiangular Triangles, 
L having the Angle ABC equal to the Angle DCE ; 
the Angle ACB equal to the le DEC, and the 
Angle BAC equal to the Angle C DE. I fay, the 
Sides that are about the equal Angles of the Triangles | 
ABC, DCE, are proportional ; and the Sides that 
are ſubtended under the equal Angles, are homolo- 

gous, or of like Ratio. a 

Set the Side B C, in the ſame Right Line with the 

Side CE; and becauſe the Angles ABC, ACB, are 
® leſs than two Right Angles, and the Angle ACB* 15. 1. 
zs equal to the Angle DEC, the Angles ABC, DEC, 
are leſs than two Right Angles. And ſo BA, ED, 
produced, will meet + each other; let them be pro- f Ax. 12. 
duced, and meet in the Point F. Then becauſe the 

Angle D C E, · is equal to the Angle ABC, B F ſhall 

be + parallel to DC. Again, becauſe the Angle ACB f 28. 1. 
is equal to the Angle DEC, the Side AC will be 

parallel to the Side F E; therefore FAC D is a Pa- 
rallelogram; and conſequently FA is * equal to DC, 3+ 1. 
and AC to FD; and becauſe AC is drawn parallel 
to FE, the Side of the Triangle F BE, it ſhall + be +2 of bir. 
as BA is to AF, ſo is BC to CE; and (by Alterna- 
tion) as BA is to BC, ſo is CD to CE. Again; 
becauſe CD is parallel to BF, it ſhall be fas B C is 

to CE, fois FD to DE; but FD is equal toAC. 
Therefore as BC is to CE, ſo is FAC to DE: And t 7. 5 
ſo (by Alternation) as BC is to CA, fo is CE to ED. | 
Whereſore becauſe it is demonſtrated that AB is to 
BC, as DC is to CE; and as BC is to CA, ſo is 
CE to ED; it ſhall be * b equality, as BA is to+ 21. 1. 
AC, fo is CD to DE. R. the Sides about 

the * Angles of equiangular Triangles, are propor- 
frenal; and the Sides, which art ſubtended under the 


L 4 equal 


equal Angles, are homologous, or of like Ratio; which 
was to be demonſtrated, : 


PROPOSITION V. 


THEOREM. 


I the Sides of two Triangles are PR NET the 
Triangles ſhall be equiangular ; and their Angles, 
under which the bomologous 8 "oor are ſubtended, 
are equal. 

ET there be two Triangles, ABC, DEF, hay- 
ing their Sides proportional, that is, let A B be 
to BC, x DE is to EF; and as BC to CA, ſo is 


EF to FD. And alſo as BA to. CA, ſo ED to DF. 


I fay, the Tri 


gle ABC is equiangular to the Tri- 
angle DEF ; 


the Angles equal, under which the 


88 Sides are ee viz. the Angle 


23. 1. 


1 Cor. 32. 1. 


1145 this. 


ABC, equal to the Angle DEF; and the 
B CA equal to the Angle EF D, and the Angle 


BAC equal to the Angle EDF. 


e 
to A 
IO Is ok 
remaining 15 40 remain» 
Angle EGF. 


And ſo the Triangle ABC is equiangular to the 


Triangle EGF ; and conſequently the Sides that are 
ſubtended under the An 4 are p yr 
Therefore as AB is to BC, bf GE to 3 but 


as AB is to BC, is DE to EF: we ag 


® 32. . 
19. 5 


18. 1. 


is to EF, ſo is“ GE to EF. And ſince DE, EG, 


have the ſame Proportion to EF, DE ſhall be + equal 


to EG. For the ſame Reaſon, DF is equal to FG; 
but EF is common. Tas baton: the ton. ap 
DE, EF, are equal to the two Sides GE, E F, and 
the Baſe DF is to the Baſe F G, the Angle 


DE is t equal w the Angle GEF; and the Tran 


gle DEF equal to the Triangle GEF; and the 
other Angles of the one, equal to the other Angles of 
the other, which are ſubtended by the equal Sides. 
Therefore the Angle DEF is equal to the Angle 


GEF, and the Angle E DF to the Angle 
Dn — 
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GF; and becauſe the Angle n 
= le GEF; and the Angle GEF 
2 ABC; therefore the Angle AB ſhalt 1 
alſo equal to the Angle FED ; For the ſame Reaſon, 
the Angle ACB fall be equal 1 te he Ange DF E 
as alſo 1 I ARG wil * 
fore the e. 8 t 
Triangle DEF. Whe Day if the Sides of tuo Tr 

angles are pr E the Triangles ſball be equian- 

-z and Angles, under heck the homologous 
Sides are * qua are equal ; which was to be do- 


P RO POSIT I O N VI. | 
Txt am 


If two Triangles have one Angle, of the one at 2 
one Angle of the other ;; and if the Sides about the 
equal Angles be proportional, then the Triangles 
are equiangular, and have thoſe Angles equal, 
under which are ſubtended the homologous: Sides. 


[BT there be two Triangles ABC; DEF; having 
ne Angle BAC of the one equal. to the Angle 
EDF of the other 3 al it the d. about the equal 
Angles be proportional, wiz. let A B be to AC, as 
EDis o DF. J. ſay Fa 
gun to the Nr DRE ; and the Angle ABC 
equal to the DEF; and the Angle A CB 
equal to the Angle DF E. | 

For at the Points D and F, with the Right Line 
DF, make the Angle FDG equal to either of the * 23. . 
les BAC, ED ; and the Angle DF G equi 

to the Angle ACB. 

Then the other e B, is + equal to the other f e-. 35. 
Angle G; and ſo the Trang ABC, is 


to the Triangle DGF; and conſequently, as BA is 
to A C, fo is 1 GD to DF: But A 
BA is to AC, ſo is ED to DF. Therefore as ED 

is to DF, ſo is GD to DF; whence ED is + equal* 17. 5. 
to DG, and DF is common; thereſore the two Sides f 9: 5 


ED, DF, are equal to the two Sides GD, DF; 
and the Angle ED 


F, equal to the Angle GDF: 


156 


9 4 1. 


2 By Hyp. 
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Conſequently the Baſe EF is * equal to the Baſe FG 

and the Triangle DEF equal to the Triangle 
GDF; and the other Angles of the one, equal to the 


other Angles of the other, each to each ; under which 


the equal Sides are ſubtended. Therefore the Angle 


DFG is equal to the Angle DFE, and the Angle 


G, equal to the Angle E; but the Angle DF G, is 
equal to the Angle AC B: Wherefore the Angle 
A CB is equal to the Angle DFE; and the 
BAC is alſo equal to the Angle EDF: Therefore 
the other Angle at B is equal to the other Angle at 
E; and ſo the Triangle AB C is equiangular to the 
Triangle DEF. Therefore, if two Triangles have one 


Angle of the one, equal to one Angle of the ather ; and 
; the Sides about the equal Angles be proportional, then 
the Triangles are equiangular ; and have theſe Angles 


equal, under which are ſubtended the homologous Sides; 
Which was to be demonſtrated. = Er TR 
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If there are two Triangles, having one Angle of the 
one equal. ib one Angie of the other, and the Sides 


-- about other Angles proportional ; and if the re- 


- maining Hird Angles are tither both leſs, or both 

nö. 7 than Right Angles; then foull the Trias 

Ales be equiangular and have 1 Angles equal, 
_ about which are the proportional Sides. 


1 T two Triangles ABC, DEF, have one An- 
_ gle of the one, equal to one Angle of the other, 
viz. the Angle B A C equal to the Angle E D F; and 
let the Sides about the other Angles ABC, DEF, 
be proportional; viz. as DE is to E F, fo let AB 
be to BC; and let the other Angles at C and F, be 
both leſs, or both not leſs than Right Angles. I ſay, 
the Triangle ABC is equiangular to the Triangle 
DEF; and the Angle ABC is equal to the Angle 
DEF; as alſo the other Angle at C, equal to the 
other Angle at F. | 


For if the Angle ABC be not equal to the Angle 
DEF, ons of them wilt be the greater, which let be 


ABG. 
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ABC. Then at the Point B, with the Right Line 
DEF. 


Now becauſe the Angle A is equal the Jp 
D, and the Angle A BG, equal to _ Ange DE 


the remaining Angle A GB, is + equal to the remain- f Ce: 32. To 


ing Angle DFE: And therefore the Triangle A BG, 
is equiangular to the Triangle DEF; and fo as AR. 


is to B G, ſo is 1 D E to EF; but as DE s to E F, t 77. 
ſo is * AB to BC. Therefore = AB is to BO, n © h 


ans BG; and ſince A B has the ſame Proportion 


C, that it has to BG, BC ſhall befequal tof * + 


BG; and conſequently the Angle at C equal to the 
Angle BGC. Wherefore each of the Angles BC G, 
or BGC is leſs than a Right Angle; and conſe- 
quently, AGB is greater cham a Right Angle. But 
the Angle AGB bs been proved equal to the Angle 
at F; therefore the Angle at F, is greater than a 
Right- Angle: But (by the Ey.) it is not greater, 


ſince C is not greater cp a Right Angle, which is 


abſurd. Wherefore the Angle ABC is not-unequal 
to the Angle DEF; and fo it muſt be equal to the 


ſame; but the Angie at A is equal to that 3 * 


rherefore the Angle remaining at C is. 


remaining Angle at F; and conſequently the Tix 
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fore, if there are two Triangles having one Angle of the 
ene, equal to one Angle of the other, and the Sides about 
ether Angles proportional; and if the remaining third 
Angles are either both leſs, or both nat leſs than Right 
Angles, then ſhall the Triangles be eguiangular; and 
have thoſe Angles equal, about which are the proportional 
Sides; Which was to be demonſtrated, 
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AB, make * the Angle ABG equal to the Angle 23 r. 


. I, 


+ 4 of bi ax + BO, which fubtends tho Right Angle of the. I 


| 126 ener to the Triangle. A 
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PRO POSITION VII. 
£4... 00 JOKE I. 


72 endienlar be drawn, in a Right. line 
„n ie Right Angle to the Baſe, 
e Tri riangles on tach bide of the Perpen. 
doe are /i — beth to the tohole, « and «Þþ 
10 one . | 


L. ABC be ngled Triangle, whole 
Right Angle 5 BA ; and let the Perpendicular 
AD by 2am from the Point A to the Baſe B. C. I 
fay, the Friangles ABD, ADC, are ſimilar to one 
armthers-ap] the whole Triangle ABC. 
. BAC is equal to the. Angle 
DB, ſor each of them is a Right Angle, 

4 at B is common to the two Tri 


angle AB C, is to BA, fubtending de Right 4g. 
of the Tan gle ABD, ſo is AB 1 the Au- 
41 of the Triangle ABC to DB, fubieading n 
2350 to the Angle C, vix. the Angle BAD, 
range ABD: And ſo moreover” is Ac 


le ABC 


equal Angles: are Whereſote 
e ABD. 
the ſame way we demonſtrate, that the Triangle 
C is alſo ſimilar to the Tran le ABC. Wherefore 
ach of the Triangles ABD, A C, is ſimilar to the 
whole Triangle. 
— 1 fay, the aid Triangles are alſo fimilar to one ar 


For becauſe the Right Angle BD A is equal to the 
Right Angle AD C, and the Angle BAD has been 
proved equal to the Angle C; it follows, that the re 


— le at B be equal to the remaining 
Angle DAC. And fo the Triangle ABD i . 
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angular to pl e ADC. Wherefore as 1B DT 47. 
| — e BAD of the Triangle ABD 
zs to DA. — e Angle at C of the Triangle 
ADC, which is equal to the Angle BAD, ſo is AD 
ſubtending the Angle B of the Tri le ABD to 
DC, 3 the Angle DAC equi to the An- 
gle B. And moreover, ſo is BA to AC, ſübten ding 
the Right Angles at D; and conſequent! the Tri- 
angle ABD is ſimilar to the Triangle . Where- 
fore, if a Perpendicalar be drawn, in a ; Right-angled 
Triangle, from the Right Angle to the Baſe, then the 
| Triangles on each Side of the Perpendicular are fimilar 


both to the whole, and aifo to one another; which was 
to be demonſtrated. 


Coroll. From hence it is s maniſeſt, that the Perpendl- 
cular drawn in a Right-angled Triangle from the 
Right Angle to the Baſe, is a mean Proportional 
between the Segments of the Baſe. Moe” of 

ther of the Si es containing the Right Angle is a 

8 mean Proportional between the whole Baſe, and that 

Segment thereof which is next to the Side. 


PRO POSITION IX. 


PROBLZ M. 
70 cut off any Part required from a given Right 


Line. 


1 e from which muſt 

be cut off an ſuppoſe a third. 
Draw any Right ine AC from the Point A, 

noting an" Angle ot Finders wich the Line AB. Aſ- 

ſume any Part D in the Line AC, make DE, EC, * ;. 

_ equal to AD, join BC, and draw +DF thro” + . x. 
D, parallel to BC. 

© Then becauſe FD is drawn parallel to the Side 

BC of the Triangle ABC, it ſhall betas CD if 2 ofthis. 

to DA, ſo is BF to FA. But CD is double to 

DA. Therefore BF ſhall be double to FA; and 

ſo BA is triple to AF. Wherefore there is cut off 


A, 2 third Part required of the iven ht Line 
A B; ; which was to be dane, 5 58 —_ 


8.5 


* 
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PROPOSITION X. 


PA i. 


1 


otber given Right 1 Line is divided. 
L* T AB be a given undivided Right Line, and 


AC a divided Line. It is required to divide AB, 


as AC is divided. 

Let A C be divided in the Points D and E arid fo 
placed, as to contain an any Angle with AB. Join the 
Peine & and B; thro 


ra FO, H B, are each of them Parallelograms; 
„ and HK to GB. And 
becauſe H E is drawn parallel to the Side K C, of the 
Triangle D K C, it ſhall betas CE is to EB; fois 
KH to HD. But KH is equal to BG, and HD to 
GF. Therefore, as CE is to ED, fo is BG to GF. 

, becauſe F D is drawn parallel to the Side EG, 
of the Triangle AGE, as E D is to DA, fo ſhall t 
GF beto FA. But it has been proved; that CE 5 


to ED as BG is to GF. Therefore, as CE is to 


ED, fois BG to GF; and as E D is to DA, fois 
G F to FA. Wherefore the given undivided Line 
A B, — as the given Line A C is; which was 
10 e 


PROPOSITION Ws 


Panos nk, 


Te Right Lines being iven, 10 find 4 thid 
Proportional to them. | 


ET AB, AC, be two given Right Lines b ſo 
placed, as to make any Angle with each other. 

It is required to find a third proportional to AB, AC. 
Produce A B, AC, to the Points D and E; make 
BD equal to AC join the Points B, C, and draw 


® the Right Line DE thro D parallel to 'BC. 


To + divide a given undivided Right Line, as ani | 


D and E let DF, EG, be 
3 BC; and thro' D, draw DHK; 


Then 
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Then becauſe BC is drawn parallel to the Side 1 
DE, of the Triang le ADE, it ſhall be * as AB is to * 2 of his. 
B D, ſo is AC © CE. But BD is equal to AC. 
Hence as ABis to AC, ſo is AC to CE. There- 
| fore a third proportional CE is found to two given 
Right Lines AB, AC; which was to be done. 


PROPOSITION XIL 


PROB LE M. 


Three Right Lines being given, to find a hah 
Proportions to them. 


Lu A, B, C, be three Rig ht Lines given. It is 
to find a fourth portion! to them. 
Let DE "DE and DF be two Right Lines, making any 
Angle EDF with each other. ow make DG equal to 
A, GE equal to B, DH equal to C, and draw the 
Line GH, asalſo+EF thro E, parallel to GH, f 31. 2 
Then becauſe GH is drawn parallel to EF, the 
Side of the Triangle DEF, it ſhall be as DG is to 
GE, fo is DH to HF. But DG is equal to A, GE 
to B, and DH to C. Cee as A is to B, 
ſo is C to HF. Therefore the Right Line HF, a 
fourth proportional to the three even Right Lines 
A, B, C, is found; which was to be done. 


PROPOSITION XIII. 


PROBLEM. 


To find a mean Proportional between two given 
_ Right. Lines. 


"x the two given Right Lines be AB, BC. It 

to find a mean Proportional between 
them. Place AB, BC, in a dire& Line, and on the 
| Whole AC deſcribe the Semicircle ADC, and * draw * 11. 1, 


B at Right Angles 11 AC from the Point B, and 


lt AD, DC, be 


be join 
Then becauſe the Ang le ADC, in a Semicircle, 


pf a Right Angle, 7 fince the Perpen dicular + 31. 5 


B is drawn, from the Right Angle to he Baſe ; | 
4 | therefore 
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* Cer. 8. of therefore D B is“ a mean Proportional between the 

__ Segments of the Baſe AB, BC. Wherefore a mean 
Proportional between the two given Lines AB, BC, 
is found ; which was to be done. 


PROPOSITION XIV. 


THEOREM. | 


al Parallelograms having one Angle of the one 
* al to one Angle of the ather, Hove the Siges 
out the equal Angles reciprocal ; and thife 
Parallelograms that have one Angle of the one 
equal to one 7 of the Aer and tbe Side 
that are about the e. Angles e are 
equal between themſelues 


ET AB, BC, be equal xralldograms, hayin 
5 L. t B equal; and let the ides DB, 5 
1 1. 1 ine; then alſo will e 8 80 FB. 
de in ane ſtrait Line, I ſay, the if of the Fane 
. n Sic acs GR I, 
; that is, as DB is to BE, ſos GB to 
or let the Parallelo; FE. be completed; 
Then becauſe the . 
the Fee BC, and FE is ſome it 
17.5 ; Kidall e e FE, ſo is +BC 
Tx of this. F "nw ARboFE fon tDB to BE; - and 
2» BC h to T E, os GB to Therefore, 
e 
0 are 
5 8 


roportional, r 8 be 6 E 
e ee 4 


ben FE, and 8 15 > BY 
C to the Pa 

FE, ſo is B C to FE. 
AB is equal to the Paralldogram 
Parallelgrams Ne one Ang 


Angle F the other, ** the” 2 2 the Oral 
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to the whole, and in like manner ſituate, having alſo 
an Angle common with it, then it that Paralleigram 


about the ſame Diameter with the whole ; which was 
to be demonſtrated. 


PROPOSITION XXVII. 
THEOREM. — 
Of a!l Parallelograms applied to the ſame Right 


Line, and wanting in Figure by Parallelograms 
ſimilar and alike ſituate, deſeribed on the half 
Line, the greateſt is that which 1s applied to the 
half Line, being ſimilar to the Defect. 


ET AB be a Right Line, biſected in the Point C, 
and let the Parallelogram AD be applied to the 
Right Line AB, wanting in Figure the Parallelo- 
gram CE, ſimilar and alike fituate to that deſcribed: 
on half of the Right Line AB. I fay, AD is the 
porn of all Parallelograms applied to the Right 
ine AB, wanting in Figure by Parallelograms ſimi- 
lar and alike ſituate to C E. For let the Parallelogram 
AF be applied to the Right Line AB, wanting in 
1 Figure the Parallelogram HK, ſimilar and alike ſitu- 
| ate to the Parallelogram CE. I fay, the Parallelo- 
5 gram A D. is greater than the Parallelogram AF. 
PTFor becauſe the Parallelogram CL is ſimilar to the 
"I Parallelogram H K, they ſtand * about the ſame Dia- 26 of bi, 


1 8 meter, let DB their Diameter be drawn, and the Fi- 

I gure deſcribed. Then ſince the Parallelogram CF is + f 43. 1. 
I equltoFE, let HK, which is common, be added; 
8 and the whole C H is equal to the whole K E. But 
k i t equal to CG, becauſe the Right Line AC is 1 36. 1. 
8 equal to CB. Therefore the whole AF is equal to 
de Gnomon LNM; and fo CE, that is, the Paral- 

= Hlclogram AD is greater than the Parallelogram AF. 
Tbereſore, of all Parallelograms applied to the ſame 

1 Right Line, and wanting in Figure by Parallthgrami 


L fimilar and alike ſituate, deſcribed on the hal Line, 
F 4 the greateſt is that which is applied to the -half Line, 
-#*| being fapilar to the Defeft ; which was to be demon- 
1 W- 
N 
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PRO POSITION XXVIII. 
PROBLEM. 


To a Right Line given to apply a Parallelogram 
equal to a Right Line Figure ork, deficient by a 
Parallelogram, which is ſimilar to another given 
Parallelogram ; but it is neceſſary that the Right- 
lined Figure given, to which the Parallelogram 
fo be applied muſt be equal, be not greater than the 
Parallelogram which is applied io the balf Line, 

\ ſence the Defects muſt be ſimilar, viz. the Defełi 
of the Parallelogram applied to the balf Line, and 
the Defett of the Parallelogram to be applied. 


ES AB be a given Right Line, and let the given 

Right-lined Figure, to which the Parallelogram 
to be applied to the Right Line A B muſt be equal, 
be C, which muſt not be greater than the Parallelo- 
applied to the half Line, the Defects being fimi- 
and let D be the Parallelogram, to which the 


Now it is 


igure 
Line AB, deficient by a Parallelogram fimilar to D). 
* 13 ef ths. Let AB be biſected in E, and on EB deſcribe ® the 
Parallelogram EBFG, ſimilar and alike ſituate to D, 
and complete the Parallelogram AG. 
Now AG is either equal to C, or greater than it, 
becauſe of the Determination. HAS 


propoſed will be done; for the Paralle- 
to 


5 is applied to the Right Line AB, equal 
ight-lined Fi 8 deficient by _—_ 
to arallelogram . 
equal, then HE is greater than C ; but 
to HE. Therefore EF ſhall alſo be 
C. Now make + the Pa 
EMN fimilar and alike fituate to D, and equal to 
by which EF exceeds C. But D is fimilar 
| KM ſhall alſo be ſimilar to EF. 
'T herefore let the Right Line K L be hom 
GE, and LM to GF. Then becauſe EF is <a 
C and KM together, EF will be greater than — 


+; 45 8 l 
1 dns. ts. 
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and ſo the Right Line G E is greater than K L, and 
GF than LM, Make GX equal to KL, and GO 
equal to. LM, and complete the Parallelogram 
X GOP. Therefore X O is equal and ſimilar to 
KM, but KM is ſimilar to EF, therefore XO is. 21 of 651i. 
ſimilar to EF, and ſo XO is + about the ſame Dia- t 26 of this. 
meter with FE: Let GPB be their Diameter, and 


the Figure be deſcnbed, 

Then ſince EF is to C and KM together, 
and XO is equal to K. » the Gnomon To remain- 
ing, is equal to the re Figure C; and becauſe 

OR is equal to XS, let let 8 „ Which is common, be 
added ; then the whole OB is equal to the whole 
XB, but XB is to TE, fince the Side AE is 
equal to the Side EB. Wherefore T E is equal to 
OB. Add X'S, which is common, and then the whole 
T'S is equal to the whole Gnomon T9 +; but the 
Gnomon T + has been proved oC; wp 


Bom gry mot ood fo th 
Line AB, equal ——— 
1 


and deficient by a 11 
SR, ſimilar to > the Pagan 1D, becauſe SR is 
fimilar to FE; awhich was to be done. 


PROPOSITION XXX. 


THEOREM. 

To a Right Line given, to apply a Parallelogram 
=, to a Right-lined Figure given, exceeding 
by a Parallelogram, which — wy be ſimilar to 

another given Parallelogram 


ET AB be a given en Right Line, and let C be the 
given Right-lined Figure to which that to be ap- 
[0 36 A muſt be equal. Likewiſe let D he the 
ram to which the exceeding Parallelogram 
Hm imilar; I 
to the Right Line AB, equal to the giv ht- 
| — Figure C, exceeding by a Parallelogram 6milar 
Biſect AB in E, and let the Parallelogram EI be 
deſcribed “ upon the Right Line Line EB, ſimilar and alike * :8. 7. 
luste to D; and that + the Parallelogram GH can tes of this, 
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to EL and C together, but ſimilar to D, and alike 
fituate, Therefore GH is ſimilar to EL; let KH be 
à Side homologous to FL, and K G to FE. Then 
becauſe the Parallelogram GH is greater than the Pa- 
rallelogram EL, the Right Line KH will be greater 
than FL, and KG greater than FE. Let FL, FE, 


de produced, and- let FLM be to KH, FEN 


ual to K G, and complete the arallelogram MN. 
herefore MN is equal and ſimilar to GH ; but GH 


i r of ebis.js ſimilar to EL, and ſo MN ſhall. be 1 fimilar to 
26 chi, EL; and accordingly EL is“ about the ſame. Dia- 


meter with MN. Let FX be their Diameter, and | 
deſcribe the Figure. 

T ben fince GH is equal to EL and C together, 2 
likewiſe to MN; therefore MN ſhall be equal to EL 
and C. Let E L, which is common, be taken away, 
then the Gnomon ro remaining, is equal to C; ani 
ſince AE is equal to EB, the Parallelogram AN vil 
be alſo equal to the Parallelogram EP, that is, to LO; 
and if EX, which i is common, be added, then the 
Whole Parallelogram AX is equal to the Gnomon 
10, but the Gnomon Tor is equal to C. Ther- 
fore AX ſhall be alſo equal to C. Wherefore the Pa- 
rallelogram AX is applied to the given Right Line 
AB, equal to the given Right-lined Figure "C, and 
exceeding by the Parallelogram PO, Amir to the 
Parallclogram D; which was to be done. 


PROPOSITION XXX. 


PROBLEM. 


To cut a given terminate Right Line according to 
extreme and mean Ratio. 


ET AB be a given terminate Line; it is required 
* kN the ſame according” to extreme and mean 


ee B C the a of AB, and apply the 
"Pardiclogram CD to A to the Squa Square BC, 


+ 29 of dir exceeding Þ by the Figure AD ln ſimilar to BC; but BC 


is a Square, therefore AD ſhall alſo be a Square. 
No becauſe BC is equal to CD, take away CE 
which! is common ; then B F romnining mall be 


to 
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Under. AB, BC, be equal to the Square of AC. 


1 ABC be a rectan Triangle, having the 


ſcribed on BA, AC, which are ſimilar and alike 
ſituate to the Figure deſcribed on B C. 


_ Right-angled Triangle ACB, from the Right Angle A, 


to AD remaining; but BF is equiangular to AD; 

therefore the Sides that are about the equal Angles 

are 4 reciprocally proportional; and ſo as FE is tot 14 of ei. 

ED, fo is AE to EB, but FE is“ equal to AC, that 3+ 1. 

is, to AB, and ED to AE. Wherefore as BA is to 

AE, ſo is AE to EB, but AB is greater than AE; 

therefore AE is + greater than EB; and fo the Right f 14. 5. 

Line AB is cut according to extreme and mean Ratio 

in the Point E; and AE is the greater Segment there- 

of ; which was to be done. = 
Otherwiſe thus: Let AB be the Right Line given; 

it is required to cut the ſame into extreme and mean 

Ratio. . 55 
Divide t AB ſo in C, that the Rectangle contained 1 11. 2. 


Then becauſe the Rectangle under AB, BC, is 

equal to the Square of AC, it ſhall be* as BA is 17 bis. 
to AC, ſo is AC to CB; and ſo the Right Line 

AB is cut into mean and extreme Ratio; which was 

ts be done. | 


PROPOSITION XXXI. 
THEOREM. 


Any Figure deſcribed upon the Side of a Right-an- 
gled Triangle ſubtending the Right Angle, is e- 
qual to the Figures deſcribed upon the Sides con- 
taining the Right Angle, being ſimilar and alike 
ſituate to the former Figure. 


Right Angle BAC. I fay the Figure deſcribed 
on BC, is equal to the two Figures together de- 


For draw the Perpendicular AD. 
Then becauſe the Right Line AD is drawn in the 


perpendicular to the Baſe BC; the Triangles ABD, 
ADC, which are about the Perpendicular AD, will be“ * 8 flir 
ſimilar to the whole Triangle ABC, and alſo to each 
other. Then becauſe the Triangle ABC is ſimilar to 


the Triangle ABD, it ſhall be * as CB is to BA, ſo 


3 is 


1 24. 5. 


L there be two Triangles ABC, DCE, ha 


both in one ſtrait Line. 
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is BA to BD; and nee when three Right Lines are 
zonal, the firſt ſhall be Þ to the third, as a Fi- 

e deſcribed on the firſt, to a ſimilar and alike ſitu- 

ate Figure deſcribed on the ſecond. Wherefore as 
CB is to BD, fo is a Figure deſcribed on CB to a 
ſimilar and alike ſituate Figure deſcribed on BA. For 
the fame Reaſon as BC is to CD, fo is a Figure de» 


| ſcribed on BC to one deſcribed on CA. Wherefore 


alſo, as BC is to BD and DC together, ſo is 1 the 
Figure deſcribed on B C, to thoſe two together that 
are 5 deſcribed ſimilar and akke fituate on BA, AC; 

but BC is equal to BD and DC together: There- 
fore the Figure deſcribed on B C is equal to thofe to- 

gether deſcribed on BA, AC; am- and alike ſitu - 
ate to that on BC. Wherefore, any Figure deſcribed 


75 the Side of a Right-angled Triangle fubtending the 
74 


ht Angle, is equal to the Figures deſcribed upon the 
Sides containing 4 Right Angle, being fmilar and 4. 
like ſituate to the former Figure ; Wick was to be de- 
monſtrated. | 


PROPOSITION XXXII. 


THEOREM. 


if two Triangles having two Sides proportional. to 
two Sides, be ſo compounded, or ſet ”— a 
one Angle, that their bomologous Sides be paral- 
lel, then the other Sides of theſe Triangles will 


be in one trait Line. 


two Sides BA, A C, of the one, 
to two Sides CD, DE, of the other, vis. 
be to AC, «CD w DE; 4750 C 
lei to DC, and AC to DE. I ay BC, C 


For becauſe AB is parallel to DC, and the Rig 
Line AC falls on them, the alternate les BAC, 
ACD, will be “ equal to each other. 
ſame Reaſon, the Angle CDE is equal 
ACD; wherefore the Angle BAC is 
Angle CDE. Then becauſe ABC, DC 
Triangles, having one Angle A equal to 


ak hs N " 0 [pt 9 : . , * * 8 
* = * . ba) . a . 
+ "Y = 
a * 
8 : 
* * . 
, 0 f 
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D, and the Sides about the Angles proportional, 
viz. BA to AC, as CD to DE, the Triangle ABC 
will be * equiangular to the Triangle DCE ; where- * $ 
is ths ANT ANG: is equal to the Angle DCE; 
but the Angle AC D has been proved to be equal to 
the Angle BAC; therefore the whole Angle ACE 
is equal to the two Angles ABC, BAC; and if ACB, 
which is common, be added, then the Angles ACE, 
 ACB, are equal to the Angles BAC, ACB, CBA; 
but the Angles BAC, ACB, CBA, are to 
two Right Angles. Therefore the Angles ACE, 
ACB, will alſo be equal to two Right Angles, and 
ſo at the Point C in the Right Line AC, two Right 
Lines B C, CE, tending contrary ways, makes the 
adjacent Angles ACE, ACB, equal to two Right 


Angles ; therefore BC ſhall be + in the ſame Right f 14 7. 


Line with CE. Wherefore, if two Triangles having 
two Sides proportional to two Sides, be ſo compounded, 
or ſet together at one Angle, that their homologous Sides 
be parallel, then the other Sides of theſe Triangles will 
be in one ſtrait Line; which was to be demonſtrated, 


PROPOSITION XXXIIL 


THEOREM. 


In equal Circles the Angles have the ſame Propor- 
tion with their Circumferences on which they 
ſtand, whether the Angles be at the Centers, or 
at the Circumferences; and ſo likewiſe are the 
Sectors, as being at the Centers. 


TEX ABC, DEF, be equal Circles, and let the 
Angles BGC, EHF, be at their Centers G, H, 
and the Angles BAC, ED F, at their Circumſerences. 
I fay, as the Circumference B C is to the Circum- 
ference EF, fo is the Angle BGC to the Angle EHF; 
and ſo is the Angle BAC to the Angle EDF; and 
ſo is the Sector B G C to the Sector E H F. 
For aſſume any Number of continuous Circumſe- 
rences CK, K L, each equal to B C; and alſo any 
Number FM, MN, each equal to E F, and join 
G K, GL, HM, HN. 


N 4 Then 
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Then becauſe the Circumferences BC, CK, KL; 
are equal to each other, the Angles BGC, CGK, 
K GL, will be“ alſo equal to one another; and fo 
the Cincumference BL is the ſame Multiple of the 
Circumference B C, as the Angle BG is of the an- 
ole BGC. For the ſame Reaſon, the Circumference | 
NE is the fame Multiple of the Circumſerence EF, 
as the Angle EH N is of the Angle EH F; but if the 
Circumference BL be equal to the Circumference 
EN, then the Angle BG ſhall be equal to the An- 
gle EHN; and if the Circumference BL be greater 
than the Circumference EN, the Angle BG will 
be greater than the Angle EHN, and if leſs, leſs. 
Therefore here are four Magnitudes, viz. the two 
 Circumferences BC, EF, and the two Angles BGC, 
EHF; and ſince there are taken Equimultiples of the 
Circumference B C, and the Angle BG C; to wit, 
the Circumference BL, and the Angle BGL]; as alſo 
Egquimultiples of the Circumſerence E F, and the 
Angle EHF, viz. the Circumference EN, and the 
Angle EH N. And becauſe it is proved if the Cir- 
cCcumſerence BL exceeds the Circumference E N, the 
Angle B GL will likewiſe exceed the Angle EHN; | 
and if equal, equal; if leſs, leſs. It ſhall be as the 
Circumference BC is to the Circumference EF; fo 
is + the Angle BG C to the Angle EHF; but as the 

Angle BGC is to the Angle EHF, fo is + the An- 
- gle BAC to the Angle EDF; for the former are“ 
double to the latter. T herefore as the Circumference 
BC is to the Circumference EF, ſo is the Angle 
BGC to the Angle EHF; and fo the Angle BAC 
to the Angle EDF. 

Wherefore in equal Circles, Angles have the ſame 
Proportion as the Circumferences they ſtand on, whe- 
ther they be at the Centers, or at the Circumferences. 

I fay, moreover, that as the Circumference B C is 
to the Circumference EF, ſo is the Sector GB C to 
the Sector HFE. | 

For join BC, CK, and aſſume the Points X, O, 
in the Circumferences BC, CK, and join BX, X C, | 
CO, OK. 
Then becauſe the two Sides BG, GC, are equal 
to the two Sides CG, GK, and they contain equal 
T4! Angles, the Baſe BC ſhall be + equal to the 


3 
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CK; as likewiſe the Triangle G BC to the Triangle 


GCE. And becauſe the Circumference. B C is equal 
to the Circumference CK, and the Circumference 


remaining, which makes up the whole Circle ABC, 


is equal to the remaining Circumference which makes 
up the ſame Circle, the Angle BX C is equal to the 
Angle COX; and ſo the Segment BXC is ſimilar 


to the Segment COKE ; and they are upon equal Right 


Lines BC, CK; but ſimilar Segments of Circles that 
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| ſand upon equal Right Lines, are“ equal to each 24. 3 


other: Therefore the Segment BX C is equal to the 


Segment COK. But the Triangle BGC is alſo 


equal to the Triangle CGK ; and fo the whole Sector 
BGC will be equal to the whole Sector CGK. By 
the ſame Reaſon, the Sector G KL will be equal to 


the Sector GB C, or GCK; therefore the three Sec- 


tors BGC, CG K, K GL, are equal to one another; 
ſo: likewiſe are the Sectors HE F, HF M, HMN. 
Wherefore the Circumference LB is the ſame Mul- 
tiple of the Circumference B C, as the Sector GBL 
is of the Sector GBC. For the ſame Reaſon, the 
Circumference N E is the ſame Multiple of the Cir- 
cumference EF, as the Sector HEN is of the Sector 
HE; but if the Circumference BL be equal to the 


Circumference EN, then the Sector BGL will be 


equal to the Sector EH N; and if the Circumference 
BL exceeds the Circumference EN, then the Sector 
BGL will alſo exceed the Sector E HN, and if leſs, 
leſs. Therefore, ſince there are four Magnitudes, to 
wit, the two Circumferences BC, EF, and the two 
Sectors GBC, EHF; and there are taken of the Cir- 
cumference BL, and the Sector GB L, Equimultiples 
of the Circumference CB, and the Sector CGB; as 
alſo of the Circumference EN, and the Sector HEN, 
Equimultiples of the Circumference E F, and the Sec- 
tor HEF. And becauſe it is proved, that if the Cir- 
cumference B L exceeds the Circumference E N, the 
Sector BGL will alſo exceed the Sector EH N; and 
if equal, equal; if leſs, leſs. Therefore as the Cir- 
cumference B C is to the Circumference E F, ſo is the 


Sector GB C to the Sector H E F; which was to be 
demonſtrated, 


Coroll. 1. 


vn. Lb 
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Corell. 1. An Angle at the Center of a Circle is to 
four Right Angles, as an Arc on which it ftands 
is to the whole Circumference; for as the Angle 
BAC is to a Right Angle, ſo is the Arc BC to 
A t of the N fo N. 

ts be quadrup Angle BA be 
n as the Arc BC is to the 
whole Circumference. 

2, The Arcs IL, BC, of unequal Circles, which 
ſubtend equal Angles, whether at their Centers, or 
Circumferences, are ſimilar; for IL is to the whole 
Circumference I LE, as the Angle IAL. is to four 
Right Angles; but as IAL, or BAC, is to ſour 

Right Angles, ſo is the Arc BC to the whole Cir- 
cumference BCF. Therefore as I L is to the whole 
_ Circumference ILE, fo is BC to the whole Cir- 
cumference BCF; and fo the Arcs I L, BC, are 


„ 
. Two Semi- diameters AB, AC, cut off fimilar 
"De IL. BC, from concentric Circumferences. 
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DEFINITIONS. 


and Thickneſs. 
3 II. The Term of a Solid is a Superficies. 
III. 4 Right Line is perpendicular to a 
Plane, when it makes Right Angles with all the 
Lines that touch it, and are drawn in the ſaid 
Plane. 

IV. A Plane is perpendicular to a Plane, when the 
Right Lines in one Plane, drawn at Right An- 
gles to the common Section of the two Planes, 

are at Right Angles to the other Plane. 
V. The Inclination of a Right Line 10 a Plane, is 
the acute Angle contained under that Line, and 
another Right one drawn in the Plane from that 
End of the inclining Line, which is in the Plane 
to the Point where a Right Line falls from the 


other End of the inclining Line endicular 
to ths Plau, 5 FOE 
VI. The 


Ae Ink 
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VI. The Inclination of a Plane to a Plane, is the 
acute Angle contained under the Right Lines 
drawn in both the Planes to the ſame Point of 
their common Interſection, and making Right 
Angles with it. Ty j 

VII. Planes are ſaid to be inclined fimilarly, 
when the ſaid Angles of Inclination are equal. | 

VIII. Parallel Planes are ſuch, which being pro- 


| duced never meet. l 
IX. Similar ſolid Figurts are ſuch that are con- 
tained under equal Numbers of ſimilar Planes. 
X. Equal and ſimilar ſolid Figures, are thoſe that 
are contained under equal Numbers of ſimilar 
and equal Planes. i 
XI. A ſolid Angle is the Inclination of more than 
- two Right Lines that touch one another, and are 
not in the ſame Superficies: Or, a ſolid Angle is 
that which is cogtained under more than two 
Plane Angles which are not in the ſame Super- 
Jicies, but being all at one Point. | 
\ XII. A Pyramid is a ſolid Figure comprebended | 
under divers Planes ſet upon one Plane, all 
Put together at one Point. 6 
XIII. A Priſm is a ſolid Figure contained under 
Planes, whereof the two oppoſite are equal, ſini- 
lar, and parallel, and the others Parallelograms. 
XIV. A Sphere is a ſolid Figure, made when the 
Diameter of a Semicircle, remaining at reſt, the 
Semicircle is turned about till it returns to th 
ame Place from whence it began to move. | 
XV. The Axis of a Sphere is that fixed Line, a. 
bDout which the Semicircle is turned. - 
XVI. The Center of a Sphere is the ſame with \ 
'* that of the Semicircle. . 
XVII. The Diameter of a Sphere, is a Right Line 
' drawn thro* the Center, and terminated on ei- 
ther Side by the Superficies of the Sphere. 
XVIII. A Cone is a Figure deſcribed when one of 
ide Sides of a Right-angled Triangle, n 
. Ibe 


% 


RB oe rn. ot. 
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the Right Angle, remaining fixed, the Triangle 
is turned about till it returns to the Place from 
whence it firſt began to move. And if the fixed 
Right Line be equal to the other that contains 
the Right Angle, then the Cone is a reftangular 
Cone; but if it be leſs, it is an obtuſe-angled. 
Cone; if greater, an acute-angled Cone. 


XIX. The Axis of a Cone is that fixed Right Line 


about which the Triangle is moved. 


XX. The Baſe of a Cone is the Circle deſcribed by 
the Right Line moved about. 


XXI. A Cylinder is a Figure deſcribed by the Mo- 


tion of a Right-angled Parallelogram, one of the 

Sides containing the Right Angle, remaining fix- 
ed while the Parallelogram is turned about to the 

fame Place from whence it began to be moved. 


XXII. The Aris of a Cylinder is that fixed Right 


- Line about which the Parallelogram is turned. 


XXIII. And the Baſes of a Cylinder are the Circles 


that be deſcribed by the Motjon of the two oppo- 
fite Sides of the Parallelogram. OT 
XXIV. Similar Cones and Cylinders are ſuch, 
whoſe Axes and Diameters of their Baſes are 
proportional. 1 
XXV. A Cube is a ſolid Figure contained under 
ſix equal Squares. 5 ; 
XXVI. A Tetrahedron is a ſolid Figure contained 
under four equal equilateral Triangles. 


XXVII. An Octabedron is a ſolid Figure contained 


under eight equal equilateral Triangles. 
XXVIII. 4 Dodecabedron is a ſolid Figure con- 


tained under twelve equal equilateral and equi- 
angular Pentagons. 


XXIX. An Icoſabedron is a ſolid Figure contain- 


ed under twenty equal equilateral Triangles. 
XXX. 4 Parallelepipedon is a Figure contained 

under ſix quadrilateral Figures, whereof thoſe 

Which are oppoſite arg parallel. : 
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PROPOSITION I 
THEOREM. 


One Part of a Right Line cannot be in a plane Su- 
perſicies, and another Part above it. 


OR, if poſſible, let the Part AB of the Right 
| Line AB C, be in a plane Superficies, and 
the Part BC above the lame. 
I bere will be ſome Right Line in the 
aforeſaid Plane, which with AB will be but one 
ſtrait Line. Let this Line be DB. 
Then the two given Right Lines ABC, ABD, 
have one common Segment A B, which is impoffi- 
ble; for one Right Line will not meet another in 
more Points than one. Wherefore, one Part of a Right 
Line cannot be in @ plane Superficies, and anather 
Part abeve it; which was to be demonſtrated. 


PROPOSITION IL 


THEOREM. 


If two Right Lines cut each other, tbey are both 
- Pn lane, and every Triangle is in on 
| Ne. | | 


ET two Right Lines AB, CD, cut each other | 
in the Point E. I fay, they are both in one 
Plane, and every Triangle is in one Plane. 

For take any Points, F and G, in the Right Lines | 
AB, CD, and join CB, F G, and let there be drawn 
FH, GK. In the firſt Place, I ſay, the Triangle 
EBC is in one Plane. HEL 

For if one Part FHC, or G B K, of the Triangle 
EB C, be in one Plane, and the other Part in anothe: 
Plane; then one Part of each of the Lines EC, EB, 

 fhall be in one Plane, and the other Part in another 

19 hi Plane; which we have proved & to be. abſurd. There- | 
fore the Triangle EBC is one Plane, but both the | 

Right Lines EC, EB, are in the ſame Plane as the \ 
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Triangle BCE is; and AB, CD, are both in the 
ſame Plane as EC, EB are. Wherefore the Right 
Lines AB, CD, are both in one Plane, and ev 
Tri is in one Plane; which was to be demon- 
Arated. 


PROPOSITION II. 


THEOREM. 


| If two Planes cut each other, their common Section 
| will be a Right Line. 


T ET two Planes AB, CB, cut each other, whoſe 
IL common Section is the Line DB. I ſay, DB 
is a Right Line. 

For if it be not, draw. the Right Line DEB in 
the Plane AB, from the Point D to the Point B, 
and the Right Line DF B in the Plane BC. 

Then two Right Lines DEB, DF B, have the 
fame Terms, and include a Space, which is “ abſurd. * Axim 10. 
Therefore DEB, DF B, are not Right Lines. In 
the ſame manner we demonſtrate, that no other Line 
drawn from the Point D to the Point B, is a Right 
Line, beſides D B, the common Section of the Planes 
AB, BC. , therefore, two Planes cut each other, 
their common Section will be a Right Line; which 
was to be demonſtri ted. 


| PROPOSITION: IV. 


THEOREM. 


| If to two Right Lines, cutting one another, a third 

ſtands at Right Angles in the common Section, it 

ſhall be alſo at Right Angles to the Plane drawn 
thro* the ſaid Lines. 


ET the Right Line EF ſtand at Right Angles to 
the two Right Lines AB, CD, in the common 
Section E. I fay, EF is alſo at Right Angles to the 
Plane drawn thro AB, CD, 


For 


DB 15. 1. 
141. 


1 26. 1. 


Y8. 5. 


De: 


149 


J the Plane to it; but a Right Line is * at Right Angles 
5 to a Plane, when it is at Right Angles to * Right 
Lines drawn to it in the- Plane. Thereſore FE is at 
Right Angles to a Plane drawn thro' the Right Lines 


2 AB, 
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For take the Right Lines EA, EB, CE, DE, 
equal, and thro' E any how draw the Rig ht Line 
GEH, and join AD, CB; and from the Point F 


Et there be dawn FA, FG, FD, FC, FH, FB: 


Then becauſe two Right Lines AE, ED, are equal. 
to two Right Lines CE, EB, and chey contain * the 
equal Anghs AED, CEB; the Baſe A D ſhall be f 
equal to the Baſe CB, and the Triangle AE D equal 
5 = Ep CE B; and ſo likewiſe is the Angle 
equal to the Angle EBC; but the Angle AEG 
e the Angle B E H; ; therefore A G E, 
are two T riangles, having two Angles of the 


3 equal to the two ö of the other, each to each, 


and one Side A E equal to one Side EB, viz. thoſe 
that are at the equal Angles; and fo the other Sides 
of the one, will be + equal to the other Sides of the 
other. Therefore GE is equal to EH, and AG to 
BH; and ſince AE is equal to EB, and FE is com- 
mon and at Right Angles, the Baſe A F ſhall be . 
urn to the Baſe FB: For the ſame Reaſon likewiſe, 
ſhall CF be equal to FD. Again, becauſe ADs | 
equal to CB, and AF to F B, the two Sides F A, 
AD, will be equal to the two Sides FB, BC, each 
to each; but the Baſe DF. has been proved equal to 
the Baſe F C: Therefore the Angle F AD is yl equal 
to the gl de Elf, FBC: Moreover, AG has been proved 
but F B alſo is equal to AF. here- 

4 the two Sides F A, A G, ae equal to the two 
Sides FB, B H; and the Angle FAG is equal to the 
Angle F R H, as has been demonſtrated ; wherefore 
the Baſe G F is S equal to the Baſe FH. Again, be- 
cauſe GE has been proved equal to EH, and EF i 
common, the two Sides GE, EF, are equal to the 


two Sides HE, EF; but the Baſe HF is to the 


Baſe F G; therefore the Angle GE F is to 
the Angle HE F, and fo — the Angles G EF, 
HEF, are Right Angles: Therefore FE makes Right 
Angles with GH, which is any how drawn thro' E. 
After the ſame manner we demonſtrate that F E is 
at Right Angles to all Right Lines that are drawn in 
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AB, CD. Wherefore, F to two Right Lines cut- 
ting one another, a third ſtands at Right Angles in 
the common Section, it ſhall be alſo at Right Angles 
to the Plane drawn thro' the ſaid Lines; which was 
| to be demonſtrated. 85 


PROPOSITION v. 


THEOREM. 


If to three Right Lines, touching one another, a 
third and; at Right Angles in their common 
Sefion, thoſe three Right Lines ſhall be in one 
and the ſame Plane. 


ET the Right Line AB ſtand at Right Angles 
in the Point of Contact B, to the three Right 
Lines BC, BD, BE. I fay BC, BD, BE, are in 
one and the ſame Plane. I oo WY» 
For if they are not, let BD, BE, be in one Plane, 0 
and BC above it; and let the Plane paſſing thro AB, 
BC, be produced, and it will“ make the common 3 J bir 
Section, with the other Plane, a ſtrait Line, which 
let be BF. Then three Right Lines AB, BC, BF, 
are in one Plane drawn thro' AB, BC; and fince 
AB ſtands at Right Angles to BD and BE, it ſhall 
be + at Right Angles to a Plane drawn thro* BE, t 4 7 lit. 
DB; and fo AB. ſhall make 1 Right Angles with 1 D/ 3. 
all Right Lines touching it that are in the ſame Plane ; 
but BF being in the ſaid Plane, touches it. Where- 
fore the Angle ABF is a Right Angle, but the Angle 
ABC (by the Hp.) is alſo a Right Angle. There 
fore the Angle ABF is equal to the Angle ABC, 
and they are both in the ſame Plane, which cannot 
be; and fo the Right Line BC is not above the Plane 
paſſing thro! BE and BD. Wherefore the three 
Lines BC, BD, BE, are in one and the ſame Plane. 
Therefore, if to three Right Lines, touching one an- 
other, a third flands at Right Angles in their common 
Section, thoſe three Right Lines ſhall be in one and the 
fams Plane; which was to be demonſtrated. 
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PROPOSITION VI. 


THEOREM. 


If two Right Lines be perpendicular to one and the 
ſame Plane, thoje Right Lines are parallel to 


one another. 


ET two Right Lines AB, CD, be perpendicu- 
lar to one 50 the ſame Plane. 1 ſay, AB is 
parallel to CD. 
For let them meet the Plane in the Points B, D, 
and join the Right Line BD, to which let DE be 
drawn in the ſame Plane at Right Angles; make 
DE equal to AB, and join BE, AE, AD. 
Then becauſe AB is 4 Right Angles to the afore- 


'* Def 3 ſaid Plane, it. ſhall be“ at Right Angles to all. vs. 


Lines, touching i it, drawn in the Plane; but A B touches 
RD, BE, which are in the ſaid Plane. Therefore each 
of the Angles ABD, ABE, is a Right 1 0 14 be 

the ſame Reaſon likewiſe, is each of t 


| GDB. CDE, a Right Angle. Then because 15 


14 1. 


48. 5. 


* 5 of this, 
1 2 of this. 


I-86... 1 


is equal to DE, and BD is common, the two Sides 
AB, BD, ſhall be equal to the two Sides ED, DB; 


but they contain Right Ang les. Therefore the Baſe 


ADist to the Baſe BE. Again, becauſe AB 
is equal to DE, and AD to BE, the two Sides AB, 
BE are equal to the two Sides ED, DA; but AE, 
their Baſe, is common. Wherefore the Ang le ABE 
is t equal to the ak e EDA; but ABE is a Right 
Angle. Therefore EDA is alſo a Rig ht Angle; and 
ſo ED; is ndicular to D A ; but 1 is alſo perpen- 
dicular to BD and D C. "Therefore EDi is at Right 
Angles in the Point of Contact to three Right 100 
BD, DA, DC. Wherefore theſe three 
Lines are *.in -one Plane; But BD, DA, 
ſame Plane as AB is; for every Triangle is age in the 


| fame Plane, Therefore it is neceſſary that AB, BD, 


DC, be in one Plane ; but both the Angles ABD, 
BD C, are Right Angles, Wherefore AB is x. paral- 
Jel to CD. Therefore, if two Right Lines be perpendi- 

cular to one and the ſame Plane, thoſe Right Lines are 


parallel to one another; which was to be — 
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. PROPOSITION VI. 


"THEOREM. 


I there be two Parallel Lines, and any Point be 
taken in both of them, the Right Lines joining 


thoſe Points ſhall be in the 2” Planes as the 
Parallels & 


E T AB, 0 D, be two parallel Right Lines, in 
which are taken an Polnn E, F. 1 fay, a Right 
Line joining the Points = 7 F, are in the ſame Plane 
as the Parallels are. 
For if it be not, let it hs elevated above the ſame, 
if poſſible, as EGF ; thro' which let ſome Plane be 
drawn, whoſe Section, with the Plane in which the 
3 are, let * be the Right Line EF, then the“ 3 of «b/c. 
two Right Lines EGF, EF, will include a Space, 
which is'+ abſurd. These a Right Line drawn t Axim 
from the Point E to the Point F. is not elevated 
above the: Plane, and conſequently it muſt be in that 
paſſing thro' the Parallels AB, CD. Wherefore, if 
there be two parallel Lines, and any Points be taken 
in both of them, the Right Line joining theſe Points 
ſhall be in the fame Plane as the Parallels are; which 
was to be demonſtrated. 


PROPOSITION VII. 


THEOREM. 


I there be two parallel Right Lines, one of which 
is perpendicular to ſome Plane, then fhall the 
other be perpendicular to the ſame Plane. 


LI A B, CD, be two parallel Rig ht Lines, one See the Fig. 
| of which, as AB is 9 to ſome Prop VI. 


Plane. I ſay, the other C D is alſo perpendicular to 
the ſame Plane. 
For let AB, CD, meet the Plane in the Points B, 
D, and let BD be joined ; then AB, CD, BD, are 
in one Plane, Let DE be 5 Fn in the Plane at * 7 of ibi. 
Right Angles to B D, — make DE equal to A B, 


2 a 11 


T 29. 1. 


] + 1. 


. 1. 


T 4 of this. 


1% 3. 


® 2 of this, 


T 7 of ebrs. 


Euchd's ELEMENTS. 


and join BE, AE, AD. Then ſince AB is perpen- 
dicular to the Plane, it will“ be perpendicular to all 
Right Lines, touching it, drawn in the ſame Plane; 
therefore each of the Angles ABD, ABE, is a 
Right Angle. And ſince the Right Line BD falls on 


the Right Lines AB, CD, the Angles ABD, CDB, 
ſhall be f equal to two Right Angles. Therefore the 
Angle CDB is alſo a Right Angle, and ſo CD is 


perpendicular to DB: And ſince AB is equal to DE, 


and BD is common, the two Sides AB, BD, are 


equal to the two Sides ED, DB. But 'the Angle 
ABD is equal to the Angle EDB; for each of them 
is a Right Angle. Therefore the Baſe AD is t equal to 
the Baſe BE. Again, ſince AB is equal to DE, and 


B E to AD, the two Sides AB, BE, ſhall be equal 


to the two Sides ED, DA, ach to SO I but the 


| * AE is common. Wherefore the Angle ABE 


* equal to the Angle ED A; but the Angle ABE 
is a Right Angle. Therefore EDA is alſo a Right An- 


gle, and ED is perpendicular to DA; but it is like- 
' wiſe perpendicular to DB: Therefore E) ſhall alfe 


be + perpendicular to the Plane paſſing thro BD, DA, 
and likewiſe ſhall be f at Right Angles to all Right 
Lines, drawn in the ſaid Plane that touch it. But 
DC is in the Plane paſſing thro BD, DA, becauſe 


AB, BD, are “ in that Plane; and DC is + in the 


ſame Plane that AB and BD are in. Wherefore 
5 D is at Right Angles to D C, and ſo CD is at 
8 Angles to DE, as alſo to DB. Therefore 
nance at Right Angles in the common Section 

5, to two Right W E, DB, mutually cu 
one another; and accord ingly is at Right Angles to 
the Plane paſſing thro' DE, D B; which was to be 


demonſtrated. 
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PROPOSITION IX. 


THEOREM. 


Right Lines that are parallel to the ſame Right 
Line, not being in the ſame Plane with it, are 
alſo parallel to each other. 


T ET both the Right Lines AB, CD, be parallel 
to the Right Line EF, not being in the ſame 
Plane with it. I fay, AB is parallel to CD. 

For aſſume any Point G in EF, from which Point G, 
let GH be drawn at Right Angles to E F, in the Plane 
_ paſſing thro' EF, AB: Alſo let GK be drawn at Right | <4 
Angles to E F in the Plane paſſing thro EF, CD: 

Then becauſe EF is perpendicular to GH, and GK, 

the Line EF ſhall alſo be“ at Right Angles to a Plane 47 is. 
ing thro' GH, GK; but EF is parallel to AB. 

Therefore AB is + alſo at Right Angles to the Plane t 8 / b. 

paſſing thro HGK. For the ſame Reaſon, CD is alſo 

at Right Angles to the Plane paſſing thro' HGK; and 

therefore A B and CD, will be both at Right Angles 

to the Plane paſſing thro HG K. But if two Right 

Lines be at Right Angles to the ſame Plane, they 

ſhall be þ parallel to each other. Therefore AB isf 6 f bir. 

parallel to CD; which was to be demonſtrated. 


PROPOSITION X. 


THEOREM. 
If two Right Lines, touching one another, be pa- 
rallel to two other Right Lines, touching one 
another, but not in the ſame Plane, theſe Right 
Lines contain equal Angles. © 


ET two Right Lines AB, BC, touching one 

4. another, be parallel to two Right Lines DE, EF, 

touching one another, but not in the ſame Plane, I 

fay, the Angle ABC is equal to the Angle DEF. 
For take BA, BC, ED, EF, equal to one an- 

other, and join AD, CF, BE, AC, DF: Then be- 

cauſe BA is equal and parole to ED, the Right Line 

2 
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AD ſhall alſo be“ equal and parallel to BE. For the 
ſame Reaſon, CF will be equal and parallel to BE; 
therefore AD, CF, are both equal and parallel to 


BE. But Right Lines that are parallel to the fame 


+ 9 of Un. 


1 33- 1. 


8. 1. 


* 12. 1. 


T 4 of this. 


t 3 of this, 


* Def. 3. 


Right Line, not being in the ſame Plane with it, will 
be | parallel to each other. Therefore AD is paral- 
lel and equal to CF, but AC, DF, joins them; 
wherefore AC is + equal and parallel to DF. And 
becauſe two Right Lines AB, BC, are equal to two 
Right Lines DE, EF, and the Baſe AC equal to 
the Baſe DF, the Angle ABC will be“ equal to the 


Angle DEF. Therefore, if I Right Lines, touch 


ing one another, be parallel to two other Right Lines, 
touching ene another, but not in the ſame Plane, theſe 
Right Lines contain equal Angles; which was to 


_ demonſtrated. 


PROPOSITION XI. 


PROBLEM. 


From a Point given alove a Plane, to draw a Right | 


Line perpendicular to that Plane. 


FT ET A be a Point given above the given Plane 
L BH. It is required to draw a Right Line from 
the Point A, perpendicular to the Plane B H. 

Let a Right Line B C be any how drawn in the 
Plane BH, and let AD be drawn“ from the Point A 
perpendicular to BC; then if AD be perpendicular 
to the Plane B H, the thing required is already done. 
But if not, let DE be drawn in the Plane from the 
Point D at Right Angles to BC; and let AF be 
drawn * from the Point A perpendicular to DE. 
Laſtly, thro' F draw GH parallel to B C. 

Then becauſe BC is perpen 


erpendicular to both DA and 
DE, BC will alfo be + perpendicular to a Plane paſ- 


ing thro' ED, DA. But GH is parallel to BC. 


And if there are two Right Lines parallel, - one of 
which is at Right Angles to ſome Plane, then ſhall 
the other be 4 at Right Angles to the ſame Plane. 
Wherefore GH is at Right Angles to the Plane paſſing 
thro ED, DA, and fo is “ perpendicular to all the 
Right Lines in the fame Plane that touch it. Hae Af 
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which is in the Plane paſſing thro ED and DA, doth 
touch it. Therefore GH is perpendicular to A F, 
and ſo AF is perpendicular to G H; but AF like- 
wiſe is perpendicular to DE; therefore AF is per- 
pendicular to both HG, DE. But if a Right Line 
ſtands at Right Angles to two Right Lines, in their 
common Section, at Line will 4 + at Right An- 1. of this, 

les to the Plane paſſing thro' theſe Lines. Therefore 
IP is perpendicular to the Plane drawn thro ED, 
GH ; that is, to the given Plane BH. Therefore 
AF is drawn from the given Point A, above the 
given Plane B H, rpendicular to the faid Plane ; ; 
which was to be done. 


PROPOSITION XI. 


PROBLEM. 


To erect a Right Line perpendicular to a given 
Plane, from a Point given therein. 


]* T A be a given Point in a given Plane MN. 

It is 1 to draw a Right Line from the 
Point A, at Ripht Angles, to the Plane MN. 

Let ſome Point B be ſuppoſed above the given 
Plane, from which let BC be drawn * perpendicular - 11 bis. 
to the ſaid Plane; and let AD be drawn + from A+ 31. 1. 
parallel to B C. 

Then becauſe AD, CB, are two parallel Right 
Lines, one of which, viz. B C, is perpendicular to 
the Plane MN; the other AD ſhall be t alſo perpendi- 1 8 of tis 
cular to the ſame Plane. Therefore, a Right Line is 
erefted perpendicular to a given Plane, from a Point 
given therein ; which was to be done. 


04 PR O- 
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#4 of thre. 
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jon AK, BK. Then becauſe AB is 


* 
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PROPOSITION XIII. 


THEOREM, 


Treo Right Lines cannct be erected at Right Angles, 


to a given Plane from a Point therein given. 


E-2% if it is poſſible, let two Right Lines AB, 


AC, be erected perpendicular to a given Plane on 

the ſame Side, at a given Point A, in a given Plane. 
Then let a Plane be drawn thro' BA, AC, cutting 
the given Plane thro' A in the Right Line * DAE; 
therefore the Right Lines AB, AC, DAE, are in one 
Plane. And becauſe CA is perpendicular to the 
pow Plane, it ſhall alſo be f perpendicular to all 
ight Lines drawn in that Plane, and touching itz 
but DAE being in the given Plane, touches it. There- 
fore the Angle CAE is a Right Angle. For the ſame 
Reaſon, B AE is alſo a Right Angle; wherefore the 


Angle CAE is equal to BAE, and they are both in 


one Plane, which is abſurd. Therefore, two Right 
Lines cannot be erected at Right Angles, to a given 


Plane, from a Point therein given; which was to be 
3 


PROPOSITION XIV. 

THEOREM. : 
Thoſe Planes, to which the ſame Right Line is per- 

Fendicular, are parallel to each other. 


E T the Right Line AB be perpendicular to each 

LL of the Planes CD, EF. I fay, theſe Planes are 
parallel, 

For if they be not, let them be produced till they 

meet each other, and let the Right Line GH be the 

common Section, in which take any Point K, and 


to the Plane EF, it ſhall alſo be perpendicular to the 

Right Line BK, being in the Plane EF produced. 

Wherefore the Angle ABK is a Right Angle. And 

for the ſame Reaſon, BAK is alſo a Right Ange 
I 
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And ſo the two ABE, BAK, of de Tan- 
de ARSE are to two Right which is 
Therefore the Planes C „EF, being * 27. 1. 


produced, 10 not meet each other, and fo are ne- 
ceſſarily parallel. Therefore, theſe Pi to which 
the ſame Right Line is perpendicular, are 1 to 
eac other; which was to be demon 


PROPOSITION xv. 


THEOREM, 


If two Right Lines, touching one another, be pa- 
rallel to two R Light Lines, touching one another, 
and not being in the ſame Plane with them, the 
Planes drawn thro' thoſe Right Lines are pa- 
rallel to each other. 


ET two Right Lies AB, BC, touching one 
another, be — to two Right Lines DE, EF, 
one another, but not in the ſame Plane with 
them. I fay, the Planes paſling thro AB, B C, and 
DE, EF, being produced, will not meet each other. 
For let BG be drawn from the Point B, perpendi- 
cular to the Plane paſſing thro' D E, EF, 
the ſame in the Point G; and thro G let GH be 
drawn parallel to ED, and GK parallel to EF; then 
becauſe BG is perpendicular to the Plane paſling 
thro DE, EF, it ſhall alſo make Right Angles py. 3. 
with all Right Lines that touch it, and are in the 
fame Plane; but GH and GK, which are both in the 
fame Plane, touch it. Therefore each of the Angles 
BGH, BGK, is a Right Angle. And fince BA is 
rarallel to GH, the Angles BA, GB H, are 1 29. 1. 
to the Right Angles : But BGH is a Right An- 
; wherefore GBA ſhall alſo be a Right A and 
BG is to BA. For the ſame Reaſon, 
8B is alſo to BC. Therefore ſince a 
Right Line BG, ſtands at Right Angles to two Right 
Lines BA, BC mutually cutting each other ; BG 
ſhall alfo be f at Right Angles to the Plane drawn t 4 / «is. 
thro BA, BC. But it is perpendicular to the Plane 
drawn thro! DE, EF; therefore BG is perpendicu- 
lar to both the Planes drawn thro' AB, * 
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DE, EF. But thoſe Planes to which the ſame Right 
* 14 of this, Line is perpendicular, are parallel. Therefore the 
Plane drawn thro AB, BC, is parallel to the Plane 
drawn thro DE, EF. Wherefore, if two Righh | 

Lines, touching one another, be parallel to two Right 
Lines, touching one another, and not bring in the | 

ſame Plane with them, the Planes drawn. thro theſe 

Right Lines are parallel to each other. 


PROPOSITION XVI. 
5 THEOREM. 


If 1 Planes are cut by any other Plane, 
 #heir common Sections will be parallel. 


| 1 two parallel Planes, AB, CD, be cut by any 

Plane EF HG, and let their common Sections 
be EF, GH. I ſay EF is patallel to G H. 
will meet each other either on the Side F H, or EG. 
Firſt. let them be produced on the Side FH, and mert 

in K; then becauſe E F K is in the Plane AB, il 
Points taken in EF K will be in the ſame Plane. But 
K is one of the Points that is in EF K. Therefore 
K is in the Plane AB. For the ſame Reaſon K i 
alſo in the Plans CD. Whetefore the Planes AB, 
CD, will meet each other. But they do not meet, 
ſince they are ſuppoſed parallel. Therefore the Ri 
Lines EF, GH, will not meet on the Side FH 
After the ſame manner it is proved, that will not 
meet, if produced, on the Side E G. + Right 
Lines, that will neither way meet each other, are pa- 
rallel; therefore EF is parallel to GH. /, therefore, 
tius parallel Planes are cut by any other Plane, ther 
common Settions will be parallel; which was to be de- 
monſtrated. 5 | Fre 
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PROPOSITION X VII. 


THEOREM. 


If two Right Lines are cul by parallel Planes, they 
. Ball be cut in the ſame Proportion. 


1 ted Right Lines AB, CD, be cut by Pa- 

rallel Planes GH, KL, MN, in the Points A, 
E, B, C, F, D. I fay, 25 the Right Line AE is 
to the Right Line E B, ſo is CF to FD. 

For let AC, BD, AD be joined: Let AD meet 
the Plane K L in the Point X, and join EX, XF. 
Then becauſe two parallel Planes » MN, are cut 
by the Plane EBDX, their common Sections EX, 
ly or * parallel. For the fame Reaſon, becauſe* 16 of this 

two penlld Plates GH, KL, are cut by the Plane 

AXFC, their common SeQtions A C, FX, are pa- 
rallel; and becauſe EX is drawn parallel to the Side 

BD of the Triangle ABD, it ſhall beas AE is to 
EB, ſo is f AX to XD, Again, becauſe X F is f 2. 6. 
drawn parallel to the Side AC of the Tri DG 
it hall be f as AX is to XD, fois CF to FD. But 

it has been proved, as AX is to XD, ſo is AE to 
EB. Therefore, as AE is'to EB, fo is CF Ant; 
FD. Wherehore, two Right Lines are cut by pa- 
rallel Planes, they ball be cut in the ſame Proportion ; 
which was to be demonſtrated. 


PROPOSITION XVII. 


THEOREM. 


If a Right Line be 0 4 to ſome Plane, 
then all Planes p thro that Line will be 
perpendicular to a ame Plane. 


LET the Right Line A B be perpendicular to the 
Plane CL. I fay, all Planes that paſs thro' AB, 
are likewiſe 2 to the Plane CL. 

Far lit» Pi lane DE paſs thro' the Right Line A B, 
whoſe common Section, with the Plane CL, is the 
Right Line CE ; and take ſome Point F in CE; from 


"which 


® Def. 3- perpen 


+8 of this. 


Def. 
2 F 


— 2 8 2 


which let FG be drawn in the Plane D E, perpendi- 
cular to the Right Line CE. Then becauſe A B i 
dicular to the Plane CL, it ſhall alfo be * per. 
pendicular to all the Right Lines which touch it, and 
are in the ſame Plane. Wherefore it is perpendicu- 
lar to CE; and conſequently the Angle AB F is a 


Right Angle; but G F B is likewiſe a Right Angle. 


Therefore AB is parallel to FG. But AB is at Right 


Angles to the Plane CL. Therefore F G will be4 | 


at Right Angles to that ſame Plane. But one Plane ß 
perpendicular to another, when the Right Lines, drawn 
in one of the Planes perpendicular to the common 


Section of the Planes, are t perpendicular to the other | 


Plane. But F G is drawn in one Plane DE, perpen- 
dicular to the common Section CE of the Plane. 
And it has been proved to be perpendicular to the 
Plane CL. Therefore the Plane DE is at Right 


Angles to the Plane CL. Aſter the ſame manner | 


it is demonſtrated, that all Planes, paſſing thro' the 
Right Line AB, are perpendicular to the Plane CL. 


Therefore, f 4 Right Line be perpendicular to ſome 
Plane, then all Planes paſſing thro' that Line will le 
| perpendicular to the ſame Plane; which was to be 


demonſtrated, 
PROPOSITION XX. 


THEOREM. 


If two Planes, cutting each other, be perpendicular 
to ſome Plane, then their common Section will be 
Tier pendicular to that ſame Plane. 


ET two Planes AB, B C, cutting each other, 
be perpendicular to ſome third Plane, and let 
their common Section be BD. I fay, BD is perpen- 


dicular to the ſaid third Plane, which let be ADC. 


For, if poſſible, let BD not be perpendicular to 
the third Plane; and from the Point D, let DE be 
drawn in the Plane A B, perpendicular to AD ; and 
let DF be drawn in the Plane B C, perpendicular to 


C; then becauſe the Plane AB is perpendicular to 


the third Plane, and DE is drawn in the Plane A B, 
perpendicular to their common Section AD, * 


I 


e wie e 1 i os 
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Rr 


* 


ſhall be perpendicular. to the third Plane. In like D + 
manner we prove, that DF alſo is perpendicular to 


the ſaid Plane. Wherefore two Right Lines ſtand 


at Right Angles, to this third Plane, on the ſame Side 
at the ſame Point D; which is + abſurd, Therefore to t 13 of this 
this third Plane cannot be erected any Right Lines 

icular at D, and on the ſame Side, except 
BD, the common Section of the Planes AB, BC. 
Wherefore D B is perpendicular to the third Plane. 
If, therefore, two Planes, cutting each other, be per- 
pendicular to ſome Plane, then their common Section 


* will be perpendicular to that ſame Plane; which was 


to be demonſtrated, 


PROPOSITION XX. 
5 | IRS nu 
If a ſolid Angle be contained under three plane An- 
ges, any two of them, bowſoever taken, are 
greater than the third. 


E T the ſolid Angle A be contained under three 
plane Angles BAC, CAD, DAB. I fay any 
two of the Angles. BAC, CAD, DAB, are greater 


than the third, howſoever taken. 


For if the Angles BAC, CAD, DAB, be equal, 
it is F that any two, howſoever taken, are 
greater than the third. But if not, let BAC be the 
greater; and make the Angle B AE, at the Point A, 23. 1. 
with the Right Line A B, in a Plane paſſing thro' BA, 
AC, equal to the Angle DAB, make AE equal to 
AD; thro' E draw BEC, cutting the Right Lines 
AB, AC, in the Points B, C, and join DB, DC. 
Then, becauſe DA is equal to AE, and AB is com- 
mon, the two Sides DA, AB, are equal to the two 


Sides AE, ABy but the Angle DAB is equal to the 


Angle BAE. Therefore the Baſe DB is f equal to ,. 1. 
the Baſe BE. And ſince the two Sides DB, DC, © 
are greater than BC, and DB has been proved cqual 


to BE, the remaining Side D C ſhall be greater than 


the remaining Side EC; and fince DA is equal to 

AE, and AC is common, and the Baſe D C greater 

than the Baſe EC, the Angle DA C fhall be da ry 25. I 
? _ nan 


* 20 of thi. are * greater than the third. Therefore 


1 22.1 


8 * „ * 
4 2 4 * 
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the ſame Reaſon, the Angles BCA AC 


Fuckt's N Rr 


than the Angle E A C. But from Conſtruction, the 
Angle DAB is equal to the Angle BAE. Where 
_— — — yo og Fans aro greater than the 

A is manner we demonſtrate,” if 
mg per Angles be taken, that they aze 


are greater 
than the third. "Therefore, :f a ſolid Angle be en ng 


under three plain Angles, any two of them, 


taken, are greater than the third; which was to be 
_ demonſtrated. 


PROPOSITION XXL 
THEOREM. 


Every ſolid Angle is contained under plane Angles 
together leſs than four Right ones. 


ET A be a ſolid Angle, contained under plane 
les BAC, CAD, DAB. I fay the Angle 


BAC, CAD, DAB, are leſs than four Right Au. 


For take any Points B, C, D, in each of the Lines 
AB, AC, AD, and join BC, CD, DB. Then 
| becauſe the ſolid Angle at B is contained under three 
plane Angles CBA, ABD, CBD, any two of theſe 


— 
CBA, ABD, are greater than the Angle CBD. Fi 


greater than the Angle BCD ; and the Angle A, 


ADB, greater than the Angle CDB. Wherefore 


the fix Angles CBA, ABD, BCA, ACD, ADC, 
Ad zZ, are greater than the three Angies CBD, BCD, 
CDB. But the three Angles C BD, BCD, CDB, 
are + equal to two Right Angles. Wherefore the ſuc 
Angles CBA, ABD, BCA, ACD, ADC, ADB, 
are greater er than two Right Angles. And ſince the 
three Angles of each of the Triangles 
AD B, are equal to two Right Angles, "the nine 
Angles of thoſe Triangles CBA, BCA, BAC, ACD 
CAD, ADC, ADE, ABD, DAB, are equal to 
ſix Right An les. Six of which Angles CBA, BCA, 
ACD, ADC, ADB, ABD, are greater than two 
Right Angles. Therefore the three other Angles 
BAC, CAD, DAB, which contain the ſolid — 

ie, 


ABC, ACD, 
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to either AB, BC, D 


ill be leſs than four Right Angles. Wherefore 

2 * ery fold Angle is het, under Ang les together, 

if : than four * Fight ones z VION LOT to be de- 
onſtrated, | 


) t 


PROPOSITION : *. 


THEOREM. 


If there be three plane Angles, whiref feos, any 
bow taken, are greater than the third, and the 
Right Lines that contain them be equal, "then it 

is poſſible to make a Triangle of the Right Lines 
Joining the equal Right Lines, which * the 
Angles. 


LET ABC, DEF, GHK, be given plane An- 
any two whereof are greater than the third; 
and let 2 * Right Lines AB, BC, DE, EF, 
GH, Hy. Far thery and let a. DF, GK, 
be joined, it is poſſible to e a Triangle 
of AC. DF, xk. that is, any two of them, how- 
ſoever taken, are greater than the third, _ 
"For if the Angles at B, E, H, are equal, then AC, 
DF, GK, will be ® equal, and any two. of them ® 4.1. 
the third; but if not, let the Angles at 
5 F. H, be unequal, and let the Angle er 
than either of the others at E or H. Then the 
Line AC will be + greater than either DF or G 1775 I 
a, it is manifeſt, fs AC, togethec with either DF, 
greater than the other. I ſay likewiſe, that 
Net ore are greater than AC. For make att 23 1 
vi 'Point B, with the Right Line AB, . the Angle 
ABL, equal to the Angle GHK ; and TE hi 
. GH, HK, and j 
Aly vi oh Then, becauſe the two Sides AB, 
to the two Ar GH, H K, each to 1— 
400 K contain equal Angles, the Baſe AL ſhall be 
| the Baſe OK. And lues che Angi E and 
1 8K ü 00 than the Angle ABC, a Wh the An- 
equal to the Angle AB L, the other 
pie at 1 ſhall be greater than the Angle LBC. 
nd ſuce the two Sides LB, BC, are equal to the 
two Nn DE, EF, each to each, and the Angle 
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DEF: is greater than the Angle LB C, the Baſe Dx 
ſhall be greater than the Baſe. LC. But GK. has 
been proved equal to AL. Therefore DF, GK are 
greater than AL, LC; but AL, LC, are greater 
than AC. Wherefore DF, GK, ſhall be much 


a AC. Therefore any two of the Right | 


AC, DF, GK, howſoever taken, are greater 
than the other: And fo a Triangle may be made of 
_—_ DF, GK; which was to be — 5 


PROPOSITION XXII. 


PROBLEM. 


To make; a ſolid Angle of three plane Angles, where. 


. of any two, howſoever taken, are greater thay 
ide third; but theſe three An 7255 _ be 2 
tban four Right Angle. 


EA ABC; DEF, HR, ws vii fy 


les given, whereof howſoever tak 
- Ede: iy He, boſom rakes, 
e e 9 
make a ſo An e o s | 
o 
Let the Right Lins e EF, GH; HK, 
be cut hm Tag 8. 0 Gk; chen ith 
poſſible to le of three Right Line 
AG] DF, GK: er. And fo let + the TN 
L [N be made, fo that AC be equal to L M, and 
DF to MN, and GK to LN; and let the Circe 
LMN be Qeſcribed t about the Triangle, whoſe 
Center let be X, which will be either within the Tri- 


- 


angle L MN, or on one Side thereof, or without | 


the fame. 
Firſt let it, be within, and join 


equal to BC; but LX is quil 


to XM. Therefore the two Sides AB, BC, ar 


equal to the two Sides LX, X M, each to each; but 
the Baſe AC is pu t equal to the Bafe L M. Where- 


fore the Angle ABC hall be ® equi to the Ang 


LA — ——_ 
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LXM. For the ſame Reaſon, the Angle DEF is 
to the MXN, Dre 
the Angle NX I. Therefore the three Angles ABC, 


DEF, HK. are equal to the three Angles L 
* 493 NEL. But the three 


5 ngula 8 - 
is r to e 

is 1 to LM, as XO is to OP; and t 4 6. 
ton) as T Ls: to X O, ſo is LM to- 
greater than X O. Therefore LM 


ES Or, But LM is put « 
IT greater than OP. 
becauſe the eva, 148 N are 


will be l greater than the 
— If; 
than the 
ABC,DE 


Angle DEF is 
N and the Angle G H Kk, 
NX L. Therefore the three Angles 
„GH K, are greater than the three An- 

LXM, MXN, NX I. But the Angles ABC, 


oint X 1 * 12 of cb 
GL 


N v * L M4 $50 #, - N 8 = a pA = . 640 — 2 
; by R * * | ; * | a 2» PP 
* E vat FE 5 by % . — 
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For the ſame Reaſon, RN is eb to RL, or RM. 


FO equal to the Squares of LX, XR together: But the 
47-1. 


& equal to the Angle DEF, and the 


* 20. 1. 


„ ff 
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XM, and XR is common, and 1 4 


them, the Baſe LR ſhball be eg Baſe RM. 


herefore three Right Lines, RL, RM, RN, are 
equal to each other. * And becauſe the Square of X 'R 
is equal to the Exceſs, by which the Square of AR 
exceeds the Square of L X; the Square of AB will be 


Square of RL is + equal to the Squares of LX, XR: 
For LXR is a Right 4 Angle. Therefore the Square of 
AB will be to the Square of RL; and ſo AB 


& equal to RL. But BC, DE, EF, 'GH, HK, 
are every of them equal to 'AB; "and RN, or RM, 


to RL. Wherefore AB, BC, DE, EF; GH, 


H K, are each equal to RL, RM, or RN: Ald 
fince the two Sides RL, RM, are equal to the'two 
Sicdes AB, BC, and the Baſe I. I is put equal to the 
Baſe AC, the Angle LR M ſhall be + equal 


to the 
Angle ABC. For the ſame Reaſon the Angle 5 


equal to the Angle G H K. "Therefore a ſolid Angle 
is made at R of three plane Angles LRM, M RN, 


LRN, equal to three plane Angles given, AVG 
DEF, GHE. | 
Now let the Center of the Circle X be in one Side 
of the Triangle, diz. in the Side MN, and 


XL. I fay again, that AB is greater than LX. 


if it be not ſo, AB will be either equal, vr Teſs: 15 
LX. Firſt let it be equal, then the two Sides AB, 


Ex: hk 


BC, are equal fo the two Sides MX, EX, 
they are equal to MN; but MN i put 

Therefore DE, E F, are equal to DF, eh ie im- 
poſſible. Therefore A B is not equal to L X. In 


like manner, we prove that it is neither lefſer 3 #5. | 
the Abſurdity will much more evidently 'follo 


Therefore AB is greater than LX. And eres 

manner, as before, the Square of RX be made en! 

to the Exceſs, by which the Square of e 

the Square of LX, and RX be raiſed at 

gle | to the Plane of the Circle, the Probk 
one. 


SY 
x 


Laſtly, let the Center X of the Circle be hi 
the Triangle LMN, and join LX, MX, NX. 
I Gy AB is greater than L. For if it be 3 


A * 
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. remaining Part PM; therefore LM is * parallel 


to 
** and the\ Triangle LMX_ G be. to the | 
le PXO. Wherefore as XL is to LM, fot 4 5+ 

to 


4a X$ wm Or. bes (by Alternation) as LX is 
XO, ſo is LM to OP; but LX is greater than XO; 


to AC; 


if XR be taken equal to X O or XP, and OR be 


muſt either be equal, or leſs. Firſt, let it be equal; 
then the two Sides AB, BC, are equal to the two 


Sides MX, XL, each to: each; and the Baſe AC. is 


equal to the Baſe ML ; therefore the Angle ABC is 

to the Angle MXL. For the ſame Reaſon, 
the Angle GH K is equal to the Angle LXN; and 
ſo the whole An le MXN is to the two An- 
gles AB C, GH K; but the Angls ABC, G HK, 
are greater than the Angle DE F. Therefore the 


Angle MXN is greater than DEF; but becauſe the 
two Sides DE, E F, are equal to the two Sides MX, 


XN, and the Baſe DF is equal to the Baſe MN, the 
Angle MXN ſhall be equal to the le DE F; but 


it has been proved greater, which is abſurd. There- 
fore AB is not equal to LX. Moreover we will 
prove that it is not leſs; wherefore it ſhall be neceſ- 
' farily greater. And if, again, X R be raiſed at Right 


Angles to the Plane of the Circle, and made equal to 
the Side of that Square, by which the Square of AB 


_ exceeds the Square of LX, the Problem will be de- 


termined. Now, I ſay, AB is not leſs than LX; 


ſor if it is poſſible that it can be leſs, make X O equal 


to AB, and XP equal to B C, and join OP. Then, 
becauſe AB is equal to BC, XO ſhall be equal 
XP, and the remaining Part OL equal to 


therefore LM is 


greater than OP; but LM "s equal 
_ Wherefore AC fhall be greater than OP. 
And fo becauſe the two Sides AB, BC, are equal to 
the two Sides OX, XP, each to each; and the Baſe 


40 is greater than.the Baſe OP; the Angle ABC 


ſhall be 4 greater than the Angle OX P. So likewiſe t 25. 1, 


joined, we prove that the Angle GH K is greater 
than the Angle OXR. At hs Point X, with the 


Right Line L. X, make the Angle LX S equal to the 
Angle ABC, and the Angle LX T equal to the An- 
ge GHK, and XS, X T, each equal to X O, and 


join OS, OT, N. Then becauſe the two Sides 


: Ss — are equal to the two Sides O X, XS, and 


P 2 the 
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the Anple ABC is to the Angle ol = | 
Baſe AC; that is, L | ſhall be equal to the Baſe 
OS. For the ſame Reaſon, LN is alſo equal 0 
OT. And fince the two Sides ML, LN, are equal 
to the two Sides OS, OT, and the Angle MEN 
greater than the Angle SOT; the Baſe 

be greater than the Baſe 8 T; but MN + 3 
DF; thereſore DF ſhall be greater than ST. When 
ſore becauſe the two Sides D E, EF, are e 
the two Sides 8X, X T, and the Baſe PDF is 
than the Baſe ST, the Angle DEF {ſhall be greater 
than'the Angle SX T; but the Angle SX T is equal 
to the Angles AB C, GHK. Therefore the Angle 
DEF, is greater than the Angles ABC, GHK ; but 
it is alfo leſs, ä is abſurd; tobich was to beds 
iniyfridtad.” 


PROPOSITION XXIV. 


Turo u. 


x . 3 Plan, 
"the oppoſe te Planes thereof, are ol . 
* AJ. 


Ex the Solid CDGH be contained under paratld 
Planes AC, GF, BG, CE, FB, AE. 1 
its oppolite Planes thereof are eq Parall: 

For becauſe the parallel Planes B G, CE, are cit 
* 16 fili. by the Plane AC, their common Sections are * oy 

tel; wherefore AB is parallel to CD. Again, be- 
"cauſe the two parallel Planes BF, AE, are eut hy 
the Plane A C, their common Sektions are patallk; 
therefore A D is parallel to BC; but A B ins bien 
proved to be parallel to CD; Whereſore A C ſhall be 
2 Parallelogram. After the ſame Manner, we de 
monſtrate that CE, F G, GB, BF, or AE, 1 
 ralldogram. 
Let AH, DF, , be joined. Then becauſe AB is. 

rallel to DC, and BH to CF, the Lines AB, B 
touching each' other, ſhall be parallel to the Lins 
DC, CF; touching each other, and not being in b 
4 1c u ſame Plane; wherefore they ſhall + contain equal Au- 


SY And fo the Angle ABH i equal to the E 
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F 


DCF. And ſince the two Sides AB, BH, are e- 13+ *- 

qual to the two Sides DC, CF, and the Angle ABH 

equal to the Angle DCF, the Baſe AH ſhall be** +7: 

equal to the Baſe DF, and the Triangle A B H equal 

to the Triangle DCF. And fince the Parallelogram 

BG is + double to the Triangle A BH, and the Pa- f 4": 1. 

rallelogram CE, to the Triangle DC F, the Paralle- 

logram B G ſhall be equal to the Parallelogram CE. 

In like manner, we demonſtrate that the Parallelo- 

m AC is equal to the Parallelogram G F, and the 

rallebgram AE equal to the Paralielogram BF. 
therefore, a Solid be contained under fix parallel 

Planes, the oppefite Planes thereof are equal Paralle- 

legrams ; which was to be demonſtrated. 


Coroll. It follows from what has been now demon- 5 
ſtrated, that if a Solid be contained under ſix paral- 
lel Planes, the oppoſite Planes thereof are ſimilar 
and equal, becauſe each of the Angles are equal, and 
the Sides about the equal Angles are proportional, 


PROPOSITION XXV. 


Tuo K EK | 
If a ſolid Parallelepipedon be cut by a Plane, pa- 
rallel to oppoſite Planes; then as Baſe is to Baſe, 
fo ſhall Solid be to Solid. | 


E T the ſolid Parallelepipedon AB CD, be eut 

by a Plane E, parallel to the oppoſite Planes 
RA, DH. I fay as the Baſe EF A is to the Baſe 
EH CF, fo is the Solid ABF to the Solid EG CD. 

For: let AH be both Ways produced, and make 

HM, MN, Sc. equal to EH, and AK, K L, &c. 
equal to AE; and let, the Parallelograms LO, Ke, 
HX, MS, as likewiſe the Solids LP, KR, Ho, 
MT, be compleated. Then becauſe the Right Lines 
LK, KA, AE, are equal, the Parallelograms LO, 
Ke, AF, ſhall be * alſo ; as likewiſe the Pa- * r. 6. 
rallel s Kr, KB, AG: And © moreover Þ the f 24 of «+. 
5 ograms LV, K P, AR, for they are oppoſite. 
For the fame Reaſon, the Parallelograms EC, HX, 
MS, alſo are equal to each other; as alſo the Paral- 

E 4 lelograms 


R uns. CR", * 2 — 
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lelograms HG, HI, IN; and fo are the Parallelo 
grams DH, Ma, NT. Therefore three Planes of | 
the Solid L P, are equal to three Planes of the Solid | | 
K R, or AY, each to each; and the Planes oppoſite to 

_theſe, are equal to them. Therefore the three Solids | 

Tok 10. LP, KR, AY, will be t to each other. For the 

5 ſame Reaſon, the three Solids ED, Ha, MT, are | | 

g equal to each other. Therefore the Baſe LF is the ſame | | 

E Multiple of the Baſe A F, as the Solid LY is of the | 
Solid AY. For the ſame Reaſon, the Baſe NF is | 
the ſame Multiple of the Baſe HF, as the Solid NY | | 
is of the Solid ED: And if the Baſe LF be equal to 
the Baſe NF, the Solid L V ſhall be equal to the 
Solid NY; and if the Baſe LF exceeds the Baſe 
NF, the Solid LY ſhall exceed the Sold NY; and 
if it be leſs, leſs. Wherefore becauſe there are four | 
Magnitudes, viz. the two Baſes AF, F H, and. the 

two Solids A, ED, whoſe Equimultiples are ta- 
ken, to wit, the Baſe LF, and the Solid LY; and | | 


the Baſe NF, and the Solid NY: And ſince it i: 
proved, if the Baſe LF exceeds the Baſe N F, then | 
the Solid LY will exceed the Solid N V, if 
equal, and leſs, leſs. Therefore as the Baſe AF is ] 

* Def. 6. 5. to the Baſe F H, ſo is * the Solid AY to the Solid | 
ED. Wherefore, if a ſolid Parallelepipedon be cut by 

4 Plane, parallel to oppoſite Planes; then as Baſe is 
to Baſe, ſo ſpall Svlid be to Solid; which was to be 
demonſtrated. 


* PROPOSITION XXVI. 


Y 
THEOREM. / | 


| 
; At a Right Line given, and at a Point given in 
it, to make a ſolid Angle equal to a ſolid Angle 
given. . : 


ET AB be a Right Line given; A a given Point i 
in it, and D a given ſolid Angle contained under | 
the plane Angles EDC, EDF, FDC; it is required 

to make a ſolid Angle at the given Point A, in the given 

Right Line AB, equal to the given ſolid Angle D. 
| Aſſume any Point F in the Right Line DF, from 
11 of chi. Which let FG be drawn * perpendicular to the * 
. Paſling 
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join HB, K B, FE, GE. Then becauſe F G is per- 


to FE. Again, becauſe the two Sides A K, KH, 
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thro ED, DC, meeting the ſaid Plane in the 4 
Point G, and join D G, make + the Angles BAL, t 23. 1. 
BAK, at the given Point A, with the Right Line AB, 
equal to the Angles EDC, EDG. 
Laſtly, make AK equal to D G, and at the Point 
K erect 4 HK at Right Angles to the Plane paſſing f 12 F is. 
thro! BAL, and make K H equal to G F, and join 
HA. I fay, the ſolid Angle at A, which is contained 
under the three plane Angles BAL, BAH, HAL, 
is equal to the ſolid Angle at D, which is contained 
under the plane Angles EDC, EDF, FDC: For ö 
let the equal Right Lines AB, D E, be taken, and 


pendicular to the Plane paſſing through ED, DC, it 
ſhall be * perpendicular to all the Right Lines touch- „% 3 
ing it that are in the ſaid Plane. Wherefore both the 

Angles FGD, FGE, are Right Angles. For the ſame 

Reaſon, both the Angles HK A, HEB, are Right | 
Angles ; and becauſe the two Sides KA, AB, are equal \ 


to the two Sides GD, DE, each to each, and contain 


equal Angles, the Baſe B K ſhall be 1 equal to the f 4. 1. 3 
Baſe EG; but K H is alſo equal to GF, and they 
contain Right Angles ; therefore HB ſhall be + equal 


are equal to the two Sides D G, G F, and they con- 
tain Right Angles, the Baſe A H ſhall be equal to the 
Baſe DF ; but AB is equal to DE. Therefore the 
two Sides HA, AB, are equal to the two Sides FD, | 
DE; but the Baſe HB is equal to the Baſe F E, and | 
ſo the Angle BAH will be f equal to the Angle f 8. 1 4 
EDF. For the ſame Reaſon, the Angle HAL is ; 
equal to the Angle FDC; for ſince if AL be taken 
equal to D C, and KL, HL, GC, FC, be joined, 
the whole Angle BAL is equal to the whole Angle 
EDC; and-the Angle BAK, a Part of the one, is 
put equal to the Angle EDG, a Part of the other; 
the Angle KAL remaining, will be equal to the An- 
le GD C remaining. And becauſe the two Sides 
A, AL, are equal to the two Sides GD, DC, and 
they contain equal Angles, the Baſe K L will be 
equal to the Baſe GC; but KH is equal to GF; 
wherefore the two Sides LK, KH, are equal to the 
two Sides CG, GF, but they contain Right Angles ; 
therefore the Baſe HL will be equal to the Baſe FC. 
P 4 Again, 
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to the two Sides FD, DC, and the Baſe HL is equal 
to the Baſe FC, the Angle HAL will be equal to 
the Angle FDC; but the Angle BAL is qqul 
the Angle ED C; which wwas to be done. 


PROPOSITION XXVI. 


PROBLEM. 


Upon a Right Line given, to deſcribe a Parallele 


pipedon ſimilar, and in like manner ſituate toa 
Jolid Parallelepipedon given. 


I. > AB be a Right Line, and CD a given ſolid 


IS. It is required to deſcribe a ſo- 

upon the given Right Line A B, 

i TE ns the given ſolid Parallelepi- 
pedon CD. 

Make a ſolid Angle at the given Point A, in the 

Right Line A B, which * is contained under the An- 

gles BAH, HAK, KAB; fo that the 


Angle E CG, and the Angle HAK to the 
GCF; and make as EC is to CG, ſo BA f to 
and G C to CF, as KA to AH. Then (by En? 
lity of Proportion) as EC is to CF, ſo ſhall BA be 
to AH; complete the Parallelogram B H, N 
Solid A L. Then becauſe it is as EC is to CG, ſo 
is B A to A K, vis. nal; er i BB, 
ECG, BAK, proportional ; the Pa * 
ſhall be ſimilar to the Parallelogram GE. "Al 


the ſame' Reaſon, the 1 Kk. in ſhall bs 


ſimilar to the Parallelogram G F, and the Parallelo- 


J Cor. 24. 
of this, 


gram HB, to the Para FE. Therefore 
three Parallelograms of the ſolid A L, are ſimilar to 
three Parallelograms of the Solid CD ; but theſe three 
Parallelograms are t equal and ſimilar to their three 
oppoſite ones. Therefore the whole Solid AL, will 
be ſimilar to the whole Solid C D; and fo a folid 
Parallelepipedon AL, is deſcribed upon the given 


Right Line A B ſimilar, and alike ſituate to the given 


ſolid Parallelepipedon C D; which was to be dine. 


PR O- 


Again, becauſe the two Sides HA, AL, are _ 


Angle BAH 
be equal to the Angle ECF, the lc BAK tothe | 


* n „ ey . 
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V a folid Parallelepipedon be cut by a Plane paſ- 
4 4 thro the Diagonals of two oppoſite Planes, 
that Solid will be biſected by the Plane. 


ET the ſolid Parallelepipedon AB, be cut b 
| 7 the Plane CD E F, paſſing thro' the Diago 
CF, DE, of two oppoſite Planes. I ſay, the Solid 
A is biſected by the Plane CDE. 

For becauſe the Tri CG F is“ equal to the“ 34. 1. 
Triangle C B F, and the Triangle ADE to the Tri- 
angle DE H, and the Parallelogram CA to Þ thet 24 of b. 
| Parallelogram B E, for it is oppoſite to it; and the 

Parallelogram GE to the Parallelogram CH; the 

Priſm contained by the two Triangles CGF, ADE, 

and the three Parallelograms GE, AC, CE, is equal ; 
to the Priſm contained under the two Triangles CFB, 4 

DE, and the three Parallelograms CH, BE, CE; 43 
for they are contained under Planes equal in Num- = 
| ber and Magnitude. Therefore the whole Solid AB 

is biſected by the Plane CDEF ; which was to be 
demonſtrated. | 


PROPOSITION XXIX. 


THEOREM. 


Solid Parallelepipedons, being conſtituted upon the 
ſame Baſe, and baving the ſame Altitude, and 
whoſe inſiſtent Lines are in the ſame Right 
Lines, are equal to one another. 


T ET the ſolid Parallelepipedons CM, CN, be 
conſtituted upon the ſame Baſe A B, with the 
ſame Altitude, whoſe inſiſtent Lines AF, AG, LM, 
LN, CD, CE, BH, BK, are in the ſame Right 
Lines FN, DK. I fay, the Solid CM is to 
the Solid CN. 
For becauſe CH, CK, are both Parallelograms, 
CB ſhall be * equal to DH, er EK; wherefore DY* 34 „ 


x EY mY 


W—_ 1 
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is equal to EK. Let EH, which is common, be 
aki away, then the Remainder D E will be 
OP to the Remainder HK ; and fo the Triangle DE 
7 8.1. equal to the Triangle 1 K B, and the i : 
DG equal to the Parallelegram H N. For the ſame 
Reaſon, the Triangle AF to the Triangle 
124 7h. LMN; and the Nn F 2 to the Paralle- 
logram B M, and the Parallelogram C G to the Pa- 
rallelogram B N, for they are oppoſite. Therefore 
the Priſm contained under the two Triangles AFG, 
DEC, and the three Parallelograms AD, D G, G ol 
is equal to the Priſm contained under the two Trian- 
gles LMN, HB K, and the three Parallelograms 
5 M, NH, BN. Let the common Solid, whoh 
Baſe is the Parallelogram AB, oppoſite to the Paral- 
lelogram G E H M, be added; then the whole ſolid 
Parallelepipedon C M, is equal to the whole ſolid 
Parallelepipedon CN. Therefore, ' ſolid Parallelepipe- 
duns, being conflituted upon the ſame Baſe, and havi 
| the ſame Altitude, and whoſe inſiſtent Lines are in the 
fame Right Lines, are equal to one anather ; which 
was to bedemo 


PROPOSITION XXX. 


THEOREM. 


Solid Parallelepipedons, being conſtituled upon a 
ſame Baſe, and baving the ſame Altitude, whoſe 


inſiſtent Lines are not placed in the ſame Right 
Lines, are equal to on? another. 


LE T there be ſolid Parallelepipedons CM, CN, 
having equal Altitudes, and ſtanding on the 
ſame Baſe AB, and whoſe inſiſtent Lines AF, AG, 
LM, LN, CB, CE, BH, B K, are not in the ſame 
Right Pines. N fay, the Solid CM is equal to the 
Solid, CN. : 
For let N K, DH, and GE, FM, be produced; 
meeting each other in the Points R, X; let alſo FM, 
8 E, be produced to the Points O, P, and join AX, 
LO, CP, BR. The Solid CM, whoſe 1 is the 


Parallelogram ACBL, being oppoſite to the Paral- 
* 2p 9f this lelogram FDHM, is* Sap to the Solid CQ, 


whoſe 
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whoſe Baſe is the Parallelogram A CB L, being op- 
poſite to X PRO, for they ſtand upon the ſame Baſe | 
ACBL; and the inſiſtent Lines AF, AX, LM, 
ILO, CD, CP, BH, BR, are in the fame Right 
Lines, FO, DR; but the Solid CO, whoſe Baſe is 
the Parallelogram ACBL, being oppoſite to X P RO, 
is * equal to the Solid C N, whoſe Baſe is the Paral- * 29 ff «is. 
lelogram AC BL, being oppoſite to G EK N; for 
they ſtand upon the ſame Baſe AC B L, and their 
inſiſtent Lines AG, AX, CE, CP, LN, LO, BK, 
BR, are in the ſame Right Lines GP, NR; where- 
fore the Solid C M ſhall be equal to the Solid CN. 
Therefore, ſolid Parallelepipedons, being conſtituted 
upon the ſame Baſe, and having the {oo Altitude, 
whoſe inſiſtent Lines are not placed in the ſame Right 
Lines, are equal to one another ; which was to be de- 
monſtrated | 9 85 


PROPOSITION XXXI 
85 THEOREM. 
Solid Parallelepipedons, being conſtituted upon equal 


Baſes, and having the ſame Altitude, are equal . 
to one another. | 


1 AE, CF, be ſolid Parallelepipedons conſti- 

I tuted upon the equal Baſes AB, CD, and having 
the ſame Altitude. I fay, the Solid AE is equal to 
the Solid C F. : 

Firſt, let HK, BE, AG, LM, OP, DF, Cz, 
RS, be at Right Angles to the Baſes AB, CD ; let 
the Angle ALB not be equal to the Angle CRD, 
and produce CR to T, fo that RT be equal to AL: 
Then make the Angle T RY, at the Point R, in the 

+ Right Line RT, equal “ to the Angle ALB; make *23 1. 
RY equal to LB; draw XY thro the Point V pa- 
rallel to RT, and complete the Parallelogram RX, 

and the Solid + V. Therefore becauſe the two Sides 
TR, RY, are equal to the two Sides AL, LB, and 
they contain equal Angles, the Parallelogram R X 

be equal and ſimilar to the Parallelogram HL. 

And again, becauſe AL is equal to R T, and LM 

to RS, and they contain equal Angles, the Paral- 
4 lelogram 
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lelogram R + ſhall be equal and fimilar to the Para. 
lelogram AM. For the ſame Reaſon, the ei... ol 

ram LE is equal and fimilar to the Paralle 

Y. Therefore three Parallelograms of the 

AE, are equal and ſimilar to three Raa 

the Solid 1 Y; and fo the three oppoſite ones of ona 

7 24 9f tbr:. Solid, are + alſo equal and ſimilar to the three oppo- 
ſite ones of the other. Therefore the whole ſolid 
Parallelepipedon AE is equal to the whole ſolid Pa- 
rallelepipedon 1 V. Let DR, XY, be 71 

and meet each other in the Point Q, and let T 

drawn thro' T parallel to D 2, and Nodes TY. 

OD, till they meet in V, and complete the Sol 

2 RI: Then the Solid +9, whoſe Baſe is the By. 
129 of cli rallelogram R, and gr is that oppoſite to it, is 
| equal to the Solid + Y, whofe Baſe is is the Parallelo- 
gram Ri, and V © is that oppoſite to it; for 

ſtand upon the ſame Baſe Ry, have the ſame Alt- 

tude, and their inſiſtent Lines Ra, RY, TQ, TX 

SZ, SN, +*T, 1, are in the ſame Right Lines 
X, ZO: But the Solid + V is equal to the Solid 
AE; and ſo AE is equal to the Solid +2, Again, 
becauſe the Parallelogram RY X T is equal to the 
Parallelogram T, for it ſtands on the fame Baſe 
RT, and between the ſame Parallels RT, d X; and 

the Parallelogram RYAXT is equal to the Parallels 

57 CD, becauſe it is alſo 5 to AB; the Paral. 

ram i. T is equal to the Parallelogram CD, and 

is ſome other Parallelogram. Therefore as the 

Baſe CD is to the Baſe DT: ſo is g T to TD; and 

| becauſe the ſolid Parallelepipedon CI is cut by the 

: Plane RF, parallel to two oppoſite Planes, it 
*25 Fi. ſhall be * as the Baſe CD is ta the Baſe DT, ſos 
the Solid CF to the Solid RI. For the ſame Re- 

fon, becauſe the ſolid Parallelepipedon © I is cut by 

the Plane RY parallel to two oppoſite Planes; #8 

the Baſe AT is w the Baſe DT, ſo ſhall * the Solid 

av be to the Solid RI; but as the Baſe CD is to the 

Baſe DT, ſo is the Baſe 4 T to TD. Therefore 

the Solid CP is to the Solid RI, fo is the Solid OY 

to the Solid RI; and fince each of the Solids CF, 

a, has the ſame Proportion to the Solid R I, the 

Solid CF is equal to the Solid N#; but the Solid 


Qt has been proved equal to the Solid A E; On | 
I | | —_— re 
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for the Solid AE ſhall be f equal to the Solid CF., ts 5 
But now let the inſiſtent Lines AG, HK, BE, 
LM, CN, OP, DF, RS, not be at Right Angles 
i to the Baſes AB, CD. I ay, in, that the Solid 
AE is equal to the Solid CF. Let there be drawn 
from the Points K, E, G, M, P, F, N, 8, to the Plane 
wherein are the Baſes AB, CD, the Perpendiculars 
ö K;, ET, GY, Me, SI, Fx, Na, PA, meeting 
| the Plane in the Points z, T, V, o, I, 1, Q, X, and | 
1 join = T, Vo, EY, To, X, Xo, QI, +I; then 
the Solid K © is equal to the Solid PI, for they ſtand 
on equal Baſes K M, PS, have the ſame Altitude, 
and the inſiſtent Lines are at Right Angles to the Ba- 
IJſes; but the Solid K œ is equal to the Solid AE, and 
the Solid PI to ꝗ the Solid CF, ſince they ſtand up- f 29 ff this. 
on the ſame Baſe, have the ſame Altitude, and their 
inſiſtent Lines are in the ſame Right Lines. There- 
-fore the Solid AE ſhall be equal to the Solid CF. 
Wherefore, ſolid Parallelepipedons, being conſtituted 
upon equal Baſes, and having the ſame Altitude, are 
' (qual to one another; which was to be demonſtrated. 


- PROPOSITION XXXIL 5 


HHH THEOREM. _ 
Solid Parallelepipedons, that have the ſame Alli- 
tude, are to each other as their Baſes, © 


ET AB, CD, be ſolid Paralldepipedons that 
have the fame Altitude, I ſay, they are to one 
. another as their Baſes; 'that is, as' the Baſe AE is 
Ho CF, ſo is the Solid AB to the Solid 


For apply a Parallelogram FH to the Right Line 
FG, equal to the; Parallelogram AE, TS 
the ſolid Parallelepipedon G K upon the Baſe F H, 
having the ſame Altitude as CD has. Then the | 
Solid AB is * equal to the Solid G K; for they ſtand * 3* of chi. 
upon equal Baſes AE, F H, and have the ſame Alti- 
tude; and fo becauſe the ſolid Parallelepipedon C K 
: ts cut by the Plane DG, parallel to two oppoſite 
Planes, it ſhall be + as the Baſe HF, is to the Baſe f 25 Y. 
FC, ſo is the Solid HD to the Sdlid DC; W 
"BH * 


ü . APE WEN, > 5” i os WOT 
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to the Solid K. Therefore as the Baſe A E is to 
the Baſe CF, ſo is the Solid AB to the Solid CD. 


; | Wherefore, ſolid Parallelepipedons, that have the ſame 


Altitude, are to each other as klei Baſes ; 3 which. Was 


to be demonſtrated. 


® 24 Fb. the Solid CD : But thoſe three Parallelograms are? 


Similar ſolid Parallelepipedons, are to one another | 
in tbe triplicate Pro portion of their dear 


ſon, the Parallelogram K M. is 
to DF. Therefore daes Parallelo 


PROPOSITION XXXIII. 


THEO RE M. 


Sides. 


] ET AB,. CD, be bold R 
let the Side A E be homologous to the Side CF, 
I fay, the Solid AB, to the Solid CD, hath a P- 
portion triplicate of that which the Side AE: haves 


the Side CF. 


For produce AE, GE, HE, to EK, EL, EM; 
and make E K equal to CF, and EL to FN, and 
EM to FR; ad let the Parallelogram. K L, and 
likewiſe the Solid K O be compleated. Then becauſe 
the two Sides K E, EL, are equal to the two Sides 
CF, FN, and the Angle KEL equal. to tha 
GFN; ſince the Angle AEG Nabe e 
Angle CFN, becauſe of the Similarity of the Solids 


AB, CD) the Parallelogram KL ſhall be fimilar and 


equal to the Parallelogram CN. For the ſame Re 


the Parallelogram CR, and the: ram OE 
of the Sold 
KO, are equal and ſimilar to three Toure 


equal and ſimilar to the three oppoſite Parallelogrims. 
'T herefore the whole Solid KO i is equal arid ſimihr 


to the whole Solid CD. Let the Parallelogram GK 


be compleated, as alſo the Solids EX, LP, upon 


the Baſes GK, KL, having the ſame Altitude as AB. 
And ſince, becauſe of the Similarity of the Solids 
AB and CD, it is as AE is to CF, ſo is EG to FN; 


. and fo E H to FR, and F C is equal to EK, and FN 
. to EL, and FR to EM. I tall be as AE ww 


Baſe F H is to the Baſe AE, A — 


. 
| 
| 


and fimilarito 


1 ek Kl. Eulids Errirnzt 


EK, ſo is f the Parallelogram A G to the Parallelo- f 1. 6. 

gram. GK; but as GE is to EL, fois GK-to KL; 

and as HE is t to EM, ſo is PE to KM. Therefore 

as the Parallelogram AG is to the Parallelogram GK, 

ſo is GK to KL, and PE to KM. But as AG is 

to GE, ſo is the Solid A B to the Solid EX; and 32 1 this 

as GE is to K L, ſo is the Solid EX. to the Solid 

PL; and as PE is to K M, fo is the Solid PL to 

the Solid K O. Therefore as the Solid A B is to the 

Solid E X, fo is“ E X to PL, and PL to KO. But 11. 5. 

i four Magnitudes be continually proportional, the 

firſt to the fourth hath + a triplicate Proportion of + Def. 11. f. 

that which it has to the ſecond. Therefore alſo the 3 

Solid AB to the Solid KO, hath a triplicate Propor- = 

tion of that which AB has to EX: But as AB B to ">. 

EX, ſo is the Parallelogram AG to the Paralldlo- - Aj 
GK; and ſo is the Right Line AE to the Right 

Fine EK. Wherefore the Solid AB, to the Solid 

KO, hath a Proportion triplicate of that which AE 

dus to EK; but the Solid K O is equal ta the Solid 4 

9 and the Right Line EK equal to the Right Line 3 

"Therefore the Solid A B to the Solid CD, has w- 


2 577 on triplicate of that which the homolp 2 
has to the — Side CF; which 4 


Was t be demonſtrated. 


Corll From hence it is ai: if four Right Fla 
be proportional, as the firſt is to the fourth, ſo is 
2 ſolid Parallelepipedon deſcribed upon the firſt, 
to a ſimilar folid Parallelepipedon alike, ſitüate, 
deſcribed upon the ſecond; becauſe the firſt tp the 
fourth, has'a P roportion triphiate of that which it 
_ Tas: to the ſecond. 1 


* Buckd's ExeMEnTs. Book WP 
. PROPOSITION XXNM V. 
The Baſes and Altitudes of ,cqual ſolid Parallel. 
 Þ&dens, are reciprocally proportional; and the 
| ſolid Parallalepipedons, whoſe Baſes and a 
tudes are reciprocally proportional, are equal, . 
Altiopde.of the Bold CD to the iS: 


s AG, EF, LB, 
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Baſe PT, and ſo is MC to CT. Therefore as the 
Baſe EH is to the Baſe NP, ſo is MC to CT; but 
CT is equal to AG. Wherefore as the Baſe EH is 
to the BaſeNP, fois MC to AG. Therefore the 
Baſes and Altitudes of the equal ſolid Parallelepipedons 
AB, CD, are reciprocally proportional. 
Now, let the Baſes and Altitudes of the ſolid Pa- 
rallelepipedons A B, CD, be reciprocally proportion- 
al; that is, let the Baſe E H be to the Baſe NP, 
as the Altitude of the Solid CD is to the Altitude of * 
the Solid AB. I ſay, the Solid AB is equal to the 
Solid CD. 5 
For let again the inſiſtent Lines be at Riglit Angles 
to the Baſes; then if the Baſe E H be equal to the 
Baſe NP, and EH is to NP, as the Altitude of the 
Solid CD is to the Altitude of the Solid AB; the 
Altitude of the Solid C D ſhall be equal to the Alti- 
| tude of the Solid AB. But ſolid Parallelepipedons 
that ſtand upon equal Baſes, and have the ſame Alti- | 
| tude, are equal to each other. Therefore the Solid“ 31 F 5 
AB is equal to the Solid CD. 5 = 
But now let the Baſe EH not be equal to the Baſe 
NP, and let E H be the greater; then the Altitude of 
the Solid CD is greater than the Altitude of tlie So- 
lid AB; that is CM is greater than AG. Again, 
put C T equal to AG, and complete the Solid CV 
as before: And then becauſe the Baſe E H is to the 
to CT; it ſhall be as the Baſe EH is to the 
Baſe NP, ſo is MC to CIT; but as the Baſe EH 
is to the Baſe NP, ſo is the Solid AB to the Solid 
VC; for the Solids AB, CV, have equal Altitudes: 
And as MC is to CT), fo is the Baſe MP to the 
Baſe PT, and fo the Solid CD to the Solid CV. 
Therefore as the Solid AB is to the Solid C V, fo is 
the Solid CD to the Solid CV: But ſince each of 
the Solids AB, CD, has the ſame Proportion to 
CV, the Solid AB ſhall be equal to the Solid CD; 
which was to be demonſtrated. | „ 
Nov let the inſiſtent Lines FE, BL, GA, KH, 
XN, DO, MC, RP, not be at Right Angles to the 
Baſes; and from the Points F, G, B, K, X, M, D, 
R, let there be drawn Perpendiculars to the Platies 
of the Baſes EH, NP, meeting the ſame in the 
ore Q. Points 
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Points 8, T, Y, V, Q, Z, u, o, and complete th 
Solids F v. * 9. Then, 1 ay, "if the Solids 45 
CD, be equal, their Baſes and Altitudes are recipro- 


; ay propdttional, viz. as the Baſe EH is to the Baſe 
NP, fo 


730 F this, 


+ From 
Twbat bas 
been before 
f'oved, 


is the Altitude of the Solid CD to the Al- 
titude of the Solid AB. IS: 
For becauſe the Solid AB is equal to the Solid 
CD, and the Solid AB is “ equal to the Solid B T; 


for they ſtand upon the ſame Baſe, have the ſame Al- 


titude, and their inſiſtent Lines are not in the fame 
Right Lines, and the Solid D C is“ equal to the 80. 
lid D Z, ſince they ſtand upon the ſame Baſe, XR 
have the ſame Altitude, and their inſiſtent Lines are 
not in the ſame Right Lines; the Solid B T ſhall be 
equal to the Solid DZ; but the Baſes and Altitudes 
of thoſe equal Solids, whoſe Altitudes are at Right 
Angles to their Baſes, are Þ reciprocally proportional. 
Therefore as the Baſe FK is to the Baſe XR, fois 
the Altitude of the Solid D Z, to the Altitude of the 
Solid BT; but the Baſe F K is equal to the Baſe 

EH, and the Baſe XR to the Baſe NP. Wherefore 
as the Baſe EH is to the Baſe NP, ſo is the Altitude 
of the Solid DZ to the Altitude of the Solid BT; 


but the Solids DZ, DC, have the ſame Altitude, and 


| fo have the Solids B T, BA. Therefore the Biſe EH 


is to the Baſe NP, as the Altitude of the Solid DC 
is to the Altitude of the Solid AB; and ſo the Baſe 
and Altitudes of equal Solids are reciprocally propor- 
al. | WT 
Again, let the Baſes and Altitudes of tlie ſolid 


Parallelepipedons AB, CD, be reciprocally pro 


onal, viz. as the Baſe EH is to the Baſe NP, fo let 
the Altitude of the Solid C D be to the Altitude of 


the Solid AB. I fay, the Solid AB is equal to the 
. Solid CD. y 
For the ſame Conſtruction remaining, becauſe the 


Baſe EH is to the Baſe NP, as the Altitude of the 
Solid CD is to the Altitude of the Solid AB; and 
ſince the Baſe E H is equal to the Baſe FK, and NP 
to XR, it ſhall be as the Bafe F K is to the Baſe XR, 
ſo is the Altitude of the Solid CD to the Altitude of 
the ſolid AB; but the Altitudes of the Solids AB, 
B T, are the ſame; as alſo of the Solids CD, DZ. 
Therefore che Baſe F K is to the Baſe XR, woe 


— 
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Altitude of the Solid D Z is to the Altitude of the 
Solid BT; wherefore the Baſes and Altitudes of the 


ſolid Parallelepipedons B T, DZ, are reciprocally 
proportional; but thoſe ſolid Parallelepipedons, whoſe 
Altitudes are at Right Angles to their Baſes, and the 
Baſes and Altitudes are reciprocally proportional, are 
equal to each other. But the Solid B T is equal to 
the Solid B A; for they ſtand upon the ſame Baſe 
FK, have the ſame Altitude, and their inſiſtent Lines 
are not in the ſame Right Lines; and the Solid DZ 
is alſo equal to the Solid D C, ſince they ſtand upon 
the ſame Baſe X R, have the ſame Altitude, and their 
inſiſtent Lines are not in the ſame Right Lines. 


Therefore the Solid AB is equal to the Solid CD; 


which was ts be demonſtrated. 
PROPOSITION XXXV. 


THEOREM. 


Tf there be two plane Angles equal, and from the Ver- 


ices of thoſe Angles two Right Lines be elevated 
above the Planes, in which the Angles are, contain- 


ing equal Angles with the Lines firſt given. each to 


its correſpondent one; and if in theſe elevated Lines 
any Points be taken, from which Lines be drawn 
perpendicular to the Planes in which the Angles 
firſt given are, and Right Lines be drawn to the 
Angles fir ſt given from the Points made by the 


Perpendiculars in the Planes, thoſe Right Lines 


will contain equal Angles with the elevated Lines. 


ET BAC, EDF, be two equal Right-lined 
Angles ; and from A, D, the Vertices of thoſe 
Angles, let two Right Lines AG, D M, be elevated 
above the Planes of the ſaid Angles, making equal 
Angles with the Lines firſt given, each to its corre- 
ſpondent one, viz. the Angle MD E equal to the 


Angle GAB, and the Angle MDF to the Angle 


GAC; and take any Points G and M in the Right 
drawn perpendicular to the Planes paſſing thro! BA C 

'EDF, meeting the ſame /in the Points L, N, and 
REES 1 4 Join 


Lines AG, DM, from which let GL, MN, be 
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join LA, ND. I fay the le GAL is equal to 
_ Angle MDN. e — 
Make A H equal to D M, and thro' H let HK be 
drawn parallel to GL; but GL is perpendicular to 
the Plane paſſing thro! BAC. Therefore H K ſhall 
* 3 of tbis. be * alſo perpendicular to the Plane paſſing thro BAC. 
Draw from the Points K, N, to the Right Lines A B, 
AC, DE, DF, the Perpendiculars K B, K C, NE, 
NF, and join HC, CB, MF, FE. Then becauſe 
+ 47.3. the Square of HA is f equal to the Squares of HK, 
| K A, and the Squares of K C, CA, are 1 equal to 
the Square of K A; the Square of H A ſhall be equal 
to the Squares of HK, KC, CA ; but the Square of 
HC is equal to the Squares of HK, K C. Therefore 
the Square of H A will be equal to the Squares of 
t 49. 1. HC and CA; and fo the Angle HCA is t a Right 
Angle. For the fame Reaſon, the Angle DFM is 
alſo a Right Angle. Therefore the Angle A CH is 
equal to DF M; but the Angle HAC is alſo equal 
to the Angle MDF. Therefore the two Triangles 
MDF, HAC, have two Angles of the one equal to 
two Angles of the other, each to each, and one Side 
of the one equal to one Side of the other, viz. that 
which is ſubtended by one of the equal Angles; that | 
is, the Side H A equal to DM; and fo the other | 
* 26, 1. Sides of the one, ſhall be * equal to the other Sides 
of the other, each to each. herefore A C is equal 
to DF. In like manner we demonſtrate, that AB 
is equal to. DE; for let HB, ME, be joined. Then 
"becauſe the Square of AH is equal to the Squates of 
AK and KH; and the Squares of AB, BK, ac 
equal to the Square of AK; the Squares of AB, BK, 
K H, will be equal to the Square of AH; but the 
Square of BH is equal to the Squares of B K, K H; 
tor the Angle HK B is a Right Angle, becauſe HK 
is perpendicular to the Plane paſſing through BAC. 
Therefore the Square of A H is equal to the Squars 
1 . 1 of AB, BH, Wherefore the Angle AB H is + a Righ 
Angle. For the fame Reafon, the Angle DEM 
is alſo: a Right Angle. And the Angle BAH s 
equal to the Angle E D M, for ſo it is put; and AH 
is equal to DM. Therefore A B is + alſo equal to 
DE. And fo ſince AC is equal to DF, and AB 
to NE, the two Sides CA, AB, ſhall bs (yl 
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the two Sides FD, DE; but the Angle BAC is 
equal to the Angle F DE. Therefore the Baſe BC 


is * equal to the Baſe E F, the Triangle to the Tri- + . 


angle, and the other Angles to the other Angles. 
Wherefore the Angle ACB is equal to the Angle 
DFE; but the Right Angle ACK is equal to the 
Right Angle DFN ; and therefore the remaining An- 

je B CK is equal to the remaining Angle EF N. 
For the ſame Reaſon, the Angle CBK is equal to 
the Angle FEN; and fo becauſe BCK, EFN, are 
two T riangles, having two Angles equal to two An- 
gles, each to each, and one Side equal to one Side, 
which is at the equal Angles, viz. B C equal to EF; 
thereſore they ſhall have the other Sides equal to the 
other Sides. Therefore C K is equal to FN, but AC 
is equal to DF. Therefore the two Sides AC, CK, 
are equal to the two Sides DF, FN, and they con- 
tain Right Angles; conſequently the Baſe AK is 
equal to the Baſe DN. And ſince A H is equal to 
DM, the Square of A H ſhall be oy to the Square 


of DM; but the Squares of A K, K H, are equal to 


the Square of A H; for the Angle AKH is a Right 


Angle, and the e NM, are equal to 2 
ince t 


Square of D M, he Angle DNM is a Right 
Angle. Therefore the Squares of AK, K H, are 
equal to the Squares of DN, NM; of which the 


Square of AK is equal to the Square of DN. Where- 


fore the Square of K H remaining, is equal to the re- 
maining Square of NM; and fo the Right Line HE 
is equal to MN. And ſince the two Sides HA, AK, 
are equal to the two Sides MD, DN, each to each, 
and the Baſe H K has been proved equal to the Baſe 


NM, the Angle HAK ſhall be + equal to the Angle t 8. 1. 


MDN; which was to be demonſtrated. 


Corell. From hence it is manifeſt, that if there be two 
Right-lined plane Angles equal, from whoſe Points 
equal Right Lines be elevated on the Planes. of the 
Angles, containing equal Angles with the Lines firſt 
given, each to each ; Perpendiculars drawn from the 
extreme Points of thoſe elevated Lines to the Planes 
of the Angles firſt given, are equal to one another, 
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ebis. 


lid made of A, B, C, is equal to the n 
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PROPOSITION XXI. 
TANZ ORE M. 


If three Right Lines be. proportional, the ſolid Pal 
rallelepi . made of them, is equal to the ſolid 
Parallelepipedon made of the Middle Line, 
it be an equilateral one, and equiangular to 1 
aforeſaid Pal ae | 


LET. three Right Lines A, B, C, be proportional 


wiz. Let A be to B, en I fay, the So- 


made of B, equian agar to that inade on A, B, 
Let E be a ſolid Angle contained under Wn 
ps 1 EF, FED; and make DF, 


3 RES es yl opal A, 
: amen on Again, put to 
* 26 ef lis and at the Point L, at the Right Line LM Ir 
ſolid Angle contained under the plane Angle NL 


X. 


XLM, MLN, equal to the ſolid Angle E; 3 make 


LN equal to B, and LX to C. Then becauſe AB 
to B, as B is to C, and A is equal to LM, and B to 


LN, EF, EG, or ED, and C to LX; it ſhall be 


by re peel An es MLX, GE F, are recipro- 
ad core Wherefore the P 


Akutes C is Foqua to the Pages GF. And ine 


plane Angles GE F, are equal, and 


te Right L Lines LN, ED, being are erected at 
he angular Points containing \ Angles with the 


Lives firſt given, each to each; the Perpendicular - 
1 Cr. 35: A drawn f from the Points ND, to the Planes drawn 


thro X LM, GE F, are equal one to another. There- 
fore the Solids LH, EK, have the ſame Altitude ; but 


ſolid Parallelepipedons that have equal Baſes, and the | 


31 of bis. ſame Altitude, are * equal to each other. Therefore 


Parallelepipedon made of the middle Line, if it be an 


the Solid H L is equal to the Solid EK. But the So- 
lid HL js that made of the three Right Lines A, B, C, 
and the Solid EK that made of the Right Line B. 
| Therefore, if three Right Lines be proportional, the ſt 
lid Parallelepipedin made of them, is equal to the fold 


equi 


So EF, fn GH LX. Ando the fin - | 


. 2 r 
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lateral one, and equiangular to the aforeſaid Pa- 
rallelpipeden 3 which was to be demonſtrated. 


PRO POSITION XXXVII. 
THEOREM. 


if four Right Lines be proportional, the ſolid Paral- 
lelepipedons ſimilar, and in like manner deſcribed 
from them , ſhall be proportional. And if the 
ſolid Parallelepipedons, being ſimilar, and alike 
deſeribed, be proportional, then the Right Lines 
they are deſcribed from, ſhall be proportional. 


ET the four Right Lines AB, CD, EF, GH, 
be proportional, vi. let AB be to CD, as EF 
is to G H, and let the ſimilar and alike ſituate Paral- 
Iel epipedons KA, LC, ME, NG, be deſcribed from 
them, I fay, EA z to L G, 28 ME is to NG. 
Far Yoon the ſolid Parallelepipedon KA is ſimi- 
hr to LC, therefore KA to LC ſhall have * a Pro-* 33 if this 
portion tri licate of that which AD has to CD. For 
the ſame Reaſon, the Ay ME to NG will avs 1 


triplicate Proportion 15 that which EF. has to G 


AB is to CD, as EF is to GH. 1 K bi 
LC, » ME b toNG. And if the Solid A 
the Solid L. C, as the Solid ME is to the Solid 


1 fay, as the 32 Line AB is to the Right Line 5. 


ſo is the Right Line EF to the Right Line GH. For 
becauſe AK to LC has Fa P05 rtion rilicate of | 33 of this. 
that which AB has to CD, and ME „NG bas 
Propartion triplicate of that which E F | has to G H, 
and ſince AK i is toLC, as ME is to NG; i it ſhall 
” as AB is to CD, ſo is EF to GH. Therefore, 
if four Right Lines be proportional, the ſolid Paralle- 
pipedans ſimilar, and in like Manner deſcribed 5 om 
them, ſhall be proportional. And if the folid Paral- 
lelepipedans, being ſimilar and alike deſcribed, be pro- 
portronal, then the Right Lines they are deſcribed from 
ſhall be at which was to be demonſtrated. 
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' PROPOSITION XXXVI I. 


THEOREM: 


If a Plane be per pendicular to a Plane, and g 
Line be drawn from a Point in one of "the 
Planes perpendicular to the other Plane, that 
Perpendicular ſhall fall in the common $57 2s 
of the Planes. 


E T the Plane CD be THO to the Plane 
AB, let their common Section be AD, and let 
5 Point E be taken in the Plane CD. I fay, a 
dicular, drawn from the Point E to the Tag 

N falls on A). 
er if it does not, let it fall without the ſame, 25 
EF meeting the Plane A B in the Point F, and from 
the Point F let FG be drawn in the Plane AB per- 
pendicular to AOL, this ſhall perpendicular to 


the Plane CD; in EG. bf l FG 


pode the ane CD, and the R ht Line | 
in the Plane of CD touches it: Th Ange 


at Right Angles to the Plane A B; therefore the 
Angle EF G v a Right Ang And fo two es 
of the Triangle EF G are equal to two Right 
gles; which is is : "abſurd. Wherefore if a Right Line, 

rawn from the Point E, perpendicular to the Plane 
AB, does not fall without the Right Line AD: And 


ſo it mult neceſſarily fall on it. Therefore, if a Plane 


be perpendicular 11 a Plane, and a Line be draus 


from a Point in one of the Planes N N to 


the other Plane, that Perpendicular ſhall fall in the 


common Section of the Plants; ware was to be de- 
monſtrated. 
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PROPOSITION XXXIX. 
= THrrzoOREM. = 


the Sides of the oppoſite Planes of a ſolid Paral- 

e divided into two equal Parts, and 
Planes be drawn ibro their Sections; the com- 
mon Section of the Planes, and the Diameter of 
the ſolid Parallelepipedon, all divide each other 
into two equal Parts. 


E T the Sides of CF, AH, the oppoſite Planes of 
the ſolid Parallelepipedon. A F, be cut in half in 
the Points K, L, M. N, X, O, P, N, and let the 
Planes K N, X R, be drawn through the Sections: 
Alſo let Y S be the common Section of the Planes, 
and DG the Diameter of the ſolid Parallelepipedon. 
I fay, YS, DG, biſect each other, that is, Y T is 
ual to T'S, and DT to TG. = 
For join DY, YE, BS, SG. Then becauſe DX 
is parallel to O E, the alternate Angles DXY, YOE 
are equal to one another. And becauſe DX is equal . 29. 
to OE, and Y X to YO, and they contain equal 
Angles, the Baſe DY ſhall be + equal to the Baſe VE; + 4. 1. 
and the Triangle DX Y to the Triangle YOE, and 
the other Angles to the other les: There- 
fore the Angle X Y D.is equal to the Angle OYE; 
and ſo DYE is 1 a Right Line. For the ſame Rea- t 14. r. 
fon BSG is alſo a Right Line, and BS is equal to 
SG. Then becauſe CA is equal and parallel to DB, 
as alſo to EG, DB ſhall be equal and parallel to EG; 
and the Right Lines DE, GB join them: Therefore 
DE is“ parallel to BG, and D, V, G, S are Points ;;. 1. 
taken in each of them, and DG, Y S are joined. There- : 
fore DG, VS are + in one Plane. And ſince DE is 7 «ef «44. 
parallel to B G, the Angle EDT fhall be * equal to v 29. 1. 
the Angle BGT, for they are alternate. But the Angle 
DTX, is > equal to the Angle G TS. Therefore f 15. 1. 
DTV, G. TS are two Triangles, having two An- 
gles of the one equal to two Angles of the other, as 
| likewiſe one Side of the one equal to one Side of the 
other, viz. the Side D V equal to the Side GS: For 
they are Halves of DE, BG: Therefore they hall 
| av j 


have the other Sides of one » eqn] to the other ag, 

of the other ; and ſo DT is equal to T: and YT 

" TS. Wherefore, F the Sides of the 4 e Planes 

a ſolid Parallelepipedan ze divided into twe equal 

Peart, and Planes be drawn thro their Sections; the 

common Settion of the Planes, and. the Diameter of the 

 folid Parallelepipedon ſhall divide each other i into ty 
equal N Which was to be W 8 | 


PROPOSITION XL. 
THEOREM. 


1900 irlangular Priſins, one ſtanding on a Baſe, 
Ts is 4 Parallelogram, and 125 75 3 
Triangle, i their Altitudes from theſe Baſes are 
equal, . and the Parallelogram double to the Tri- 


| aal, then thoſe Prijns areegual to each wh; 


"ET ABCDEF, A MN be two Priſm: 
| 1 
| that of ac 


GHK, and ſince the P 1 HK 
ble to the Triangle GH K, che 
ſhall be equal to the Parallelogram HK. 
P ipedons, that ſtand upon equal i 

+ 31 . have the ſame Altitude, are f equal 

Therefore the Solid A X is equal to the Solid 
But the Priſm ABCDEF is half the Solid 

3 28 of ebi. the Priſm. GHKLMN is 4 half the Solid 9. 

fore the Prim ABCDEF is equal to the 
8 Wherefore, if there be two Berk hav 

Attitudes, the Baſ, of one of which, Wl 

F, m, and that of the other a 1 ot 

pP arallelagram be double to the Triang 

Priſims fball be equal to cach ather. 


2 41. 1. 
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PROPOSITION I. 
THEOREM. 8 


Similar Polygons, inſcribed in Circles, are to one 
another as the Squares of the Diameters of the 
Circles. | 


ET ABCDE, FGHKL, be Circles, 1 
wherein are inſcribed the ſimilar Polygons 
AB CDE, FGHK L, and let BM, GN, 
be Diameters of the Circles. I ſay, as the 

Square of BM is to the Square of G N, ſo is the Po- 

Iygon AB CDE to the Polygon FG HKL. i 

For join BE, AM, GL, FN. Then becauſe the 

Polygon ABCDE is fimilar to the Polygon FGHKL, 

de Angle BAE is equal to the Angle GFL; 

and BA is to AE, as GF is to FL. Therefore 
dhe two Triangles BAE, GFL, have one Angle of 

the one equal to one Angle of the other, viz. the An- 

„ de BAE equal to the Angle GFL, and the Sides 

% ' About the equal Angles proportional. Wherefore the 

I Triangle ABE is* equiangular to the Triangle FGL $9.46 

1 an 


T 31. 3. 


I 20. 6. 


and ſo the Angle AE B is equal to the Angle FLG; 
But the Angle AE B is f equal to the Angle AMB; 


for ſtand on the ſame Circumference ; and the 


Angle FLG 1 to the Angle FN G. There- 


fore the Angle AMB is equal to the Angle FNG. 
But the Right Angle BAM is f equal to the Right 
Angle G F N. Wherefore the other Angle ſhall” be 
qui to the other Angle. And ſo the Triangle AMB 

to the Tri FGN; and. conſe- 
city s BM is to GN, BA to GF. By 
the Proghrion of the Square of B M to the Square 


of GN, is duplicate of the Proportion of BM tw 
GN; and the Propo rtion of the Polygon ABCDE 


to the Polygon FG GHEL, is hate of the Pro- 
portion of BA to GF. Wherefore, as as the Square of 


BM is to the Square of GN, fo is the Polygon 
 ABCDE to the Polygon F GHK L. Therefore, 


fimilar Polygons, inſcribed in Circles, are to one_an- 


other as the Squares of the Diameters of the Circle; ; 


which was to be demonſtrated, 


LEMM A. 


i there be two unequal Mag- 
nitudes propos'd, and from 
tbe greater be taken a Part A 
greater than its Half; and 
if from what remains 
. there be again taten a Part 
greater than half this Re- © 
mainder; and again from | G 
this laſt Remainder a Part 
greater than its half; and 
if this be done continually, | 
there will remain at laſt a | 1 
Magnitude that pal be B E 
leſs than the leſſer of the 
propos d M gnitudes. 


ET AB and C be two unequal Magnitudes, 
whereof AB is the greater. I 14 if from AB 
be taken a greater Part than half, and from the Part 


remaining | 


+ + ww WJ hl} 
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remaining there be again taken a Part greater than its 
half, and this be done continually, there will remai 
a _— at laſt that ſhall be leſs than the Magni- 
tude C. 


For C being ſome Number of Times multiplied, 
will become greater than the Magnitude AB. Let 
it be multiplied, and let DE. be a Multiple of C 


greater than AB. Divide DE into Parts DF, FG, 


GE each equal to C, and take BH a Part greater than 
half of AB from AB, and again from AH the Part 
HK greater than half AH, and from AK a Part 
greater than half AK, and fo on, until the Diviſions 
that are in AB are equal in Nutnber to the Diviſions 
in DE. Therefore let the Diviſions AK, KH, HB, 
be equal in Number to the Diviſions DF, F G, GE. 
Then becauſe DE is greater than AB, and the Part 
EG is taken from ED, being leſs than half thereof, 


and the Part B H greater than half of AB is taken 


from it, the Part remaining GD, ſhall be greater 
than the Part remaining HA. Again, becauſe GD 


is greater than HA; and G F being half of GD, is 


taken from the ſame; and H K being greater than 
half HA, is taken from this likewiſe ; the Part re- 
maining FD, ſhall be greater than the Part remain- 
ing AK; but FD is equal to C. Therefore C is 
greater than AK; and fo the Magnitude AK is 
leſſer than C. Therefore the Magnitude AK being 
the Part remaining of the Magnitude AB, is leſs 


than the leſſer propos d itude C; which was to 


be demonſtrated. If the Halves of the Magnitudes 
| ſhould have been taken, we demonſtrate this after the 


Book. 
PROPOSITION II. 


THEOREM. 


Circles are to each other as the Squares of their 
Diameters. 


JET ABCD, EFGH, be Circles, whoſe Dia- 
meters are BD, FH. I fay, as the Square of 


BD is to the Square of FH, fo the Circle ABC 
to the Circle EF GH, | For 


ſame Manner. This is the firſt Propoſition of the tenth 
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For if it be not ſo, the Sqaure of BD ſhall be to 
the Square of FH, as the Circle AB CD is to ſome 
Space either leſs or greater than the Circle EF GH, 
Firſt let it be to a Space 8, leſs than the Circle EF GH, 
and let the Square EFGH be deſcribed therein. 

This EF GH will be greater than half the 


Circle EF GH; becauſe if we draw Tangents to the 


Circle thro' the Points E, F, G, H, the Square EFGH 
will be half that deſcribed about the Circle ; but 'the 


Circle is leſs than the Square deſcribed about it. There. 


fore the Square EFGH is greater than half the Circle 
EF GH. Let the Circumferences EF, F G, GH, 
HE, be biſefted in the Points K, L, M, N, and 

EK, KF, FL, LG, GM, MH, HN, NE. hen 
each of the Triangles EKF, FLG, GMH, HNE, 


will be“ greater than one half of the Segment of the 


Circle it ſtands in. Becauſe if Tangents at the Circde 
be drawn thro' the Points K, L, M, N, and the Paral- 
lelogtams that are on the Right Lines EF, FG 20 
HE be compleated, each of the Triangles EKF, FIG 
GMH, HNE is half of each of the cor 


Parallelograms ; but the Segment is leſs than the 15 


rallelogram. Wherefore each of the Triangles EKF, 


FLG, GMH, HNE is greater than one half of the 
Segment of the Circle in which it ſtands, Thereſon 
if theſe Circumferences be biſected, and Right 
Lines be drawn joining the Points of BiſeQion, and 


you do thus continually, there will at laſt remain 


ments of the Circle, that ſhall be leſs than the Ex- 

by which the Circle EF G H exceeds the Space 

S. For it is demonſtrated in the foregoing Lemma, 
that if there be two unequal Magnitudes propoſed, 
and if from the greater a Part greater than half be 
taken from it, od fans from the Part remaining a Part 


greater than half be _. and you do this continually; 
there will at laſt remain a Magnitude that will be 15 
than the leſſer propoſed Magnitude. Let the 


ments of the Circle EFG H on the Right Lines E 


KF, FL, LG, GM, MH, HN, NE, be thoſe | 


which are leſs than the Exceſs, whereby the Circle 
EF GH. exceeds the Space S, and then the m- 


2 COTE 7 EKFLGMHN ſhall be greater 


Alſo deſcribe the Polygon 


| AXBOCFDR in the Circle ABCD, ſimilar to the 


Polygon 


* 
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| Polygon EEF LGMUN. Wherefore as the 
df BD is to the Square of FH, fo is the Polygon AX 
BOCPDR to“ the Polygon EEFL GM HN. But of «is 
zs the Square of BD is to the Square of FH, ſq is the 
tf Circle AB CD to the Space 8. Wherefore as the 
Circle AB CD is to the Space S, fo is + the Polygon + 11. f. 
AXBOCPDR to the Polygon EEFDGMHN. 
But the Circle ABCD is greater than the Polygon 
in it. Wherefore the Space 8 ſhall be F alſo greater 
than the Polygon EK FLGMHN, but it is leſs f t Pn che 
likewiſe ; which is abſurd. Therefore the Square of #9? 
BD to the Square of F H, is not as the Circle ABCD 
to ſome Space leſs than the Circle EF G H. After 
the ſame manner we likewiſe demonſtrate that the 
of FH to the Square of BD is not as the Cir- 
cle EF GH, to ſome Space leſs than the Circle 
ABCD. Laſtly, I ſay, the Square of BD to the Square 
of FH is not as the Circle AB CD, to ſome Space 
r than the Circle EF G; for if it be le, 
et it be ſo, and let the Space S be greater the 
Circle EF GH; then ſhall it be (by Inverſtons) as the 
Square of F H is to the Square of BD, fo is the Space 
S to the Circle AB CD. But becauſe 8 is greater than 
the Circle EF G H, the Space ſhall be to the Circle 
AB Cb, as the Circle EFG H is to ſome Space leſs 
than the Circle AB CD. Therefore, as the 
of FH is to the Square of BD, ſo is ® the Circle * 11. 5. 
EF GH to ſome Space leſs than the Circle ABCD; | 
which has been demonſtrated to be impoſſible. Where- 
fore the Square of BD to the Square of FH, is not 
as the Circle AB CD to ſome Space greater than the 
Circle EF GH. But this alſo has been proved, that 
the Square of BD to the Square of F H, is not as the 
Circle AB CD to ſome Space leſs than the Circle 
EF GH. Wherefore as the of BD is to the 
Square of F H, -ſo ſhall the Circle ABCD be to the 
Circle EF GH. Wherefore Circles are to each other 
as the Squares of their Diameters; which was to be 
demonſtrated. === Gs | 
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PRO POSITION III. 
Tuo u. | 
Every Pyramid having a triangular Baſe may be 
divided into two Pyramids, equal and ſimilar 
to on? another, having triangular Baſes, and 
ſimilar io the whole . „ and into tuo 
equal Priſins, which two Priſins are greater 


than the half of the whole Pyramid. 


E T there be a Pyramid, whoſe Baſe is the Ti- 
L angle ABC; and Vertex the Point D. I ſy, 
the Pyramid AB C D may be divided into two Pyn- 
mids equal and ſimilar to one another, having trian⸗- 
gular Baſes, and ſimilar to the whole; and into two 
equal Priſms; which two Priſms are greater than the 
half of the whole Pyramid. | 5 
For biſect AB, B C, CA, AD, DB, DC, in the 


Points E, F, G, H, K, L, and join E H, EG, GH 


HE, KI., LH, Ek, KF, FG. Then becauſe Al 
is equal to EB, and AH to HD, EH ſhall be“ pa- 
rallel to DB. For the ſame Reaſon, H K alſo is pa- 
rallel to AB. Therefore HE B K is a Parallelogram; 
and ſo H K is t equal to EB, but EB is equal to AE. 
Theredore A E thall be alſo equal to H K, but Aff f 
equal to HD. Wherefore the two Sides AE, AH 


are equal to the two Sides KH, HD, each to each, and 


the Angle EAH is f equal to the Angle K HD: 


Wherefore the Baſe E H is * equal to the Baſe KD: 


And fo the Triangle A E H is equal and ſimilar to the 
Triangle HKD. For the ſame Reaſon, the Triangle 
AHG ſhall alfo be equal and ſimilar to the Tri 

HLD. And becauſe the two Right Lines EH, HG, 
touching each other, are parallel to the two Right Lines 
KD, DL, touching each other, and, not in the ſame 
Plane with them, they ſhall contain + equal Angle. 
Therefore. the Angle EHG is equal to the Angle 
KDL. Again, becauſe the two Sides EH, HG ar 
equal to the two Sides K D, DL, each to each, and 
the Angle EHG is equal to the Angle K DL, the 
Baſe EG ſhall be * equal to the Baſe KL: And 
therefore, the Triangle EH G is equal and ſimilar to 
the Triangle K DL. For the ſame Reaſon, ah 
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angle AE G is alſo equal and ſimilar to the Triangle 
HK L. Wherefore the Pyramid whoſe Baſe is the 
Triangle AE G, and Vertex the Point H, is equal and 
ſimilar to the Pyramid whoſe Baſe is the Triangle 
HKL, and Vertex the Point D. And becauſe HE 
is drawn parallel to the Side A B of the Triangle 
ADB, the Triangle ADB ſhall be equiangular to the 
Triangle DK H, and they have their Sides propor- 
tional. Therefore the Triangle ADB is ſimilar to 
the Triangle DHK. And for the ſame Reaſon, the 
Triangle DBC is ſimilar to the Triangle DK L; and 
the Triangle AH G to the Triangle DHL. And 
ſince the two Right Lines B A, A C, touching each 
other, are parallel to the two Lines K H, HL, touch- 
ing each other, not being in the ſame Plane with them, 
theſe ſhall contain equal Angles. Therefore the An- 
gle BAC is equal to the Angle K HL. And B A is 
to AC, as K H is to HL. Wherefore the Triangle 
AB C is ſimilar to the Triangle HK L]; and ſo the Py- 
ramid, whoſe Baſe is the Triangle AB C, and Vertex 
the Point D, is ſimilar to the Pyramid, whoſe Baſe is 
the Triangle HK L, and Vertex the Point D. But 
| the Pyramid, whoſe Baſe is the Triangle H K L, and 
Vertex the Point D, has been proved ſimilar to the 
Pyramid whoſe Baſe is the Triangle AE G, and Ver- 
tex the Point H. Therefore the Pyramid whoſe Baſe 
is the 3 ABC, and Vertex the Point D, is ſi- 
milar to the Pyramid whoſe Baſe is the Triangle AEG. 
and Vertex the Point H. Wherefore both the Pyra- 
mids AEG H, H K LD, are ſimilar to the whole Py- 
ramid AB CD. And becauſe B F is equal to F C, 
the Parallelogram E BF G will be double to the Tri- 
angle GF C. And ſince there are two Priſms of equal 
Altitude, one of which has that Parallelogram for a 
Baſe, and the other the Triangle, and the Parallelo- 
gram is double to the Triangle; thoſe Priſms will be 
F equal to one another. Therefore the Priſm con- + 40. 11. 
tained under the two Triangles B K F, EH G, and 
the three Parallelograms EBF G, EB KH, KH GF, 
is equal to the Priſm contained under the two Triangles 
 GFC, HK L, and the three Parallelograms K FCL, 
LC GH, HK F G. And it is manifeſt that each of 
thoſe Priſms, the Baſe of one of which is the Parallelo- 
gram EBGF, and — Baſe to that the Right Love 
5 
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whole Baſe in the Parallel: 
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KH, and the Baſe of the other the Triangle GFC | 
and the oppoſite Baſe to this, the Triangle KLH, are 
greater than either of the Pyramids, "wink Baſes are 


the Triangles AE G, HK L, and Vertices the Points 
H and D. For ſince; if the Right Lines EF, EH 


be joined, the Priſm, whoſe Baſe is the Parall 
EBF G, and oppoſite Baſe to that the Right 


ine 
K H, is greater than the Pyramid, whoſe Baſe is the 


Triangle EBF, and Vertex the Point K. But the 
Pyramid whoſe Baſe is the Triangle E BF, and Ver- 


tex the Point K, is equal to the Pyramid whoſe Baſe 


is the Triangle AE G, and Vertex the Point H. For 


they are contained under equal and ſimilar Planes, 


Wherefore the Priſm whoſ&Baſe is the Parallelogram 


EBFG, and oppoſite Baſe to it the Right Line HK, 
is greater than the Pyramid whoſe Baſe is the Tri- 
angle AE G, and Vertex the Point H. But the Priſm 
EB F G, and oppo- 
ſite Baſe to it the ine HK, is equal to the 
Priſm whoſe Baſe is the Triangle GF C, and oppo- 
ſite Baſe to this the Triangle H K L: And the Pyn- 


mid whoſe Baſe is the Triangle AE G, and Vertex 
= ee H, is 1. to the Pyramid whoſe: Baſe. is 


tiangle H K Ved the Point D. There- 
due 22 25 two Priſms aforeſaid, are greater than the 
ſaid two Pyramids, whoſe Baſes are the Triangle 
AE G, HEL, and Vertices the Points H, D. And 


ſo the whole Pyramid whoſe Baſe is the Triange 
ABC, and Vertex the Point D, is divided into two 


equal Pyramids, ſimilar to each other and to the 
Whole: And into two equal Priſms; which two 
Priſms together are greater than half of the whok 
Therefore, Every Pyramid baving a' tri. 
angular Baſe may be divided into two Pyramids, equal = 
and. fimilar to one another, having triangular Baſes, 
and fimilar to the whole Pyramid, and into two equa 
Priſms, which two Prifms are greater than the bu, of 


the whole Pyramid; which was to be dernonſtrated. | 
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FPROPOSITION N. 
e e „ 

If there are tuo Pyramids of the ſame Altitude, bav- 
ing triangular Baſes, and each of them be divided 
into two Pyramids, equal to one another, and fi- 
milar to the whole, as alſo into two equal Priſins; 
and if in like manner each of the two Pyramids, 

made by the former Diviſion, be divided, and this 

be done continually; then as the Baſe of one Pyra- 
mid is to the Baſe of the other Pyramid, ſo are all 

the Priſms that are in one Pyramid to all tht 

| Priſms that are in the other Pyramid being 

equal in Multitude. „ 

ET there be two Pyramids of the ſame Altitude, 

having the triangular Baſes ABC, DEF, whoſe 
Vertices are the Points G, H, and let each of them be 
divided into two Pyramids, equal to one another, and 

ſimilar to the whole, and into two equal Priſms; and 
= if in like mariner each of the Pyramids made by the 

= former Diviſion be conceived to be divided, and this 

| 


be done continually. I ſay, as the Baſe ABC is to 
the Baſe DEF, ſo are all the Priſms that are in the x 
Pyramid ABCG. to all the Priſms that are in. the 
Pyramid DEF H, being equal in Multitude, 
For ſince B X is to XC, and AL to L 
) XL ſhall be “parallel to AB, and the Triangle ABC“ 2. 6. 
. ſimilar to the Triangle LX C. For the ſame Reaſon 
N the Triangle DE F ſhall be alſo fimilar to the Trian- 
. gle RF. And becauſe BC is double to CX, and 
EF to F Q, it ſhall be as B C is to CX, ſo is EF to 
FQ. And ſince there are deſcribed upon BC, CX, | 
Right-lined ' Figures ABC, LX C, fimilar and, alike 
fituate, and upon EF, FQ. Right-lined Figures DEF, i 
ROF, ſimilar and alike fituate. Therefore as the 
Triangle BAC is to the Triangle LX C, ſo is + the f 22-6. 
Triangle DEF to the Triangle RQF ; and (by Al- 
ternation) as the Triangle ABC is A Tie 
DEF, fo is the Triangle LX C to the Tangle BOT. 
But as the Triangle LX C is to the Triangle R. 25 
„bob tte Priſm, whoſe Baſe is the Triangle I. XC 1 23. «#9 
and oppoſite Baſe to that the Triangle O MN, to the i 
N22 Priſm, 
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Priſm whoſe Baſe is the Triangle RF; and | 
ſite Baſe to that the Triangle S T V. I herefore as the 


Triangle ABC is to the Triangle DEF, ſo is “ the 


Priſm whoſe Baſe is the Triangle LX C, and oppoſite 
Baſe to that the Triangle OMN, to the Priſm whoſe 
Baſe is the Triangle RF, and oppoſite Baſe to that 
the Triangle S TY ; and becauſe the two Priſms that 


are in the Pyramid ABCG are equal to one another, 


as alſo thoſe two that are in the Pyramid DEF H; it 


- ſhall be as the Priſm whoſe Baſe is the Parallelogram 
K LX B, and oppoſite Baſe to that the Right Line 


MO, is to the Priſm whoſe Baſe is the Triangle 
LXC; and oppoſite Baſe to that the Triangle O MN, 
ſo is the Priſm whoſe Baſe is the Parallelogram EPRQ ; 
and oppoſite Baſe to that the Right Line ST, to 
the Priſm whoſe Baſe is the Triangle RQF, and 


. oppoſite: Baſe to that the Triangle 8 T . Therefore 


(by compounding) as the Priſms K BX LMO, 


TLXCMNO, to the Priſm LX CM NO, ſo the 


Priſms PE QRST, RQFS T V, to the Prim 


NF STV. And (by Alternation) as the Priſms 
KBXLMO, LXCMNO, to the Priſms PEQRST, 
ROF ST X, fo the Prim LX CMN O, to the 
Priſm R FST; but as the Prim LX C MNO 


is to' the Priſm RQF S T X, fo has the Baſe LXC 


been proved to be to che Baſe RF Q; and fo the Baſe 


ABC to the Baſe DE F. Therefore alſo as the Tri- 


 arigke ABC is to the Triangle DEF, ſo are the two 


Priſms that are in the Pyramid AB CG, to the two 
Prifms that are in the Pyramid DEF H. If in the 
ſame Manner each of the Pyramids OMNG, 


S'T YH, made by the former Diviſion, be divided, it 
Tall be as the Baſe OM N is to the Baſe 8 IT V, fo 
the two Priſms that are in the Pyramid O MNG, to 


che two Priſms that are in the Pyramid ST VH. But 


às the Baſe O MN is to the Baſe ST Y, ſo is the Baſe 
ABC to the Baſe DEF. Therefore as the Baſe 
ABC is to the Baſe D E F, ſo is the two Priſms that 
are in the Tr ABCG, to the two Priſms that 
Are in the 


zyramid DEF H; and fo the two Priſms 


Tumat are in the Pyramid OM NG, to the two Priſms 
that are in the Pyramid ST YH, and fo the four to 
the four. We demonſtrate the ſame of Priſms made 

by the Diviſion of the Pyramids AK LO, Dns 

* — 
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and of all other Priſms, being 28 in ER 
which was to be demonſtrated. 


PROPOSITION v. 


THEOREM. 


Pyramids of the ſame Altitude, and havin  trian- 
gular Baſes, are to one another as their Baſes. 


L there be two Pyramids of che fame Altitude, 
having the triangular Baſes ABC, DEF, whoſe 


Vertices are the Points G, H.. I fay, as the Baſe 
AC is to the Baſe DEF, ſois the Pyramid ABCG 


to the Pyramid DE F H. 
For if it be not ſo, then it ſhall be as the Baſe 


ABC is to the Baſe DEF, ſo is the Pyramid ABCG 


to ſome Solid, greater or leſs than the P 

DEFH. Firſt, jet it be to a Solid leſs, which let be Z, 
and divide the Pyramid DE F H into two Pyramids 
equal to each other, and ſimilar to the Whole, and 


into two equal Priſms; then theſe two Priſms are 


greater than the half of the whole Pyramid. And 
again, let the Pyramids made by the former Diviſion, 


be divided after the ſame manner, and let this be done 


continually, until the Pyramids in the Pyramid 


DEFH, are leſs than the Exceſs by wed the 4 * 
mid D E F H exceeds the Solid Z. theſe, ſor 


ample, be the Pyramids DPRS, S TY H; then the 


riſms remaining in the Pyramid DEF , are greater 


than the Solid Z. Alſo, let the Pyramid ABC G. 
be divided into the ſame Number of ſimilar Parts as 
the Pyramid DE F H is; and then as the Baſe ABC 
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is to the Baſe DE F, ſo s the Priſms that are in the 4 F bi. 


Pyramid AB CG, to the Priſms that are in the 
mid DEF H. But as the Baſe ABC is to the * 


DEF, ſo is the Pyramid AB C G. to to the Solid Z. 


And therefore as the Pyramid ABC G is to the Solid 


Z, ſo are the Priſms that are in the Pyramid AB CG, 


to the Priſms that are in the Pyramid DEF H; but 
the Pyramid AB CG, is greater than the Priſms that 
are in it. Wherefore o the Solid Z, is aro 
than the Priſms that are in the Pyramid DEF 


* has 


* From wherit is leg ® alſo, which is abſurd, Therefore the Baſe 


freed, AB CG to ſome Solid leſs than the Pyramid DE F H. 


DEF to the Baſe ABC, is not as the Pyramid 

DEF H to ſome Solid leſs than the Pyramid ABCG. 

Therefore, I fay, neither is the Baſe ABC to the 

Baſe DEF, as the Pyramid AB CG to ſome Solid 

8 the Pyramid D E F H. For if this is poſ- 
ib 

mid 


let it be to the Solid I, greater than the Pyra- 
EFH. Then (by Inverſion) the Baſe DEF 
ſhall be to the Baſe ABC, as the Solid I to the Pyra- 


the Pyramid AB CG, ſo is the Pyramid DE F H, te 
ſome Solid leſs than the Pyramid AB CG, as j 
now has been proved. And fo as the Baſe DEF is 
to the Baſe ABC, fo is the Pyramid D E F H, 0 
ſome Solid leſs than the Pyramid AB CG, which is 
abſurd. Therefore the Baſe AB C to the Baſe DEF, 
is not as the Pyramid AB CG to ſome Solid greater 
than the Pyramid DEF H. But it has been alſo prov- 
ed, that the Baſe A B C to the Baſe D E F, is not 2 
the Pyramid AB CG to ſome Solid leſs than the Py- 
ramid DEF H. Wherefore as the Baſe ABC is to 
the Baſe DEF, fo is the Pyramid AB CG to tho 
| 7 DEF H. Therefore, Pyramids of the ſame 
Altitude, and having triangular Baſes, are to one- at 
ether as their Baſes ; which was to be demonſtrated. 


' PROPOSITION VI. + 


nous Baſes, are to one-another as their Baſes. 
T ET. there be Pyramids of the fame Altitade, 


FGHKL, and let their Vertices be the Points M, 
dee ee 
L. is | T to ne Fy- 
m FGHKLN, b 
or 


; 9 : 
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tach demon. ABC to the Baſe DEF, is not as the Pyramid 
After the ſame Manner we demonſtrate that the Baſe 


mid AB CG: But ſince the Solid I is greater than 
the Pyramid E DF H, it ſhall be as the Solid I is to 


P yramids of the ſame Altitude, aud bavin 2 Po hee | 


which have the polygonous Baſes ABCDE, 
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For let the Baſe AB CD E be divided into the Tri- 
angles ABC, ACD, ADE; and the Baſe FGHKL 
into the Triangles FG H, F HK, FK L; and let 
Pyramids be conceived upon every one of thoſe Tri- 
angles of the ſame Altitude with the Pyramids A B C, 
DEM, FGHKLN. Then becauſe the Triangle 
ABC is to the Triangle A CD), as “ the Pyramid 
AB C Mis to the Pyramid AC DM: And (by com- 
pounding) as the Trapezium AB CD is to the Tri- 

angle A CD, ſo is the Pyramid AB CDM to the 
Pyramid ACD M; but as the Triangle A CD is to 
the Triangle ADE, fo is ® the Pyramid AC D M to 
the Pyramid A DE M. Wherefore (by Equality of 


Proportion) as the Baſe AB CD is to the Baſe ADE, 


ſo is the Pyramid AB C D M to the Pyramid AD EM. 
And again (by compoſition of Proportion) as the 
Baſe AB CDE is to the Baſe ADE, fo is the Pyra- 
mid AB C D E M to the Pyramid A D E M. For the 


ſame Reaſon, as the Baſe F GH KL is to the Baſe 


F KL, fo is the Pyramid FGHEK LN to the Pyra- 
mid FK LN. And ſince there are two Pyramids 


ADE M, FKLN, having triangular Baſes, and the 


ſame Altitude, the Baſe ADE ſhall be * to the Baſe 
F EKL, as the Pyramid ADEM to the Pyramid 
FKLN. And ſince the Baſe ABCDE is to the Baſe 
ADE, as the Pyramid AB CDE M is to the Pyra- 
mid ADEM; and as the Baſe ADE is to the Baſe 
F K L, ſo is the Pyramid ADE M to the Pyramid 


FK LN; it ſhall be (by Equality of Proportion) 


as the Baſe AB CDE to the Baſe F K L, fo is the 
Pyramid ABC DE M to the Pyramid FELN ; but 
as the Baſe FK L is to the Baſe FG HKL, fo was 
the Pyramid FK LN to the Pyramid FGHKLN. 
Wherefore, again, (by Equality of Proportion) as the 


Baſe AB CDE is to the Baſe F GH KL, fo is tha. 


ee ABC DEM to the Pyramid F GH KLN. 


herefore, Pyramids of the ſame Altitude, and having 
polygonous Baſes, are to one another as their Baſes; 


which was to be demonſtrated. 5 


R 4 n p RO. 
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PROPOSITION VII. 
THEOREM. 
Every Priſn having a hay pra Baſe, may be di. 


vided into three Pyramids equal to one another, 
and baving triangular Baſes. 


| ET there be a Priſm au Baſe i is the Triangle 
ABC, and oppoſite Baſe to that the. Triangle 


DEF. I ay, the Priſm ABCDEF may be divided into 


the three equal Pyramids that have triangular Bafes. 
For join BD, EC, CD. Then becauſe ABED 


is a 8 whoſe Diameter is BD, the Tri- 


angle ABD ſhall be * equal to the Triangle -E BD. 


'T ore the Pyramid whoſe Baſe is the Tri 


AB D, and 3 — the Point C, is + equal to the Py- 
 ramid. whoſe Baſe is the Triangle E D B, and Vertex 
the Point C. But the Pyramid whoſe Baſe is the 
Triangle EDB, and Vertex the Point C, is the 
fame as the Pyramid whoſe Baſe is the Tri 
EB C, and Vertex the Point D, for they ate con- 
tained under the ſame Planes. Therefore the Pyra- 
mid, whoſe Baſe is the Triangle ABD, and Vertex 
the Point C, is equal to the Pyramid -whoſe Baſe is 
the Triangle EB C, e the Point D. Again, 
becauſe FC BE is a Parallel * whoſe Diameter 
is CE, the Triangle E CF ſhall be“ equal to the Tr- 
angle CBE. And fo the Pyramid whoſe Baſe is the 
Triangle BEC, and Vertex the Point D, N to 


the Pyramid whoſe Baſe is the Triangle ECF, and 


Vertex the Point D: But the Pyramid whoſe Baſe is 
the. Triangle B CE, and Vertex the Point D, has been 
proved equal to the Pyramid whoſe Baſe is the Tri- 
angle AB D, and Vertex the Point C. Whereſore 
alſo the Pyramid, whoſe Baſe is the Triangle CEF, 
and Vertex the Point D, is equal to the Pyramid, 


Whoſe Baſe is the Triangle ABD, and 9 the 


Point C. Therefore the Priſm AB CDE F is divid- 
ed into three Pyramids equal to one another, and 
having triangular Baſes. And becauſe the Pyramid, 


whoſe Baſe is the Triangle ABD, and Vertex the 


Point C, is the ſame with the Pyramid whoſe Baſe 
is the Triangle dn and Vertex the Point D; for 


they 
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they are contained under the ſame Planes; and the Py- 
ramid, whoſe Baſe is the Triangle A BD, and Ver- 
tex the Point C, has been proved to be a third Part of 
the Priſm, whoſe Baſe is the Triangle AB C, and 
oppoſite Baſe to that the. Triangle DEF. Therefore 
alſo the Pyramid, whoſe Baſe. is the Triangle AB C, 
and Vertex the Point D, is a third Part of the Priſm 
having the ſame Baſe, viz. the Triangle ABC, and 
the oppoſite Baſe the Triangle DEF; which was to 
be demanſtrated. 5 e 


Cerall, 1. It is maniſeſt from hence, that every yra- 
mid is a third Part of a Priſm, having the ſame Baſe 


and an equal Altitude; . becauſe if the Baſe of a 
Priſm, as alſo the oppoſite Baſe, be of any other 


Figure, it may be divided into Priſms having tri- 


angular DAIES. LY | | 
2. Priſms of the fame Altitude are to one another as 


their Baſes. - | | 
PROPOSITION VII. 
THEOREM. | 


Similar Pyramids, having triangular Baſes, are in 
a triplicate Proportion of their homologous Sides. 


1 T there be two Pyramids ſimilar. and alike ſitu- 


ate, having the triangular Baſes ABC, DEF, 


and let their Vertices be the Points G, H. I fay, the 


Pyramid AB C G to the Pyramid DE F H has a Pro- 


portion triplicate of that which B C has to EF. 
For complete the ſolid Parallelepipedons BG ML, 

EH O; then becauſe the Pyramid AB CG is ſimi- 

lar to the Pyramid DE FH, the Angle ABC ſhall 
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be * equal to the le DEF, the Angle GB C*Df. 9. 11. 


equal to the Angle HE F, and the Angle AB G 
equal to the Angle DE H. And AB is to DE as 
BC is to EF; and fo is BG to EH. Therefore 


becauſe AB is to DE, as BC is to EF; and the 


Sides about the equal Angles are proportional, the 


Pa ram BM ſhall + be ſimilar to the Parallelo- f 6. 6. 


ram EP. For the ſame Reaſon, the Parallelogram 
N is ſimilar to the Parallelogram E R, and the Pa- 
rallelogram 


252 


#33 11, 


715. 5. 


three 
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rallelogram BK to the Parallelogram EX. There: 
fore three Parallelograms B M, EB, BN, are ſimi- 
lar to three Parallel rams EP, EX, ER; but the 
three MB, BK, DN; ae equal and fimilar to the 

oppoſite ones ; as Fragen three EP, EX, ER. 
Therefore the Solids B GM L, EHPO, are con- 
tained under equal Numbers of ſimilar and equal 


Planes; and conſequently, the Solid B GM, is ſi- 


milar to the Solid E HPO. But ſimilar ſolid Paral- 
lelepipedons are * to each other in a triplicate Pr. 
portion of their homologous Sides. Therefore the 
_ BGML to the Solid E HPO, has a Proper. 
triplicate of that which the homologous Side 
BC ho to the homologous Side EF. But as the 
Solid BGML is to the Solid EHPO, ſo is f the 
-ABCG to the Pyramid DEFH; for the 


Pyramid is the one ſixth Part of that Solid, fince the 


Priſm, which is the half of the Solid Parallelepipedon 
is triple of the Pyramid. Wherefore 'the Pyramid 
AB CG to the Pyramid DE F H, ſhall have a tripli- 
cate Propertion to that which B C has to EF; 3 which 


ꝛbas to be — 


Coroll. From hence it is manifeſt that FEE Pyra 
mids having polygonous Baſes, are to one another 
in a triplicate Proportion of their homologous Sides. 
For if they be divided into Pyramids having trian- 
gular Baſes; j becauſe their ſimilar polygonous Baſs 

are divided into ſimilar Triangles equal in Number, 
and homologous to the Wholes, it ſhall be as one 
Pyramid having a triangular Baſe in one of the Py- 
ramids, is to a Pyramid having a triangular Baſe in 

the other Pyramid, fo are all the Pyramids having 
triangular Baſes in one id, to all the Pyramids 
having triangular Baſes in the other Pyramid; that 
is, ſo is one of the Pyramids having the polygonous 
Baſe, to the other; but a Pyramid having a trian- 
gular Baſe to a Pyramid having a triangular Baſe, is 
in a triplicate Proportion of hs homologous Sides. 
Therefore one Pyramid having a polygonous Baſe 
to another Pyramid having a ſimilar Baſe, is in 2 
triplicate Proportion of their homologous Sides. 


PRO 


Book XII. Euclid's ELEMENTS. 
PROPOSITION m. 


| THEOREM. 


The Baſes and Altitudes of equal Pyramids, FEET 18 


triangular Baſes, are reciprocally proportional; 
and thoſe Pyramids, baving triangular Baſes, 
whoſe Baſes and Altitudes are N pro- 
Foriional, are eſual. 


ET there be mids, havin the triangu- 

lar Baſes A ot Nr. and N the range 

G, H. I ay, the Baſes and Altitudes of the Pyramids 

| ABCG, DEFH, are reciprocally proportional, that 

is, as the Baſe ABC is to the Baſe DEF, fo is the 

Altitude of the Pyramid DE F H to the Altitude of 
the Pyramid AB CG. 


For complete the folid Parallelepipedons BG M L, 


EHPO. Then becauſe the Pyramid ABCG is eq 

to the Pyramid DE FH, and the Solid BGML i . 
ſextuple, the Pyramid AB CG, and the Solid EHPO 
ſextuple of the Solid DE FH, the Solid B G ML 
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ſhall be equal to the Solid EHPO. But the Baſes * 15. Fo 


and Altitudes of equal ſolid Parallelepipedons are re- 


ciprocally proportional. Therefore, as the Baſe BM 


is to the Baſe EP, ſo is F the Altitude of the Solid + 34. 11. 


EH p O to the Altitude of the Solid BG ML. But 
as the Baſe B M is to the Baſe E P, fo is + the Trian- 
gle ABC to the Trian 3 Therefore, as the 


Trian r Triangle DEF, fo is the 
Altitude of the Solid EHPO to the Altitude of the 


Solid BG M L.- But the Altitude of the Solid E HPO - 
is the ſame as the Altitude of the Pyramid DE FH; 


and the Altitude of the Solid B GML the ſame as 
the Altitude of the Pyramid ABCG. Tb 
the Baer ABC is to he Baſe DEF, ſo is the Alti- 
tude of the Pyramid DE F H to the Altitude of the 
Pyramid AB C G. Wherefore the Baſes and Alti- 
tudes of the equal Pyramids A BCG, DE F H, are 
recip proportional; and if the Baſes and Alti- 
tudes of the. Pyramids. ABCG, DEFH, are reci- 
procally proportional, that is, if the Baſe 'ABC to 


the Bake l be as the Altitude of the 1504 


F H 
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DEFH to the Altitude of the Pyramid AB CG. 


I fay, the Pyramid ABCG is equal to the Pyramid 


DEFH: For, the ſame Conſtruction remaining, be. 
cauſe the Baſe ABC to the Baſe DEF, is as the Al. 
titude of the Pyramid D EF H to the Altitude of the 
Pyramid ABCG, and as the Baſe ABC is to the 
Baſe DE F, ſo is the Parallelogram BM to the Paral- 
lelogram EP; the Parallelogram B M to the Paral. 
lelogram E ſhall be alſo as the Altitude of the Py- 
ramid DEFH is to the Altitude of the Pyramid 


ABCG. But as the Altitude of the Pyramid DEFH 


is the ſame as the Altitude of the ſolid Parallelepipe- 
don EHPO, and the Altitude of the Pyramid ABCG 
the ſame as the Altitude of the ſolid Parallelepipedon 
BGML. Therefore the Baſe BM to the Baſe EP 
will be as the Altitude of the ſolid Parallelepipedon 


EH O to the Altitude of the ſolid Parallelepipedon 


1734 11. 


BGML. But thoſe ſolid Parallelepipedons, whole 
Baſes and Altitudes are reciprocally proporticnal, 
are Þ equal to each other. Therefore the ſolid Paral- 
lelepipedon B GM L is equal to the ſolid Parallelepi- 
on E HPO; and the Pyramid ABCG is. a ſixth 
art of the Solid BG ML. And in like manner the 
Pyramid DEF H is a ſixth Part of the Solid E HPO. 
Therefore the Pyramid AB CG is equal to the Pyn- 


mid DE FH. Wherefore the . and Altitudes of 


equal Pyramids, having . trian 


r Baſes, are reci- 


procally proportional ; and thoſe Pyramids, having tri- 


angular Baſes, whoſe Baſes and Altitude. are recin- 


cally proportional, are equal; which was to be demon- 


ſtrated. | 
PROPOSITION X. 


| THEOREM. 


Every Cone inis third Part of a Cylinder, kevin 


the ſame Baſe, and an equal Altitude. 5 


/ R Cone have the ſame Baſe as 2 Cylinder, 


L viz. the Circle AB CD, and an Altitude equal 
to it, I fay the Cone is a third Part of the Cylinder; 
that is, the Cylinder is triple to the Cone. 


Fot 
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For if the Cylinder be not triple to the Cone, it 
ſhall be greater or leſs than triple thereof. Firſt, let it 
be greater than triple to the Cone, and let the Square 
AB CD be defcribed in the Circle A BCD), then the 
Square AB CD is greater than one half of the Circle 
ABCD. Now let a Priſm be erected upon the Square 
ABCD, having the ſame Altitude as the Cylinder, 
and this Priſm will be greater than one half of the 
Cylinder; becauſe, if a Square be circumſcribed about 
the Circle AB CD, the inſcrib'd Square will be one 
half of the cifcumſcribed Square; and if a Priſm be 
erected upon the circumſcrib'd Square of the ſame 


Altitude as the Cylinder, ſince Priſms are * to one * 2 Cr. 3. 
another as their Baſes, the Priſm erected upon the T is. 


AB CD is one half of the Priſm erected upon 
the deſcribed: about the Circle AB CD. But 
the Cylinder is leſſer than the Priſm erected on the 
Square: deſcribed” about the Circle AB CD. There- 

ſore the Priſm erected on the Square AB CD, having 
the ſame Height as the Cylinder, is greater than one 
half. of the Cylinder. Let the Circumferences A B, 
BC, CD, DA, be biſected in the Points E, F, G, H, 
Then each of the Triangles AEB, BF C, CG, 
D HA, is f greater than the half of each'of the Seg- 
ments in which they ſtand. Let Priſms be erected 
from each of the Triangles AEB, BFC, CG D, 
DHa, of the fame Altitude as the Cylinder, then 
every one of theſe. Priſms etected is greater than its 
correſpondent Segment of the Cylinder. For becauſe, 
if Parallels be drawn through the Points E, F, G, E, 
to AB, BC, CD, DA, and P ms be com- 
pleated: on the ſaid AB, BC, CD, DA, on which 
are erected ſolid Parallelepipedons of the ſame Alti- 
tude as the Cylinder; then each of thoſe Priſms that 
are on the Triangls AE B, BF C, CGD, DHA, 
are Halves + of each of the. ſolid Parallelepipedons ; 
and the Segments of the Cylinder are |lefs' than the 
erected: ſolid Parallelepipedons ; and conſequently the 
Priſms that are on the Triangles AEB, BFC, CGD, 
DHA, are greater than the Halves of the Segments 
of the Cylinder; and ſo biſecting the other Circum- 
ferences, joining Right Lines, and on every one of the 
Triangles erecting Priſms of the ſame Height as the 
ee Cylinder; 
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of this, 


Us . Then {by Inverſion) the Cone ſhall be greatr 
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Cylinder; and doing this continually, we ſhall at Lft 
have .certain Portions of the Cylinder left, that are 
leſs than the Exceſs by which the Cylinder exceods 
triple the Cone. 

New let theſe Portions remaining be AE, EB, 
BF, FC, S renne 
remaining, whoſe is gon A CG- 
DH, and Altitude: to da 9 the Cylinders, is 
greater than the Triple of the Cone. But the Priſm 
whoſe Baſe 1 | the Polygon AEBF C GDH, and 
Altitude the ; as that of the Cylinders is * triple 
of the P cnn whole: Baſe is the Polygon AEB- 
TCG BI, and Vertex the ſane as that of the Cone. 
And therefore the Pyramid whoſe Baſe is the Poly- 
gon AEBFCG DH, and Vertex the ſame as that 
of the Cone, is greater than the Cone whoſe” Baſe is 
the Circle AB CD; but it. is leſſer alſo; (for it iz 
compreherided by it) which is abſurd. Therefore 
the Cylinder ds i greater! than triple the. Cone. 1 
— it is neither leſſer than triple the Cone: For if it 
poſſible, let the Cylinder be leſs than triple the 


than a. third of the Cylinder. Let the- 
ABCD be deſeribed in the Circle AB CP; then the 

ABCD is greater than half of the Cirele 
ABCD. And let a Pyramid be erected on the 
AB CD.'having the ſame Vertex as the Cone, 'then 


Square ABCD, is one half 


-the Square deſcribed 
about the Circle : But the erected upon the 


| Square deſcribed about the. Circle, is greater than the 


Cone; for it comprehends it. "Therefore the Pyra- 


mid whoſe Baſe is the Square ABCD, and Vertex 


the ſame as that of the Cone, is greater than one half 
0 
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of the Cone. Biſet the Circumferences AB, BC, 
CD, DA, in the Points E, F, G, H, and join AE, 
EB, BF, FC, CG, GD, DH, HA; "and then each 
of the Triangles AEB, BFC, CGD, DHA, i is greater 
than one half of each of the Segments | are in. 
Let Pyramids be erected upon each of the Triangles 
AEB, BFC, CGD, DHA, h having the ſame Vertex as 
the Cone: then each of theſe Pyramids thus erected, 
is greater than one half of the Segment of the Cone 
in which it is: And ſo biſecting the remaining Cir- 
cumferences, joining the Right Lines, and -erefting 
upon every of the Triangles having the 
fame Altitude as the Cone; and doing this continu- 
ally, we ſhall at laſt have Segments of the Cgne, left, 
that will be leſs than the .Exceſs by which the 8 
exceeds the one third Part of linder. 
theſe Segments be thoſe: that are on A EB; BF, | 
FC, CG, GD, DH, HA, and then the 
Pyramid whoſe Baſe is the Polygon AEBF CODE. 
and Vertex the ſame as that of the Cone, is greater 
than à third Part of the Cylinder; but Penal 
whoſe Baſe is the Polygon AEBFCGDH, and Ver- 
tex the ſame as that of the Cane, is one third Part of 
the Priſm whoſe Baſe is the Polygon AEBF CG DEH. 
and Altitude the: ſame as that of the Cylinder. Thete- 
fore the Priſm, whoſe Baſe. is the Polygon „AE BF- 
CG DH, and Altitude the ſame 1 "he Cylin- 
der, is greater than the Cylinder whoſe Baſe. is the 
Circle ABCD; but it le alſo (as being compre- 
hended thereb y) which is abſurd; therefore the Cy- 
linder is not ich than triple of the Cone; but it has 
been proved alſo net to be greater than triple of the 
Cone; therefore the Cylinder is neceſlacily triple of 
the Cone. Wherefore, very Cone is a this Part of 
_ © Cylinder, having the ſame Baſe, and an equal * 
tude ; which was to be demo ted. 


P R O- 


þ ” 
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PROPOSITION XI. 


THEOREM. 


Con ones and Cylinders of the ſame Altitude are 1 one 
ES another as their Baſes. 


- ET cure be Ons and Cylitblers of the 9 Al- 
titude, whoſe Baſes are the Circles AB CD, 
EFGH, Axes KL, MN, and Diameters of the Baſe 
AC, EG. I fay, as the Circle ABCD iz to the 
Circle E FG H, fo is the Cone AL to the Cone EN. 
For if it bo not ſo; it ſnall be as the Circle AB CD 
is tothe Cirele EFG H, ſo is the Cone AL to ſome 
Solid either leſs or greater than the Cone EN. Firſt, 
let & be io · the Solid X leſs than the Cone; and lt | 
the geld I be equal to the Exceſs of the. Cone EN I 
above-the Sed Then the Cone E N is equal to 
are EF GH be deſcribed 

in the 'Cirde Ef G H, which- Square is greater than 


ons Ee the Circle, ind eg a Pyramid-updnthe | 


*. 6 of this, 


| Girele,- and a Pyramid be erocted thereon of the ſame 


tare EF/GH of the ſame Altitude as the Cone, 
Preh the ramid erected is greater than one half 
of ths Cone: or if we deſcribe a Square about the 


Altitude as the Cone, the Pyramid inſcribed will be 
one half of the Pyramid circumſcribed, for they are 
to one another as their Baſes; and the Cone is lefs 
than the circumſcribed. id. Therefore the y- 
ramid whoſe Baſe is the EF GH, and Vertex 

1 is greater than one half 


| of the Cane. BiſcA the Ciroumferences EF, FG, 


GH, HE, in che Pointe P, R, 8, O, and join HO, 
OE, EF, PF, FR; RG, GS, SH; then each of 
the Triangles HOE, EPF, FRG, GHS, is great- 

er than one half of the Segment of the Circle S. 4 
in it is. Let a Pyramid be raiſed upon every one of 
the Triangles HOE, EPF, FRG, GHS, of the 
ſame Altitude as the Cone. Then each of thoſe erect- 


ed Pyramids is greater than the one half of its corre- 


ſpondent ent of the Cone: And ſo biſecting the 
remaining Circumferences joining the Right Lines, 


and erecting Pyramids upon each of the Triangles 4 
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the ſame Altitude as that of the Cone; and doing this 
continually, there will at laſt be left Segments of the 
Cone that will together be leſs than the Solid I. Let 
thoſe be the Segments that are on HO, OE, EP, 
PF, FR, RG, GS, SH. Therefore the Pyramid 
remaining, whoſe Baſe is the Polygon HOEPFRGS, 
and Altitude the ſame as that of the Cone, is greater 
than the Solid X. Let the Polygon D'TAYBQCV be 
deſcribed in the Circle AB CD, ſimilar and alike ſitu- 
ate to the Polygon HOEPFRGS, and let a Pyra- 
mid be erected thereon of the ſame Altitude as the 


Cone AL. Then becauſe the Square of AC to the 


Square of EG, is“ as the Polygon DT AY BQCV * 1 ff tis. 


to the Polygon HOEPFRGS; and the Square of 


AC is I to the Square of EG, as the Circle ABCD tz ATi. 


to the Circle EF G H; it ſhall be as the Circle ABCD 
to the Circle EF OH, ſo is the Polygon DT AY B- 
QC V to the Polygon HO EPF RGS: But as the 


Circle AB CD is to the Circle EF G H, ſo is the 
Cone AL to the Solid X; and as the Polygon DT A- 


YBQCV is to the Polygon HOEPFRGS, ſo is 


the Pyramid whoſe Baſe is the Polygon D TAY B 
CV, and Vertex the Point L, to the Pyramid whoſe 


Baſe is the Polygon HO EPF RGS, and Vertex the 
Point N. Therefore as the Cone AL to the Solid 
X, fo the Pyramid whoſe Baſe is the Polygon DTA- 
YBQCYV, and Vertex the Point L, to the Pyramid 


whoſe Baſe is the Polygon HO EPF RGsS, and Ver- 


tex the Point N; but the Cone AL is greater than the 
Pyramid that is in it. Therefore the Solid X is greater 


than the Pyramid that is in the Cone EN; but it was 


put leſs, which is abſurd. Thereſore the Circle ABCD 
to the Circle EF GH, is not as the Cone AL to 
ſome Solid leſs than the Cone EN. In like manner, 
it is demonſtrated that the Circle EF GH to the 
Circle AB CD, is not as the Cone EN to ſome So- 


Hd leſs than the Cone AL. I ſay, moreover, that 


the Circle AB CD to the Circle EF GH, is not as 
the Cone AL to ſome Solid greater than the Cone 
EN: For, if it be poſſible, let it be to the Solid Z 
or than the Cone; then, (by Inverſion) as the 

cle EF G H is to the Circle AB CD, ſo ſhall the 
Solid Z be to the Cone AL. But ſince the Solid Z 


is greater than the Cone EN, it ſhall be as the Solid 
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Z is to the Cone AL, ſo is the Cone E N to ſome 
Solid leſs than the Cone AL. And therefore as the 
Circle EF GH is to the Circle AB CD, fo is the 
Cone EN to ſome Solid leſs than the Cone AL; 


which has been proved to be impoſſible. Therefore 


the Circle AB CD to the Circle EF GH, is not as 
the Cone A L to ſome Solid greater than the Cone 
EN. It has alſo been proved that the Circle ABCD 
to the Circle EF GH, is not as the Cone AL to 
ſome Solid leſs than the Cone EN. Therefore as the 


Circle AB CD is to the Circle EFGH, ſo is the Cone 

AL to the Cone EN: But as Cone is to Cone, ſo 
is * Cylinder to Cylinder, for each Cylinder is triple 

of each Cone; and therefore as the Circle AB CDi; 


to the Circle EF GH, fo are Cylinders and Cones 
ſtanding on them, of the ſame Altitude. Wherefore, 
Cones and Cylinders of the ſame Altitude, are to one 


another as their Baſes ; which was to be demonſtrated, 


PROPOSITION XII. 


THEOREM. 


Similar Cones and Cylinders are to one another in 
a triplicate Proportion of the Diamelters of their 


Baſes. 


ET there be ſimilar Cones and Cylinders, whoſe 
— Baſes are the Circles AB CD, EFG, and 
Diameters of the Baſes BD, FH, and Axes of the 
Cones or Cylinders KL, MN. I ſay, the Cone whoſe 
Baſe is the Circle AB C D, and Vertex the Point L, 
to the Cone whoſe Baſe is the Circle E F GH, and 
Vertex the Point N, hath a triplicate Proportion of 
that which BD has to F H. 
For if the Cone AB CD to the Cone EF G HN, 
has not a triplicate Proportion of that which BD has 
to F H, the Cone ABCDL ſhall have that tripli- 
cate Proportion to ſome Solid, either leſs or greater 
than the Cone EF GH N. Firſt, let it have that tri- 


plicate Proportion to the Solid X, leſs than the Cone 


EFGHN; and let the Square EF GH be defcribed 
in the Circle EF GH, which will be greater than one 


half of the Circle EF GH; and eret 1 
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the Square EF GH of the ſame Altitude with the 
Cone, then that Pyramid is greater than one half of 
the Cone. And ſo let the Circumferences E F, FG, 
GH, HE, be biſected in the Points O, P, R, 8, and 
Join EO, OF, FP, PG, GR, RH, HS, SE; then 
each of the Triangles EOF, FPG, GRH, HSE, 
is greater than one half of the Segment of the Circle 
EFGH, in which it is; and erect a Pyramid upon 
each of the Triangles EOF, EPG, G RH, HSE, 
having the ſame Altitude as the Cone: Then each of 
the Pyramids thus erected, is greater than half its cor- 
reſponding Segment of the Cone. Wherefore biſect- 
ing the remaining Circumſerences joining Right Lines, 
and erecting Pyramids upon each of the 'T riangles, 
having the ſame Vertex as the Cone; and doing this 
continually, we ſhall leave at laſt certain Segments of 
the Cone that ſhall be leſs than the Exceſs by which 
the Cone EF G HN exceeds the Solid X. theſe 
be the Segments that ſtand on EO, OF, FP, PG, 
GR, RH, HS, SE; then the remaining Pyramid 
whoſe Baſe is the Polygon EOFP GRHS, and Ver- 
tex the Point N, is greater than the Solid X. Alſo 
let the Polygon ATBY CVDQ be deſcribed in 
the Circle AB CD, ſimilar and alike ſituate to the 
xr a EOFPGRHS; upon which erect a Pyra- 
mid having the ſame Altitudg as the Cone; and let 
LBT be one of the Triangles containing the Pyra- 
mid, whoſe Baſe is the Polygon ATBY CVDQ, 
and Vertex the Point L; as likewiſe NF O one of 
the Triangles eng the Pyramid EOFPGRHS, 
and Vertex the Point N, and let K T, MO, be joined. 
Then becauſe the Cone AB CD is ſimilar to the 
Cone EF GHN, it ſhall be as BD is to FH, fo is 
the Axis K L to the Axis MN; but as BD is to FH, 
ſo is * BK to FM; and as BK is to F M, conſe- 15. 5. 
quently ſo is K L to MN; and (by Alternation) as 
| BK is to K L, fois F M to And ſince each 
bs pe dicular, and the Sides about the equal Angles 
BKL, FMN, are proportional, the Triangle BEL 
7 ſhall be + ſimilar to the Triangle FMN. Again, be- + 6. 6. 
cauſe B K is to K T, as F Mis to MO, the Sides are 
proportional about equal Angles BK T, FMO, for 
the Angle BK T is the ſame Part of the four Right 
Angles at the Center K. as the Angle FM O is of the 
2. our 


8 of this, 
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four Right Angles at the Center M: the Triangle 
BK T, ſhall be “* ſimilar to the Triangle FMO; and 


dae has been proved that BK is to KL, a FM 
to MN, and BK is equal to K T, and FM to MO, 


it ſhall be as TK is to KL, fo is OM to MN: and 


the proportional Sides are about equal Angles T KT. 
OMN, for they are Right Angles. Therefore the 
Triangle LK T ſhall be ſimilar to the Triangle MNO. 
And ſince, by the 1 fl the Triangles B KL 


FMN, it is as L B is to BK, ſo is N F to F M; and, 


by the Similarity of the Triangle BK T, FMO, it 


is as KB is to B T, fois M F to FO; 1 


Equality of Proportion) as LB is to BT, fo is 


to FO, Again, ſince by the Similarity of the Ti- 


angles L T K, NOM, tis as LT is to T K, fo is 


NO to OM; and, by the Similarity of the Triangles 
KBT, O MF, it is as K T is to T B; fo is W 
O F. It ſhall be (by Equality of Proportion) as 1 
is to TB, ſo is NO to OF: But it has been proved 


that TB is to BL, as OF is to FN. Whberefore, 


4 


. VS 


in (by Equality of Proportion) as TL is to LB 
Gis O N to NF 44 and therefore the Sides of the To- 
angles L TB, NO, are proportional; and ſo the 
Triangles LTB, NO F, are equi and ſimilar 


* 
* 
* 


to each other. And 1 the Pyramid, whole 


Baſe is the Triangle B K T, and Vertex the Point L, 
is ſimilar to the Pyramid whoſe Baſe is the Triangle 
FMO, and Vertex the Point N; for they are con- 
tained under ſimilar Planes equal in Multitude : But 
ſimilar Pyramids that have triangular Baſes, are f to 
one another in the triplicate Proportion of their homo- 
logous Sides. Therefore the Pyramid BK TL to the 
Pyramid F MON has a triplicate Proportion of that 
Which BK has to FM. In like Manner, drawi 
Right Lines from the Points A, Q, D, V, C, Y to 

alſo others, from the Points E, S, H, R, G; P,to 
M, and erecting Pyramids on the Triangles having 
the ſame Vertices as the Cones, we demonſtrate that 
every. Pyramid of one Cone, to every one of the other 
Cone, has a triplicate Proportion of that which the 
Side B K has to the homologous Side MF, that is 
which BD has to FH. But as one of the Antece- 
dents is to one of the Conſequents, fo are all the 
Antecedents to all the Conſequents. Therefore x 
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the Pyramid B K T L is to the Pyramid FM ON, fo 
is the whole Pyramid whoſe Baſe is the Polygon A T- 
BYCVDQ, and Vertex the Point L, to the whole 
Pyramid, whoſe Baſe is the Polygon EOFPGRHS, 
and Vertex the Point N. Wherefore the Pyramid, 
whoſe Baſe is the Polygon ATBYCVDY, and 
Vertex the Point L, to the Pyramid whoſe Baſe is the 
Polygon EOFP GRHS, and Vertex the Point N, 
has a triplicate Proportion of that which BD hath to 
F H. But the Cone whoſe Baſe is the Circle AB CD, 
and Vertex the Point L, is ſuppoſed to have to the 
Solid X a triplicate Proportion of that which BD 
has to FH. Therefore as the Cone, whoſe Baſe is 
the Circle AB CD, and Vertex the Point L, is to the 
Solid X, fo is the Pyramid whoſe Baſe is the Polygon 
ATBYCVDYQ, and Vertex the Point L, to the 
Pyramid whoſe Baſe is the Polygon EOFP GRUHS, 
and Vertex the Point N. But the ſaid Cone is great- 
er than the Pyramid that is in it, for it comprehends 
it, Therefore the Solid X alſo is greater than the 
Pyramid, whoſe Baſe is the Polygon EOF PGRHS, 
and Vertex the Point N ; but it is alſo leſs, which is 
abſurd. Therefore the Cone, whoſe Baſe is the Circle 
AB CD, and Vertex the Point L, to ſome Solid leſs 
than the Cone, whoſe Baſe is the Circle EF GH, 
and Vertex the Point N, has not a triplicate Propor- 
tion of that which B D has to FH. In like Manner, 
we demonſtrate that the Cone EFG HN, to ſome 
Solid lefs than the Cone ABCDL, has not à tripli- 
cate Proportion of that which F H has to BD. Laft- 
ly, I ſay the Cone AB CDL, to a Solid greater than 
the Cone EF GH N, has not a triplicate Proportion 
of that which B D has to FH: For, if this be poſſi- 
ble, let-it be ſo to ſome Solid Z greater than the Cone 
EFGHN. Then (by Inverſion) the Solid Z, to 
the Cone AB CD L, has a triplicate Proportion of 
that which F H has to B D. But ſince the Solid Z js 
erster than the Cone EF GH N, the Solid Z ſhall 
be to the Cone ABCDL, as the Cone EF GHN 
_ 5 to ſome Solid leſs than the Cone ABCD L; and 
therefore the Cone EF G HN, to ſome Solid leſs 
than the Cone ABC DL. hath à triplicate Proportion 
of that which F H has to BD, which has been proved 
to be. impoſſible. Ter the Cone An to 
gh 3 ome 
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ſome Solid greater than the Cone EFG H N, has not x 
triplicate Proportion of that which BD has to F H. 
It has been alſo demonſtrated, that the Cone AB C. 
DL, to ſome Solid leſs than the Cone EFG HN, 
hath not a triplicate Proportion of that which BD 
has to F H. Wherefore the Cone ABCDL, to te 
Cone EF G HN, has a triplicate Proportion of that 
which BD has F H. But as Cone is to Cone, fois 
215. 5, Cylinder to Cylinder. For a Cylinder having the 

+ 10 of js, fame Baſe as a Cone, and the ſame Altitude is f tri- 

55 ple of the Cone, ſince it is demonſtrated, that every 
Cone is one third Part of a Cylinder, having the 
ſame Baſe and equal Altitude. Therefore alſo a 
Cylinder to Cylinder has a triplicate Proportion of 
that which B D has to FH. Therefore, ſimilar 
Cones and Cylinders are to one another in a triplicate 
Proportion of the Diameters of their Baſes; which 
was to be demo! | . 


PROPOSITION XII. 
TH EORE M. | 


If a Cylinder be divided by a Plane parallel to the 
oppoſite Planes, then as one Cylinder is to the 
other Cylinder, fo is the Axis to the Axis. 


ET the Cylinder AD be divided by the Plane 
IL GH, le] to the oppoſite Planes AB, CD, 
and meeting the Axis E F in the Point K. I fay, as 
the Cylinder B G is to the Cylinder GD, ſo is the 
Axis EK to the Axis K F. „ 
For let the Axis EF be both ways produced to L 
and M, and put any Number of EN, NL, &c. each 
al to the Axis EK; and any Number of F X, 
M, Cc. each equal to F K. And thro' the Points 
L, N, X, M, let Planes parallel to AB, CD paſs. And 
in thoſe Planes from L, N, X, M, as Centers, de- 
ſcribe the Circles, OP, RS, TY, VQ, each equal 
to AB, CD, and conceive the Cylinders PR, RB, 
DT, TQ, to be compleated. Then becauſe the 
Axis LN, NE, E K, are equal to each other, the | 
11 ef this, Cylinders PR, RB, B G will be * to one another as 
their Baſes. And therefore the Cylinders PR, RB, 
B G, ate equal. And ſince the Axis LN, NE, E K. 
| _s are 
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are equal to each other, as alſo the Cylinders P R, 
RB, BG; and the Number of LN, E, EK, is 
equal to the Number of PR, RB, BG: The Axis 
K L ſhall be the fame Multiple of the Axis E K, as 
| the Cylinder P G, is of the Cylinder GB. For the 
ſame Reaſon, the Axis M K is the ſame Multiple of 
the Axis K F, as the Cylinder G Q is of the Cylinder 
G D. Now, if the Axis K L be equal to the Axis 
| K M, the Cylinder PG ſhall be equal to the Cylin- 
"4 der GQ; if the Axis L K be greater than the Axis 
K M, the Cylinder PG ſhall be likewiſe greater than 
the Cylinder G Q and if leſs, leſs. Therefore, be- 
cauſe there are four Magnitudes, vis. The Axis E K, 
K F, and the Cylinders BG, GD, and there are taken 
their Equimultiples, namely, the Axis K L and the 
Cylinder PG, the Equimultiples of the Axis E K, 
and the Cylinder BG; and the Axis K M, and the 
Cylinder G Q, the Equimultiples of the Axis K F, 
and the Cylinder GD: And it is demonſtrated, that 
if the Axis L K exceeds the Axis K M, the Cylinder 
PG will exceed the Cylinder GQ and if it be equal 
equal, and leſs, Jeſs. Therefore, as the Axis EK 
is to the Axis KF, ſo * is the Cylinder BG to the Def. 5. 5. 
Cylinder, G D. Wherefore, if a Cylinder be divided 
by a Plane parallel to the oppoſite Planes, then as one 
Cylinder is to the other Cylinder, ſo is the Axis to the 
Axis; which was to be demonſtrated. 


PROPOSITION XIV. 


THEOREM. 


Cones and Cylinders being upon equal Baſes, are 
to one another as their Altitudes. 


ET the Cylinders EB, FD, ſtand upon equal 
Ls Baſs AB, CD. I fay, as the Cylinder EB is 
22 Cylinder FD, fo is the Axis GH to the Axis 


For produce the Axis K L to the Point N; and 

put LN, equal to the Axis GH; and let a Cylinder 

| CM be conceived about the Axis LN. Then be- 

cauſe the Cylinders EB, CM, have the ſame Alti- | 

tude, they are * to w_ another as their Baſes. But 11 h. 
4 their 


their Baſes are equal. Therefore the Cylinders ER, 
CM, will be alſo equal. And becauſe the Cylinder 
FM is cut by a Plane CD, parallel to the oppoſite 
Planes, it ſhall be as the Cylinder CM is to the Cy. 
linder FD, ſo is the Axis LN, to the Axis K 

But the Cylinder C M is equal to the Cylinder EB; 
and the Axis LN to the Axis G H. Therefore the 
Cylinder E B is to the Cylinder FD, as the Axis GH 
is to the Axis KL. And as the Cylinder E B is to 

1 15. 5- the Cylinder FD, fo is | the Cone ABG to the Cong 

10 F thi. CDK; for the Cylinders are“ triple of the Cone, 
Therefore, as the Axis GH is to the Axis K L, ſo 
is the Cone AB G to the Cone CDK, and ſo the 
Cylinder EB to the Cylinder FD. Wherefore, Cones 
and Cylinders being upon equal Baſes, are to one another 
as their Altitudes; which was to be demonſtrated. 


PRO POSITION. xv. 


. THEOREM. | 
The Baſes and Aliitudes of equal Cones and Cylin- 
ders are reciprocally proportional; and Conn 
and Cylinders, whoſe Baſes and Altitudes are 
reciprocally proportional, are equal ta one an- 
other. | Ts 
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T E the Baſes of the equal Cones and Cylinders 
be the Circles AB CD, EF GH, and their Di- 
ameters AC, EG; and Axis KL, MN; which are 
alſo the Altitudes of the Cones and Cylinders: And 
let the Cylinders AX, EO, be compleated. I ſay, 
the Baſes and Altitudes of the Cylinders AX, E 
are reciprocally proportional, that is, the Baſe AB CD 
is to the Baſe EF GH, as the Altitude MN is to the 
Altitude K L. | 
For, the Altitude KL is either equal to the Alti- 
tude MN, or not equal. Firſt, let it be equal; and 
the Cylinder AX, is equal to the Cylinder EO. 
But Cylinders and. Cones that have the ſame Altitude, 
11 % h are * to one another as their Baſes. Therefore the 
Baſe ABCD is. equal to the Baſe EFG H. And 
conſequently, as the Baſe ABCD is to the Baſe 
EFGH, ſo is the Altitude MN to the Altitude 1 
| 1 
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But if the Altitude K L be not equal to the Altitude 
MN, let MN be the greater. And take PM equal 
to LK from MN; and let the Cylinder E O be cut 
thro' P by the Plane I V8, parallel to the oppoſite 
Planes of the Circles EF GH, RO, and conceive 
ES to be a Cylinder, whoſe Baſe is the Circle 
EFGH, and Altitude PM. Then, becauſe the 
Cylinder AX is equal to the Cylinder E O, and ES 
is ſome other Cylinder, the Cylinder AX to the 
Cylinder ES, ſhall be as the Cylinder EO, is to the 
Cylinder ES. But as the Cylinder AX is to the 
Cylinder ES, ſo is“ the Baſe AB CD to the Baſe * 11 7 «ir. 
EFG; for the Cylinders AX, ES have the ſame 
Altitude. And as the Cylinder E © is to the Cylinder ey 
ES, ſo is | the Altitude MN to the Altitude MP; + 13 sf «hi. 
for the Cylinder EO is cut by the plane T YS pa- 
rallel to the oppoſite Planes. Therefore, as the Baſe 
ABC is to the Baſe EF GN, ſo is the Altitude 
MN to the Altitude MP. But the Altitude MP is 
equal to the Altitude K L. Wherefore as the Baſe 
AB CD is to the Baſe EFGH, ſo is the Altitude 
MN to the Altitude K L. And therefore the Baſes 
and Altitudes of the _ Cylinders AX, EO, are 
reciprocally proportional. ED 
And if the Baſes and Altitudes of the Cylinders 
AX, EO, are reciprocally proportional, that is, if 
the Baſe AB CD be to the Baſe EF G, as the 
Altitude MN is to the Altitude KL. I fay, the 
Cylinder AX is equal to the Cylinder EO. For the 
ſame Conſtruction remaining ; becauſe the Baſe ABCD 
is to* the Baſe EF GH, as the Altitude MN is to 
the Altitude K L; and the Altitude K L is equal to 
the Altitude MP. It ſhall be as the Baſe AB CD is 
to the Baſe EF G H, ſo is the Altitude MN to the 
Altitude MP. But as the Baſe ABCD is to the 
Baſe EFG H, ſo is the Cylinder AX to the Cylinder 
ES; for they have the ſame Altitude. And as the Al. 
titude MN is to the Altitude MP, ſo is 1 the Cylinder t 11 of this 
EO to the Cylinder ES. Therefore, as the Cylinder 
AX is to the Cylinder ES, ſo is the Cylinder EO 
to the Cylinder ES. Wherefore the Cylinder AX 
15 equal to the Cylinder EO. In like Manner we 
prove this in Cones z which was to be deman/trated. 


: PRO- 
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PROPOSITION XVI. 


PROBLEM. 1 


Two Circles being about the ſame Center, to inſcrits 
in the greater a Polygon of equal Sides even in 
Number, that ſhall not touch the leſſer Circle, 


| By" ABCD, EFGH, be two given Circle 


about the Center K. It is required to inſcribe a 
Polygon of equal Sides even in Number in the Circle 
A B D, not touching the leſſer Circle EF GH. 

Draw the Right Line BD through the Center K, 


as alſo AG, from the Point G at Right Angles to 


BD, which produce to C; this Line will * touch 
the Circle EF GH. Then biſecting the Circumſe- 
rence BAD, and again biſecting the half thereof, 
and doing this continually, we ſhall have a Circumfe- 
rence left at laſt leſs than AD. Let this Circum- 
ference be LD, and draw LM from the Point L per- 
dicular to BD, which produce to N; and join 
D, DN. And then LD is f equal to DN. And 
ſince LN is parallel to AC, and AC touches the 


Circle EF GH, LN will not touch the Circle E F- 


GH. And much leſs do the Right Lines LD, DN, 
touch the Circle. And if Right View, each equal to 
LD, be applied round the Circle AB C D, we ſhall 
have a Polygon inſeribed therein of Sides, even 
in Number, that does not touch the leſſer Circle EFG. 
which was to be demonſtrated. 


PROPOSITION XVI. 


1 


PROBLEM. , 
To deſcribe a ſolid Polybedron, in the greater of 
two Spheres, having the ſame Center, which ſhall 
not touch the e of the leſſer Sphere.” 


1 two Spheres be - ſuppoſed about the fame 


Center A. It is required to deſeribe a ſolid Po- 


lyhedron in the greater Sphere, not touching the Bur 
perficies of the leſſer Sphere, 


Let 
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Let the Spheres be cut by ſome Plane paſſing thro? 
the Center. Then the ions will be Circles ; for 
becauſe a Sphere is made by the turning of a Semi- Def. 14. 
circle about the Diameter which is at reſt : In what- ** 
ſoever Poſition the Semicircle is conceived to be, the 
Plane in which it is ſhall make a Circle in the Super- 
ficies of the Sphere. It is alſo manifeſt that this Cir- 
cle is a great Circle, ſince the Diameter of the Sphere, 
which is likewiſe the Diameter of the Semicircle, is 
+ greater than all Right Lines that are drawn in the f 15. 3 
Circle, or Sphere. Now, let BCDE be that Circle 
of the greater Sphere, and FG Hof the leſſer Sphere; 
and let BD, CE be two of their Diameters drawn at 
Right Angles to one another. Let BD meet the leſ- 
ſer Circle in the Point G, from which to AG let GL 
be drawn at Right Angles, and AL joined. Then 
biſecting the Circumference EB, as alſo the half 
thereof, and doing thus continually, we ſhall have 
left at laſt a certain Circumference leſs than that Part 
of the Circumference of the Circle BCD, which is 
ſubtended by a Right Line equal to G L. Let this 
be the Circumference BK. Then the Right Line 
BK is leſs than GL; and BK ſhall be the Side of a 
Polygon of equal Sides, even in Number, not touch- 
ing the leſſer Circle. Now, let the Sides of the Po- 
lygon in the Quadrant of the Circle BE, be the Right 
Low BK, KL, LM, ME; and produce the Line 
joining the Points K, A, to N: And raiſe f AXT * 11. 
from the Point A, perpendicular to the Plane of the 
Circle B.CDE, meeting the Superficies of the Sphere 
in the Point X, and let Planes be drawn thro' AX, 
and BD, and thro' AX, and KN, which from what has 
been faid will make great Circles in the Superficies of 
the Sphere. And let BXD, KXN, be Semicircles on 
the Diameters BD, KN. Then becauſe XA is perpen- 
dicular to the Plane of the Circle B C DE, all Planes 
that paſs thro XA ſhall alſo ® be perpendicular to 8. 11. 
that fame Plane. Therefore the Semicircles BX D, | 
KXN are perpendicular to that ſame Plane. And 
3 for upon iameters , 
| N; their Quadrants BE, BX, KX, ſhall be alſo 
' equal, And therefore, as many Sides as the Polygon 
in the Quadrant BE has, fo many tides way the 


+ 38. 11. 


Q, 80 are f equal and parallel. And becauſe QV is 


Plane: For if two Right Lines be parallel, and 


within the Circumſerences BX, K 


be in the Quadrants B X, K X, equal to the S dle 


BK, KL, LM, ME. Let thoſe Sides be 'BQ, 


OP., PR, RX, KS, Si, TY, YR: And join 
SO, TP, YR; and let Perpendiculars be drawn 
from O, 8, to the Plane of the Circle BCDE, 


Theſe will + fall on BD, KN, the common Section 


of the Planes; becauſe the Planes of the Semicircley 
BXD, K XN, are perpendicular to the Plane of tho 
Circle BCG DE. Let the ſaid Perpendiculars be Oy, 
SQ and join VQ, Then ſince the equal Circumſe- 
rences BO, SK, are taken in the equal Semicircles 
BXD, KXN, and OV, 8 Q are Perpendicular, 
OV ſhall be equal to SQ, and BV to K Q. But 
the Whole BA is equal to the Whole KA. There 
ſore the Part remaining VA, is equal to the Part re- 
maining QA. Therefore as BY is to VA, ſo is K 
to QA: And fo VQ is 1 parallel to BK. And fince 
OV and SQ are. both perpendicular to the Plane.of 


the Circle BC DE, OV. ſhall be ® parallel to 8 C 


But it has alſo been proved equal to it. Wherefore 


parallel to SO, and alſo parallel to KB, SO: ſhall be 
alſo. 4 parallel to KB: But BO, KS, join them. 
Therefore K BOS is“ a quadrilateral Figure in one 


Points be taken in both of them, a Right Line join · 
ing the ſaid Points is in the ſame Plane as the Pan. 
lels are. And for the fame Reaſon, each of. the qu: 


_ drilateral Figures 8 OPT, T PRY, are in one Plane 


And the Triangle V RX, is + in one Plane. There 
fore, if. Right Lines be ſuppoſed to be drawn from 
_ R_ 2 P, T, R, V, to the Point Aw 
WI ituted a certain folid polyhedrous F igur 

KX. — 
Pyramids, whoſe Baſes: are the. quadrilateral Figure 
K BOS, SOPT, TPRY, and the Triangle YRX; 


and Vertices the Point A. And if there be made 


the ſame Conſtruction on each of the Sides KL, LM, 
ME, like as we have: dene: on the Side K B, and 
alſo in the other three Quad rants, and the other He- 
Aiiſphere, there will be conſtituted a: pol ous Fi- 
gure deſcribed in the: Sphere, compoſed of 7 
whole Baſes are the aſoreſaid quadrilateral Fi 


ramids 
and the Triangle Y NX, being of the fame G 
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I and Vertices the Point A. I fay, the ſaid Polyhe- 

> | | dron does not touch the Superficies of the belive, 

n wherein the Circle FG H is. Let AZ be drawn 1 f .. It, 
N | from the Point A, perpendicular to the Plane of the | 

«* | | quadrilateral Figure K B S O, meeting it in the Point 

$ 2 and join B Z, Z K. Then ſince AZ is perpendi- 

. cular to e Plane of the quadrilateral Figure KBSO, 

0 | | it ſhall alſo be * perpendicular to all Right Lines that * Def. 3.71. 
» | touch it, and are in the ſame Plane. Wherefore AZ, 

> | is perpe rpendicular to B Z and Z K. And becauſe AB is 

5 equal to AK, the Square of AB ſhall be alſo equal 

; to the Square of AK: And the Squares of AZ, Z B 

t | | are+ equal to the Square of AB. For the Angle at f 47. f. 
2532 a Right Angle. And the Squares of A Z, ZK, 
a are equal to the Square of A K. Therefore the 
8 Squares of AZ, Z B, are equal to the Squares of AZ, 
R. Let the common Square of AZ be taken away. 


And then the Square of BZ remaining, is equal to 

de Square of Z K remaining: And fo the Right 

8 Line BZ is equal to the Right Line ZK. After the 

fame Manner we demonſtrate that Right Lines drawn 

| from the Point Z to the Points O, S, are each equal 

| | to BZ, Z K. Therefore a Circle deſctibed about 
| the Center Z, with either of the Diſtances Z B, 

2K, will fo paſs thro? the Points O, S. And be- 

| aſe BESO is a: quadrilateral F Figure i a Citcle, and 

| OB, BK, KS ate Scl, and OS is tefs than BK ; 
; the the Ang] BZ R that ſhal) be &druſe ; Wd BK greater 

| than 82. But GL alſo is much greater than B E 


Therefore G L is greater than BZ. And the 
of GL is greater than the Square of BZ. And fince 
XL is qual to AB, the Square of AL Hall . 
| tothe Square of AB. But the Squares of AG, GL, 
| together, are equal 'to the Square of AL, and the 
| Bog of BZ, Z A, together, equal to che Square 
| of AB: Therefore the Squares of AG, GL, toge- 
ther, are equal to the Squares of B Z, Z A, together: 
But the Square of BZ is leſs than the Square of GL: 
erefore the Square of Z A is greater than the 
Square of AG; and ſo the Right Line Z A vill be 
greater than the Right Line AG. But AZ is per- 
pendicular to one Baſe of the Polyhedron, and AG 
to the Superficies. Wherefore the Polyhedron does 
not touth the Superficies of the leſſer Sphere. * 
ore, 


| . 
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ſore, there is 14 a fold Polyhedron in the greater, 
of two Spheres having the ſame Center, which doth ng 
touch the Super ficies of the leſſer Sphere; which was to 
be demonſtrated. | 


Coroll. Alſo if a ſolid Polyhedron be deſcribed in ſome 
other Sphere, ſimilar to that which is deſcribed 
in the Sphere BCDE; the ſolid Polyhedron de- 
ſcribed in the Sphere BCD E, to the ſolid Poly. 
hedron deſcribed in that other Sphere, ſhall have 
a triplicate Proportion of that which the Diame- 
ter of the Sphere BCDE hath to the Diameter of 


that other Sphere. For the Solids being divided 


into Pyramids, equal in Number and of the fame 
Order, the ſame Pyramids ſhall be ſimilar. But 
ſimilar Pyramids are to each other in a triplicate 
Proportion of their homologous Sides. Therefore 
the Pyramid whoſe Baſe is the quadrilateral Fi- 
gure KBOS, and Vertex the Point A, to the Py- 
ramid of the ſame Order into the other Sphere, 
has a triplicate Proportion of that which the homo- 
logous Side of one, has to the homologous Side of 
the other; that is, which AB, drawn from the Cen- 
ter A of the Sphere, to that Line which is drawn 
from the Center of the other Sphere. In like Man- 


ner, every one of the Pyramids, that are in the 


Sphere whoſe Center is A, to every one of the Py- 
ramids of the ſame Order in the other Sphere, 
| hath a triplicate Proportion of that which AB has 
to that Line drawn from the Center of the other 
Sphere. And as one of the Antecedents is to one 
of the Conſequents, ſo are all the Antecedents to 
all the Conſequents. Wherefore the whole ſolid 


Polyhedron, which is in the Sphere deſcribed about 


the Center A, to the whole ſolid Polyhedron that 
is in the other Sphere, hath a . Proportion 
of that which AB hath to the Line drawn from 
the Center of the other Sphere ; that is, which the 
e BD has to the Diameter of the other 
pnere. 
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PRO POSITION XVIII. 


Tu Ro RE M. 


Spheres are to one another in a triplicate Propor- 
tion of their Diameters. 


Uppoſe ABC, DEF, are two Spheres, whoſe 
9 Diameters are BC, E F. I ſay, the Sphere ABC 
to the Sphere DEF has a triplicate Proportion of that 
which BC has to EF. | 1 
For if it be not ſo, the Sphere AB C to a Sphere 
either leſſer or greater than DE F, will have a tripli- 
cate Proportion of that which B C has to EF. Firſt, 
let it be to a leſſer as G HK. And ſuppoſe the Sphere 
DEF to be deſcribed about the Sphere G HK; and 
let there be deſcribed * a ſolid Polyhedron in the great 17 this. 
er Sphere DEF, not touching the Superficies of the 
leſſer Sphere G H K; alſo let a ſolid Polyhedron be 
deſcribed in the Sphere ABC, ſimilar to that which is 
deſcribed in the Sphere DEF. Then the ſolid Poly- 
hedron in the Sphere AB C, to the ſolid Polyhedron 
in the Sphere DE F, will have + a triplicate Propor- t 7 fo rhe 
tion of that which BC has to E F: But the Sphere ® ” 
ABC to the Sphere G H K, hath a triplicate Propor- 
tion of that which B C hath to EF. Therefore as the 
Sphere ABC is to the Sphere G H K, ſo is the ſolid 
Polyhedron in the Sphere A B C to the ſolid Polyhe- 
dron in the Sphere DEF; and (by Inverſion) as the 
Sphere AB C is to the ſolid Polyhedron that is in it, 
ſo is the Sphere G H K to the ſolid Poly hedron that is 
in the Sphere DE F; but the Sphere ABC is greater 
than the ſolid Polyhedron that is in it. Therefore the 
Sphere GH K is alſo greater than the ſolid Polyhedron 
that is in the Sphere DEF, and alſo leſs than it, as 
deing comprehended thereby, which is abſurd. There- 
fore the Sphere A B C to a Sphere leſs than the Sphere 
DE F, hath not a triplicate Proportion of that which 
BC has to EF. Aſter the ſame Manner it is demon- 
ſtrated that the Sphere DEF to a Sphere leſs than 
ABC, has not a triplicate Proportion of that which 
EF has to BC. I ſay, moreover, that the Sphere 
ABC to a Sphere greater than DE F, hath not a tri- 
| plicate 
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plicate Proportion of that which BC has to EF; for, 


i it be poffible, let it have to the Sphere LMN greater 
than DEF. Then (by Inverſion) the Sphere LMN 
to the Sphere AB C, ſhall have a triplicate Proportion 
of that which the Diameter E F has to the Diameter 
BC; but as the Sphere LM N is to the Sphere ABC, 
ſo is the Sphere DEF to ſome Sphere leſs than ABC, 
becauſe the Sphere LM N is greater than DEF, 
Therefore the Sphere DEF to a Sphere leſs than 
ABC, hath a triplicate Proportion to that which EF 


has to BC, which is abſurd, and has been before proved, 


Therefore the Sphere ABC to a Sphere greater than 
DEF, .has not a triplicate Proportion of that which 
BC has to EF. But it has alſo been demonſtrated, 
that the Sphere AB C to a Sphere leſs than DE F, has 

t a triplicate Proportion of that which B C has 0 


EF, Therefore the Sphere ABC to the Sphere DEF, 


bas a triplicate. Proportion of that which B C has to 
EF; which was to be demonſtrated. 
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THE 
ELEMENTS 
Of Plain and Spherical 


 TRIGONOMETRY. 


DEFINITIONS. 
HE Buſineſs of Trigonometry is to find the 


les when the Sides are given, and the 
Sides, or the Ratio's of the Sides, when the 
Angles are given, and to find Sides and An- 
gles, when Sides and Angles are given In order to 
which, it is neceſſary that not only the Peripheries of 
| Circles, but alſo certain Right Lines in and about Cir- 
2 be ſuppoſed divided into ſome determined Number of 
arts. | | : 

And ſo the ancient Mathematicians thought fit to 
divide the Periphery of a Circle into 360 Parts (which 
they call Degrees ;) and every Degree into 60 Minutes, 
and every Minute into 60 Seconds: And again, every 
Second into 60 Thirds, and ſo on. And every Angle ts 
faid to be of ſuch a Number of Degrees and Minutes, 
as there are in the Arc meaſuring that Angle. 8 
There are ſome that would have a Degree divided 
into centeſimal Parts, rather than ſexageſimal ones: 
And it would perhaps be more uſeful to divide, not only 

Degree, but even the whole Circle in a decuple Ratio; 
which Diviſion may ſome time or other gain Place. 
Now, if a Circle contains 360 Degrees, a Quadrant 
thireef, which is the * of a Right Angle, mw 

e 
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be 90 of thoſe Parts: And if it contains 100 Parts, | 
Quadrant will be 25 of theſe Parts. 
The Complement of an Arc is the Difference therf 
JJ | 
A Chord, or Subtenſe, is a Right Line drawn fron 
one End of the Arc to the other. 5 
..The Right Sine of any Arc, which al is common 
called only a Sine, is a Perpendicular falling from om 
7 nd of an Arc, to the Radius drawn through the otbe | = 
End of the ſaid Arc. And is therefore the Semiſubtenſe 
of double the Arc, viz. DE: DO, and the Arc DO | 
is double of the Arc DB. Hence, the Sine of an Arc 3 
of 30 Degrees, is equal to the one half of the Radius. 
For (by 15. El. 4.) the Side of an Hexagon inſcrib'd ix 
4. Circle, that is, the Subtenſe of 60 Degrees is egal 
to the Radius, A Sine divides the Radius into tus 
Segments CE, EB; one of which, CE, which is in- 
tercepted between the Center and the Right Sine, is the 
Sine Complement 7 the Arc DB to a 77" OS (for 
CEF D which is the Sine of the Arc D H, ) and i: p 
called the Cofine. The other Segment BE, which it 
intercepted between the Right Sine and the Peri 
is called a verſed Sine, and ſometimes a Sagitta. 
And if the Right Line CG be produced * the Cen 
ter C, thro one End D of the Arc, until it meets the t 
Right Line B G, which is perpendicular to the Dia- 
meter drawn thro' the other End B of the Arc, that 
CG is called the Secant, and BG the Tangent of the 
Arc DB. | 
Dye Coſecant and Cotagent of an Arc is the Stant 
or Tangent of that Arc, which is the Complement of 
the former Arc to a Quadrant. Note, As the Chord 
of an Arc, and of its Complement to a Circle, is the 
ſame ; ſo likewiſe is the Sine, Tangent, and Secant of 
an Arc the ſame as the Sine, Tangent, and Secant 7 
its Complement to a Semicircle. RE 
The Sinus Totus is the greateſt Sine, or the Sint 
of go Degrees, which is equal to the Radius of the 
Ein. 1 N | 
A Trigonometrical Canon is a Table, which, be- 
ginning from one Minute, orderly expreſſes the Lengths | 
that every Sine, Tangent, and Secant, have in riet 
of the Radius, which is ſuppoſed Unity; and is concerved 
to be divided 10,000,000, or more decimal Parts. 
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fo the Sine, Tangent, or Secant of any Arc, may be 
had by Help of this Table; and contrarywiſe, a Sine, 
Tangent, or Secant, being given, we may find the Arc 
it expreſſes. Take Notice, That in in the following 


Traft, R ſignifies the Radius, S a Sine, Col. a opp inc, 


T a Tangent, and Cot. u Cotangent. 


— 


The CoNSsTRUcTION of the Tri- 
gonometrical Canon. 


PROPOSITION I. 


THEOREM. 


The two Sides of any Right- angled Ti riangle being 
given, the other Side is alſo given. 


FR 105 47. of the firſt Element) ACq=ABq 


and ACq —BCq=ABq, and in- 


ka ACqi- AB =BCq. Whence, by. 


the Extraction of the ſquare Root, there is given 
a0 ECy and ALY Ou 


PROPOSITION Il. 


PROBLEM. 


The Sine DE of the Arc DB, and the Radius 
CD, being given, to find the Cofine DF. 


HE Radius CD and the Sine DE, being given 
in the Right-angled Triangle CD E, there will 


be given (by the aſt Prop.) YCDq—DEq=zDF. 
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PROPOSITION III. 


PROBLEM. 


The Sine DE of any Arc DB being given, to find | 


DM or BM tbe Sine of half the Arc. 


DE being given, CE (by the laſt Prop.) will be 
given, and accordingly E B which is the Difference | 


between the Coſine and Radius. Therefore DE, 


E B, being given in the Right-angled Triangle DBE, | 
there will be given DB, whoſe half DM is the 


Sine of the Arc D L = < the Arc BD. 


\ 


PROPOSITION IV. 


PROBLEM. 
The Sine BM of the Arc BL being given, to find 
the Sine of double that Arc. 
T HE sine B M being given, there will be given 
1 (by Prop. 2.) the Coſine CM. But the Trin- 


 gles CBM, DBE, are equiangular, becauſe the An- 


gles at E and M are Right Angles, and the Angle at 
B common. Wherefore (by 4. 6.) we have CB: CM 
:: BD, or 2 BM : DE. Whence, fince the thre 
firſt Terms of this Analogy are given, the fourth alſo, 
which is the Sine of the Arc D B, will be known. 


Coroll. Hence, CB: 2 CM:: BD: 2 DE, thaty, 


the Radius is to double the Coſine of one half of 
the Arc DB, as the Subtenſe of the Arc DB, ks 
to the Subtenſe of double that Arc. Alſo CB: 
«\ 2 CM :: (z BM: DE: :) BM: DE:: 
CB: CM. Wherefore the Sine of any Arc, and 
the Sine of its Double being given, the Coſine ef 
the Arc it ſelf is given. 
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PROPOSITION V. 


The Sines of two Arcs B D. FD, being given, to 
find FI the Sine of the Sum, as likewiſe EL, 
the Sine of their Difference. 


By the Radius C D be drawn, n o i 


the Coſine of the Arc F D, which accordingly 


is given, and draw OP thro' O parallel to DK. Alſo 
kt OM, GE, be drawn parallel to CB. Then be- 
cauſe the Triangles C DK, COP, CHI, FO, 
FOM, are equiangular. In the firſt Place, CD: 
DK :: CO : OP, which conſequently is known. 
Alſo we have CD:CK::FO: FM, and fo like- 
wiſe this ſhall be known. But becauſe FO= 


EO, then will FM = MG = ON. And o OP 


FM = FIS Sine of the Sum of the Arcs: And 


OP—FM, that is OP—ON=EL = Sine of 


the Difference of the Arcs. W. W. D. 


Coroll. Becauſe the Differences of the Arcs BE, BD, 
BF, are equal, the Arc B D ſhall be an Arithme- 
tical Mean between the Arcs BE, BF. | 


PROPOSITION VI. 
The ſame Things being ſuppoſed, Radius is to dou- 


ble the Cofine tbe mean Arc as the Sine of 
the Difference, to the Difference of the Sines of 
the Extremes. | 


LOR we have CD:CK::FO:FM, whence 

by doubling the Conſequents CD : 2 CK :; 
FO: 2 FM, or to FG; which is the Difference of 
the Sines EL, FI. W. W. D. | | 


Ceroll. If the Arc BD be 60 Degrees, the Difference 
of the Sines FI, EL, ſhall be equal to the Sine, 
FO; of the Diſtance. For in this Caſe, C K is the 
Sine of 30 Degrees. Double thereof being equal 


to Radius; and fo ſince CD= 2 CE we ſhall 


have FO=FG. And conſequently, if the two 
Arcs BE, BF, are Equidiftant from the Arc of 60 
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Degrees, the Difference of the Sines ſhall be 
to the Sine of the Diſtance F D. "I 


Coroll. 2. Hence, if the Sines of all Arcs be given 


diſtant from one another by a given Interval, from 


the Beginning of a Quadrant to 60 


the 
_ other Sines may be found by one Addition onh. 


For the Sine of 61 Degrees = Sine of 539 
-+ Sine of 1 Degree. And the Sine of 62 Degrees 


= Sine of 58 Degrees + Sine of 2 Degrees. Alo 


the Sine of 63 Degrees = Sine of 571 dress 4+ 
Sine of 3 Degrees, and fo on. 


Coroll. 3. If the Sines of all Arcs, from the 


ning of a Quadrant to any Part of the 


_ diſtant from each other, by a given Interval be 
given, thence we may find the Sines of all Arg 
to the Double of that Part, For Example, Let 


all the Sines to 2 rees be given ; then, by the 
precedent Analog | the Sines to 30 Degrees, 
may be 5 For Radius is to double the Co- 


fine of 15 Degrees, as the Sine of i Degree, is to 


the Difference of the Sines of 14 Degrees, and 16 
rees; ſo alſo is the Sine of 3 Degrees, to the 

Difference between the Sines of 12 and 18 

and fo on continually until you come to the Sine of 

30 Degrees. 


Aſter the ſame Manner, as Radius is to double the 


Coſine of 30 Degrees, or to double the Sine of 60 
Degrees, ſo is the Sine of 1 ow to the Diffe- 
rence of the Sines of 29 and 31 Degrees : : Sine 
2 Degrees, to the Difference of the Sines of 28 
and 32 Degrees :: Sine 3 Degrees, to the Diffe- 
rerice of the Sines of 27 and 33 Degrees, But in 
this Caſe, Radius is to double the Coſine of 30 


Degrees, as 1 to  3*. And accordingly, if the 


F id. fer the Derixirions. 


Let B D be an Arch of 30 
Rad. Tan. Co: ſine Sine 
Then as CB: BG:: FD: DE. DO =CB ergo DE =+ 


VB! DES c= Vr H CB: CE: N 


CD: 2CE : 


'1: FLELDET IE 2 ED. 


Sis 


| 
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Sines of the Diſtances from the Arc of 30 Degrees, 
be multiplied by / 3, the Differences of the Sines 
will be had. 

So likewiſe may the Sines of the Minutes in the Be- 

inning. of the Quadrant be found, by having the 
Eines and 88 of one and two Minutes Pn. 
For as the Radius is to double the Coſine of 22 

Dine 1 : Difference of the Sines of 1 and 30: Sine 

27: Difference of the Sines of o and 45 that is, 
to the Sine of 4. And ſo the Sines of the four 
firſt Minutes being given, we may thereby find the 
Sines of the others to 8, and _m thence to 16', 

and ſo on. 


PROPOSITION VI. 
 TrroREM. 


In ſmall Arcs, the Sines and T; angents of the ſame 


Arcs are nearly to one another, in a Ratio of 
* Equality. 


FO becauſe the Triangles CED, CBG, are 
equiangular, CE: CB :: ED :: BG. But 
as the Pein E approaches B, EB will vaniſh in 


Reſpect of the . D Whence CE will become 
nearly equal to CB. And ſo ED will be alſo wy 


B If EB be leſs than 3 
Ae — _ _ E ow 


Part of the Radius, then the Difference between the Sine 

= b 3 
and the Tangent will be alſo leſs than the 888 
Fart of the Tangent. | 


Coroll. Since any Arc is les thin the Tangent, and 
greater than its Sine, and the Sine and Tangent 
of a very ſmall Arc, are nearly equal; it follows 
that the Arc ſhall be nearly equal to its Sine; and 


ſo in very ſmall Arcs 1 1 Are ta Arc, 
ſo is Sine to Sine. 
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PROPOSITION VII. 


To find the Sine of the Arc of one Minute. | 
HE Side of a Hexagon inſcrib'd in a Circle, thi | 1 


Radius, (by 15th of the 4th, ) and fo the half of the Ra- 
dius ſhall be the Sine of the Arc 30 Degrees. Where. 
fore the Sine of the Arc of 30 Degrees being given, 
the Sine of the Arc of 15 Degrees may be found, (by 
op. 3+) Alſo the Sine of the Arc of 15 Degrees be. 
ing given, (by the ſame Prop.) we may have the dine 
f 7 Degrees 3o Minutes: So likewiſe can we find 
the Sine of the half of this, viz. 3 Degrees 45'; and 
ſo on, until twelve Biſections being made, we come 
to an Arc of 52*, 44, o, 455, whoſe Coſine is 
nearly equal to the Radius, in which Caſe (as is ma- 


is, the Subtenſe of 60 Degrees, is equal to the 


nifeſt from Prop. 7.) Arcs are proportional to their 

pines : And ſo as the Arc of 52, 44', 3*, 455 
is to an Arc of one Minute, ſo ſhall the Sine before 

und be to the Sine of an Arc of one Minute, 


which therefore will be given. And when the Sine 
of one Minute is found, then (by Prop. 2. and 4.) 
the Sine and Coſine of two Minutes wi be had. 


PROPOSITION . 


F 


j ibs Angle BAC, being in the Periphery of a 
Circle, be bijeFed by the Right Line AD, and 
if AC be produced until DE = A D-meets it 
in E: then ſhall CE — AB. 


Ie 


ngle Ba DCE. But likewiſe the Angle E= 
DAC fi, 1.) = DAB and DC = DB. Where 
fort the Triangies BAD and CED are . 
and CE is equal to AB. W. W. D. = 


quadrilateral Figure ABDC hy 22: b/ 
les B'and ACD are equal to two Right 
PSE T DCA (ly 13. 1.) Whence the 
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PROPOSITION X. 
THEOREM. 
Let the Arcs AB, BC, CD, DE, EF, Gc. be 
equal, and let the Subtenſes of the Arcs A B, 
AC, AD, AE, &c. be drawn; then will AB 
AC:: AC:AB+AD:: AD: AC+AE 
:AE:AD+AF:: AF: AE AG. 


ET AD be produced to H, AE to I, AF to K, 
1 and AG to L, that the Triangles ACH, ADI, 
AEK, AFL, be Iſoſceles ones; then becauſe the 
Angle BAD is biſected, we ſhall have DH = AB, 

(by th - of 4,204 ſo likewiſe ſhall EI AC, FK 
AD, alſo GL=AE. © 

But the Iſoſceles Triangles ABC, CHA, DAI, 
EAK, F AL, becauſe of the equal Angles at the 
Baſes, are equiangular. Wherefore it ſhall be as AB: 
AC:: AC: AH=AB+AD::AD: AI AC 
AE::AE:AK =AD-+tAF::AF:AL=AE 
+ AG. W. W. D. | | | 


Coroll. 1. Becauſe AB is to AC, as Radius is to dou- 
ble the Coſine of 1 the Arc AB, it ſhall alſo be (by 
Ceroll. Prop. 4.) as Radius is to double the Coſine 

of ; the Arc AB, ſo is 1 AB:3AC::, AC:: 
+ AB ＋ 1 AD :: 1 AD: 1 AC ＋ AE: : AE 

AD AF, Sc. Now let each of the Arcs 

AB, BC, CD, Oc. be 2'; then will + AB be the 
Sine of one Minute, 1 AC the Sine of 2 Minutes, 

12 AD the Sine of 3 Minutes; + AE the Sine of 
4, &c. Whence if the Sines of one and two Mi- 
nutes be given, we may eaſily find all the other Sines 
in the following Manner. 

Let the Coſine of the Arc of one Minute, that is, the 
Sine of the Arc of 89 Deg. 59, be called Q. and 
make the follewing Analogies; R: 2 Q.: Sin. 2' 
8. 1 ＋8. 3. Wherefore the Sine of 3 Minutes 
ts om Alſo R: 2 Q::.S.3': S. 2' + 
Gt . pony 178 4 is given; and R. 2 

: 8.4: 8. 3 8. 5“; and fo the Sine of 5 
will be had, 3. 53 ‚ 5 


"x Like- 
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Likewiſe R:2Q:: 8. 5, : S. 4 ＋ 8. 6; ay 
ſo we ſhall have the Sine of 6. And in like Man. 
ner, the Sines of every Minute of the 
will be given. And becauſe the Radius, or the 
firſt Term of the Analogy is :Unity, the Operations 
will be with great Eaſe and Expedition calculate 
by Multiplication, and contracted by Addition. 
When the Sines are found to 60 Degrees, all th | 
other Sines may be had by Addition only, (by | 
| Cor 1. Prop. 6.) 5 : 5 8 = | 
The Sines being given, the Tangents and Secant 
may be found from the following Analogies, (in the 
Figure for the Definitions ;) becauſe the Tiriangls | 
CED, CBG, Ch are equiangular, we have « 


.CE:ED:::CB : BG; that is, Cof.:S ::R:T_ 
GB: BC :: CH: HI; that is, T: R:: R: Co, 
CE: CD:: CB: CG; that is, Coſ.: R:: R: Secant 
DE: CD:: CH: CI; that is, S: R:: R: Coſec 


That great Geometrician and incomparable Phil 
pher, Sir Iſaac Newton, was the firſt that laid dumm 
a Series converging, in infinitum ; from which, haying 
the Arcs given, their Sines may be found. ' This if 
an Arc be called A, and the Radius be an Unit, th 
Sine thereof will be found tobe e 

As 3 | * A? 4 . 

1.2.3 1.2. 3.4.5 1. 2.3.4.5. 6.7 1.2.3. 4,5, 6.7189 

And the Ceſine, DS. 

A: 4 A 7, 

1 ＋— — Ec. 
1.2.3 1.3.4 


3 
* 


—B 
. 
* «4 


1 h 
1.2. 3.4.5.6 1. 2. 3. 4. 5. 6.7. 8 
T heſe Scries in the Beginning of the Quadrant uber 
the Arc A is but ſmall, ſoon converge. Far in, the & 
ries for the Sine, if A does not exceed 10 Minutes, the 
two firſt Terms thereof, viz. A — 6 A gives the Smt 
to 15 Places of Figures. If the Arc A be not greater 
. than one Degree, the three firſt Terms will exhibit the 
Sine to 15 Places of Figures; and fo the ſaid Series alt 
rery uſeful for finding the firſt and laſt Sines of the 
Quadrant. But the greater the Arc A ts, the 15 
. ar 


—Y * * rn 9 —S —% 


r cot. es... St. £ 
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are the Terms of the Series required to have the Sine 


| in Numbers true to a given Place of Figures. And 


then when the Arc is nearly _ to the Radius, the 
Series converges very flow. And therefore, to remedy 
this 1 have deviſed other Series, fimilar to the Newto- 
nian one, wherein, J ſuppoſe, the Arc, whoſe Sine is 
ſought, is the Sum and Difference of two Arcs, viz. 
Az, er A—z: And let the Sine of the Arc A, 
be called a, and the Cofine b. Then the Sine of the 
Arc A z will be 1 thus 


bz az? 25 421 b 25 


— — — 4 — 
1 1.3.3 1.3.4 1.35 Ir. 
And the Coſine is, R 
az bz az d 2.4 az bz? 
+ b —— 2 TT 2.3.4 3 1.8. 
to * a © as © we 30 2 42) 5 1. 2.3.45 
. ug | 
In like Manner the Sine of the Arc A—2z is 
4 e ee amt 
ff . 34-50 
And the Coſine is, 


= az bz a2 b 24 a 25 Bi 
. ge. 


A—z and Az. And the Difference of the Sines are, 
bz az bz 4 a 24 bz 4 25 


3 3 . 
5 0 1 1.2. 3 1. 2.3.4 1.2. 3.4.5 12.3.4588 

2 az bz 224 bz5 * TH: 
VVV . 285 8 | 
þ I T 77 NE: FFT 


Whence the Difference of the Differences or ſecond 
Difference, 


$22 na7*-, 222 


7. Praduce 3 1.2.3115 Se. 
| 55 25 27 Re” 2 
Or 2a x 1 1.2.3.4 1. 2.3.4. 5. 6 Oc. 


Arc, drawn into the moſes Sine of the Arc 2, and con- 
verges very ſoon. So that 2 be the firſt Minute 0 


the Quadrant, the firſt Term of the Series gives the ſe- 
cond Difference to 15 Places of Figures, and the ſecond 
Term to 25 Places, | | 
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From hence, if the Sines of the Arcs diftant one Jh. 
nute from each other be given, the Sines of all the {rg 
that are in the ſame Progreſſion may be found by an er. 
ceeding eaſy Operation. | 


a , and b its Coſine, will become Radius, or i. 


And hence, if the Terms wherein a is, are tak 


away, and 1 to be put inflead of b, the Series will 
become the Newtonian. In the third and fourth Series, 
if A be go Degrees, we ſhall have b So, and a=1, 
| Whence again, taking away all the Terms wherein b 
is, and putting 1 inſtead of a, we fhall have the New- 


tonian Series ariſe. 


| Note, All the ſaid Series cafily flaw from the New. 
tonian ones. By the fifth Propoſition. 


PROPOSITION XI. 
In a Right-angled Triangle, if the Hypothenuſe 


| be made the Radius, then are the Sides the Sings 


of their oppoſite Angles, and if either of the 
Legs be made the Radius, then the other Leg is 
the Tangent of its oppoſite Angle, and ihe Hy 
f᷑otbenuſe is the Secant of that Angle. 


T is manifeſt that CB is the Sine of the Arc CD, 
and AB the Coſine thereof; but the Arc CD is the 
Meaſure of the Angle A, and the Complement of the 
Meaſure of the Angle C. Moreover, if AB, in the Fi- 
gure to this Propoſition, be ſuppoſed Radius, then BC 
is the Tangent, and A C the Secant of the Arc BD, 
which is the Meaſure of the Angle A. So alſo if BC 
be made the Radius, then is BA the Tangent, and AC 
the Secant of the Arc BE, or Angle C. W. W. D. 
Therefore as A C being taken as ſome given Meaſure, 
is to BC taken in the ſame Meaſure ; ſo ſhall the 
Number 10,000,000 Parts in which the Radius is ſup- 
poſed to be divided, be to a Number expreſſing in 
the ſame Parts the Length of the Sine of the Angle 
A; that is, it will be | 


In the firſt and ſecond Series, if Ao; then hal | 


dy 
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as AC: BC: R: 8, A. 

by the ſame Reaſon, as Ac: BA: R: 8. GC: 
alas AB: BC: R: T, A. 

and BC + BA R: T, C. 


And ſo if any three of theſe Proportianals be given, 
the fourth may be found by the Rule of T bree. 


PROPOSITION XII. 


The Sides of Plain Triangles are a: hs Sines of 
their oppoſite Angles. 


F the Sides of a Triangle, inſcribed in a Circle, be 

biſected by opens Radii, then ſhall the half 
Sides be the Sines of the Angles at the Periphery ; 
for the Angle BDC at the Center, is double of the 
Angle BAC at the Periphery ; (by 20 EL lib. 3.) 
and ſo the half of every of them, viz. BDE= BAC, 
and BE is the Sine thereof. For the ſame Reaſon, 

BF ſhall be the Sine of the Angle BCA, and AG 
the Sine of the Angle ABC. \ | 

In a Right-angled Triangle we have BDS g ABC 
= Radius (by 31. Eucl. 3.) but Radius is the Sine 
of a Right Angle: Whence : BC is the Sine of the 
Angle A. : 

In an Obtuſe-angled Triangle, let BI, CI, be 
drawn, and then the Angle L ſhall be the Comple- 
ment of the Angle A to two Right Angles, (by 22 
El. 3.) and fo they ſhall both have the ſame Sine. 
But the Angle BDE, (whoſe Sine is BE) = Angle 
L. Therefore BE ſhall be the Sine of the Angle 
BAC. And ſo in every Triangle, the Halves of - 
the Sides are the Sines of the oppoſite Angles; but 
it is manifeſt that the Sides are to one another as 
their Halves, W. W. D. 5 


PRO- 
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PROPOSITION VII. 


In a plain Triangle, theSum of the Legs, the Dir. 


ference of the Legs, the Tangent of the half Sun 
of the Angles at the Baſe, and the Tangent of 


one half their Difference, are proportional. 


ET there be a Triangle ABC, whoſe Legs are 
AB, BC, and Baſe AC. Produce AB to H, 

ſ> that BH BC, then ſhall AH be the Sum of the 
Legs; and if you make BI=BA, then IH will be 


the Difference of the Legs. Alſo the Angle HBC 


=Angls A+ AC B, (by 32. El. 1.) and ſo EBCthe 


half thereof = half the Sum of the Angles A and 


ACB, and its T t (putting the Radius = EB) is 


E C. 1 2 let BD be drawn parallel to A C, and 
make H F = CD. 


(by 29. El. 1.) Alſo the Angle HB D Angle A; 
whence F BD ſhall be the Difference of the Angle 
A and AC B; and EB D, whoſe Tangent is ED, 
half their Difference. Let IG be drawn thro' I pa- 
rallel to AC or BD, and then (by 2. El. 6.) AB: 
BI:: CD: DG, but AB = BI; whence we ſhall 
have CDS DG, but CD HF, and fo HF = DG, 


and conſequently, HG DF, and: HGS DF 


=DE; and becauſe the Triangles AH C, I HG, are 
equiangular, it ſhall be as AH : IH :: HC: HG:: 
3 HC:i+HG ::EC: ED. That is, AH the Sum 
of the Legs, to I H the Difference of the Legs, ſhall 
be as EC the Tangent of one half the Sum of the An- 
les at the Baſe, to E D the Tangent of one half ther 
ifference. W. W. D. | 


PROPOSITION XIV. 
1n a plain Triangle, the Baſe the Sum of the Sides, 


the Difference of the Sides, and the Difference 


of the Segments of the Baſe, are proportional. 


L DC be the Baſe of the Triangle BCD 
about the Center B, with the Radius B C, let 2 


Circle be deſcribed, Produce DB to G, and uy. 


Then ſince HB = CB, we ſhall 
have (by 4. El. i.) the Angle HBF = CBD=BCA. 


Prain 'TRIGONOMETRY. 
let fall BE perpendicular to the Baſe; then ſhall 
DG =DB+BC=Sum of the Sides, and DH = 


Difference of the Sides; and DE, CE, are the Seg- 


ments of the. Baſe whoſe Difference is DF; becauſe 
(by Cor. Prop. 38. El. 3. ) the Rectangle under DC 
and DF, is equal to the Rectangle under DG, DH, 


it ſhall be (by 16. El. 6.) as DC: DG:: DH: DF. 


PROBLEM. 


The Sum and Difference of any two Quantities be- 


ing given, to find the Quantities tbemſelves. 


F one half of the Sum be added to one half of the 
Difference, the Aggregate ſhall be equal to the 
greater of the Quantities; and if from one half of 


the Sum be taken one half of the Difference, the Re- 


fidue ſhall be equal to the leſſer of the Quantities. 
For let there be two Quantities A B, B C, and let 
there be taken AD= BC; then DB will be their Dif- 


ference, and AC their Sum; which, biſected in E, 
gives AE or E C the half Sum, and DE or EB the 
half Difference. Hence AB = AE +EB= the 


half Sum + the half Difference, and BC= CE— 
EB the half Sum — the half Difference. | 

In any plain Triangle if two Angles be given, the 
third Angle is alſo given, becauſe it is their Comple- 
ment to two Right Angles. | 

If one of the acute Angles of a Right-angled Tri- 
angle be given, the other acute Angle will be given, 
becauſe it is the Complement of the given Angle to 
a Right Angle. So | 

And if two Sides of a Right-angled Triangle be 
given, the other Side may be found by the firſt Pro- 
polition without a Canon. | 


* 
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The Trigonometrical Solutions of a Ri gbr. 
e Triangle, may be as follow. Va | 

Fig. A. | 

TT Given | Sought | Make = Wizg 


The | The | AB:BC::R:Tofth 
| 1 | Legs, AB | Angles. | Angle A, whoſe Comple- 


_— 


and B C mn is the Angle C. 
„ The | The | ac: AB: R. Se 
Leg AE | Angles. | whoſe Complement is the | 
| [and the Angle A. | 
2 Hypo- 
thenuſe | 
A . | | | Þ 


The The . , A:: AB: i a 


AB | other 
and the | Side BC, S, © 1 A AC. 


| 3 | Angle A. |and the 


H ; 
2 
32 5 | 
The The RR:: 8, C: AC: AB. 
thenuſe 
1 AC, and 
the An- 
I N 3 


The 7. rigonometrical Solutions of Obliqu 
angled Triangles. Vid. Fig. to Prop. 12. 


— Given Sought | Make as 
The The ö, C: SA:: AB: BC. Alb 
Angles | Sides |S, C: 8, B:: AB: AC: Bu 

IA, B, C BC and when two Anglesare given, the 

t|and the AC. |third is alſo given; whencethe | 
Side AB. Caſe wherein two Angles and 
5 a Side are given, to 

reſt, falls into this Caſe. 


— = — — 


Given 
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| N Given Sought | ht | Make: as 
= All the All the IS, C: 8, "A:: AB: BC. 7 Kos 

| Angles Sides AB, 8, C: S, B:: AB: AC:Whence 

A, B, C.] AC, BC. it the Angles are given, thePro- 

| portions of the Sides may be 

i found, but not the Sides them- 

es, unleſs one of them be 
firſt known. 

The two! The AB: BC: : 8, C: 8, A; which 
Sides [Angles {therefore may be found. When 
| AB, BC, A and B. AB the Side oppoſite to C, the 


land C, | given Angle is longer than BC 
the Angle the Side oppoſite to the ſought 
oppoſite | Angle, the ſought Angle is leſs 
| 3 to one of than a right one. But when it 
them. is ſhorter, becauſe the Sine of an 


Angle, and that of its Comple- 
ment to two Right Angles, is 
the ſame, the Species of the An- 


gle A mult be firſt known, or 

| | the Solution will be ambiguous. 
| |The two! The Vi id. Fig.to Prop. 1 - 8 

Idides [Angles CoA 

AB, BC, 1 C. E 8 

| , [and the W henceis known the Difference 
hy interja- of the Angles A and C, whoſe 
| ſcent An- FJ um is given; and ſo (by the 
ole B. Prob. following Prop. 14. ) the 

= Angle themſelves will be given. 
| | [All the The . Fig. B. Let the Perpendi- 
Sides AB, Angles. |cular be drawn from the Vertex 
| BC, AC. to the Baſe, and find the Seg- 
| | | ments of the Baſe by Prop. 14. 
viz. Make as BC: AC+AB:: 
| 15 | A C= AB: DC—DB. And 


|  |fo BD, DC, are given from 

| 4 this Analogy ; ; and thence the 
Angles ABD, ADC, will be 
| iven by the Reſolution of 
] . Right-angled LE 


OO kan. Sd. <A ow > a 4 
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NE. 8 | 
CS DEFINITIONS. 
J. T H E Poles of a Sphere are two Points 
in the Superfictes of the Sphere that 
are the Extremes of the Axis 
by II. The Pole of a Circle in a Sphere, 
is a Point in the Superficies of the Sphere, from 
which all Right Lines that are drawn to the 
 Circumference of the Circle, are equal 10 ont 
another. | 

III. A great Circle in a Sphere, is that whſe 
Plane paſſes thro' the Center of the Sphere, | 
and whoſe Center is the ſame of that of the | 

_— 

IV. A ſpherical Triangle is a Figure comprebend- 
ed under the Arcs of three great Circles in 6 
. 5 . 

V. A ſpherical Angle is that which, in the Super- 

lcies of the Sphere, is contained under two Arcs 
of great Circles; and this Angle is equal to the 
Inclination of the Planes of the ſaid Circles. 
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SPHERICAL TRIGONOMETRY. 


PROPOSITION I. 
Great Circles ACB, AFB, mutually biſect each 


other. 


OR ſince the Circles have the ſame Center, 
their common Section ſhall be a Diameter of 
each Circle, and ſo will cut them into two 

equal Parts. 


Corll. Hence the Arcs of two great Circles in the 
Superficies of the Sphere, being leſs than Semicir- 
cles, do not comprehend a Space; for they cannot, 
unleſs they meet each other in two oppoſite Points 
in a Semicircle. 


PROPOSITION H. 
If from the Pole C of any Circle AFB, be drawn 
a Right Line CD to the Center thereof, the 


ſaid Line will be perpendicular to the Plane of 
that Circle. Vid. Fig. to Prop. 1. 


13 there be drawn any Diameters E F, GH, in 
the Circle AFB; then becauſe the Triangles 
CDF, CDE, the Sides CD, DF, are equal to the 
Sides CD, DE, and the Baſe CF equal to the Baſe 
CE; (by Def. 2.) then (by 4. El. 1.) ſhall the Angle 
CDF = Angle CDE; and fo each of them will be 
a Right Angle. After the ſame Manner we demon- 
ſtrate that the Angles CDG, CDH, are Right An- 
gles; and ſo (by 4. El. 11.) CD ſhall be perpendicular 
to the Plane of the Circle AF E. W. W. D. 


Coroll. 1. A great Circle is diſtant from its Pole by 
the Interval of a Quadrant; for ſince the Angles 
CDG, CDF, are Right Angles, the Meaſures of 
them, viz. the Arcs CG, CF, will be Quadrants. 
2. Great Circles that paſs thro' the Pole of ſome other 
Circle, make Right Angles with it ; and contra- 
riwiſe, if great Circles make Right Angles with 
ſome other Circle, they ſhall paſs thro' the Poles of 
that other Circle, for they muſt neceſſarily pafs thro 
the Right Line D C, P RO- 
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PROPOSITION III. 
If a great Circle ECF be deſcribed about thy 
Pole A; then the Arc CF intercepted between 
AC, AF, is the Meaſure of the Angle CAP, 
or CDF. Vid. Fig. to Prop. 1. 


1 Arcs AC, AF, (by Cor. 1. Prop. 2.) ar 
Quadrants, and conſequently the Angles ADC, 


ADF, are Right Angles. Wherefore (by Def. 6. 


El. 11.) the Angle CDF (whoſe Meaſure is the Arc 
CF) is equal to the Inclination of the Planes A CB, 
AFB, and alſo equal to the ſpherical Angle CAF, 
or CBF. W. W. D. 


Cerall. 1. If the Arcs AC, AF, are Quadrants, then 


| ſhall A be the Pole of the Circle paſſing thro? the 
Points C and F; for AD is at Right Angles to the 
Plane FDC (by 14. El. 11.) = 


2. The vertical Angles are equal, for each of them b 


equal to the Inclination of the Circles; alſo the ad- 
joining Angles are equal to two Right Angles. 


PROPOSITION IV. 


Triangles ſhall be equal and congruous, if they have 


two Sides equal to two Sides, and the Angles 
comprehending the two Sides alſo equal. 


PROPOSITION: V. 


Alſo Triangles ſhall be equal and congruous, if one 
Side, together with the adjacent Angles in one 
Triangle, be equal to one Side, and the adjacent 

. Angles of the other Triangle. 


PROPOSITION VI. 


Triangles mutually Equilateral, are alſo mutually 
Equiangular. 


PROPOSITION VII. 
In IſoſcelesTriangles, the Angles at theBaſe are 25 
ä | P R O- 


— ⁰r 


—— — 
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PROPOSITION VIII. 


And if the Angles at the Baſe be equal, then the 
Triangle ſhall be 1ſoſceles. 


Theſe four laſt Propoſitions are demonſtrated in 
the ame Manner, as in plain Triangles. 


PROPOSITION IX. 
Any two Sides of a Triangle are greater than 
the third. 


OR the Arc of a great Circle is the ſhorteſt 
F Way, between any two Points in the Superficies 
of the Sphere. 


PROPOSETION-X: 
A Side of a ſtherical Triangle is leſs than a 


Semicircle. 


J ET Ac, AB, the Sides of the Triangle ABC 


be produced till they meet in D; then ſhall the 


Arc ACD, which is greater than the Arc AC, be a 
Semicircle. 0 


PROPOSITION XI. 
The three Sides of a ſpherical Triangle are leſs 


than a whole Circle. 


EQ BD+DC is greater than BC, (by Prep. 9.) 
and adding on each Side BA AC, DBA+ 
DCA; that is, a whole Circle will be greater than 


AB ＋ BC AC, which are the three Sides of the 


ſpherical Triangle AB C. 
PROPOSITION XII. 


In any ſpherical Triangle A B C, the greater Au- 


gie A is ſubtended by the greater Side. 


M the Angle BAD = Angle B; then ſhall 
AD=BD (% 8 F this) and flo DCS DA 
-- DC, and theſe Arcs are greater than AC. Where- 
fore the Side BC, that ſubtends the Angle BAC, is 
greater than the Side A C, that ſubtends the Angle B. 


U 3 P R Q- 


295 


The ELEMENTS of 


PROPOSITION XII. 


In any ſpherical Triangle ABC, if the Sum of the 
Legs AB and BC be greater, equal, or leſs, thay 
a Semicircle, then the internal Angle at the Baſe 
AC hall be greater, equal, or leſs, than the 
external and oppoſite Angle BCD, and fo the 
Sum of the Angles A and ACB fhall alſo be 
greater, equal, or leſs, than two Right Angles. 


IRST, let AB+ BC = Semicircle = AD, 
then ſhall BC BD, and the Angles BCD 
and D equal, (by 8 of this) and therefore the An- 
ele BCD ſhall be= Angle A. - 5 

Secondly, Let AB + BC be greater than ABD; 
then ſhall BC be greater than BD; and fo the Angle 
D (that is, the Angle A, by 12 of this) ſhall be greater 
than the Angle BCD. In like Manner we demon- 
ſtrate, if AB+BC be together leſs than a Semicir- 
cle, that the Angle A will be leſs than the Angle 
BCD. And becauſe the Angles B CD and B CA, are 
= two Right Angles; if the Angle A be greater than 
the Angle BCD, then ſhall A and B CA, be greater 
than two Right Angles; if the Angle A=B CD, 
then ſhall A and BCA be equal to two Right Angles. 
And if A be leſs than BCD, then will A and BCA 
be leſs than two Right Angles. W. W. D. 


PROPOSITION XIV. 


In any ſpherical Triangle GHD, the Poles of the 
Sides being joined by great Circles, do conſtitute 
another Triangle X MN, which is the Supple- 
ment of the Triangle G HD, viz. the Sides 
NX, XM, and NM, ſhall be Supplements of 
the Arcs that are the Meaſures of the Angles - 
D, G, H, to the Semicircles; and the Arcs that 

are the Meaſures of the Angles M, X, N, will 
be the Supplements of the Sides GH, GD, and 

HD, 10 Semicircles. 
ROM the Poles G, H, D, let the great Circles 
XCAM, TMNO, XK BN, be deſcribed 1 2 
becauſe 


SPHERICAL T RIGONOMETRY. 


becauſe G is the Pole of the Circle X CAM, weſhall 
have GM = Quadrant (by Cor. 1. Prop. 2.) and ſince 
H is the Pole of the Circle TMO, then will HM be 
alſo a Quadrant; and ſo (by Cor. 1. Prop. 3.) M hall 
be the Pole of the Circle G H. In like Manner. be- 
cauſe D is the Pole of the Circle X BN, and H the 
Pole of the Circle T MN, the Arcs D N, HN, will 
be Quadrants ; and fo (by Cor. 1. Prop. 3.) N ſhall 
be the Pole of the Circle HD. And becauſe G X, 
DX, are Quadrants, X will be the Pole of the Circle 
GD. Theſe things premiſed. 

Becauſe NK = Quadrant (by Cor. 1. Prop. 2.) then 


wil NK +XB, that is, NX + K B = two Qua- 


dirants, or a Semicircle; and ſo NX is the Supple- 
ment of the Arc K B, or of the Meaſure of the 
Angle HDG to a Semicircle. In like manner, becauſe 
M C = Quadrant, and X A = Quadrant, then will 
MC+XA; that is, X M + AC = two Quadrants, 
or Semicircle ; and conſequently, X M is the Supple- 
ment of the Arc AC, which is the Meaſure of the 
Angle HGD. Likewiſe, ſince MO, NT, are Qua- 


drants, we ſhall have MO ENT =OT-FNM 


= Semicircle. And therefore N M is the Supple- 
ment of the Arc OT, or of the Meaſure of the An- 
gle GH D, to a Semicircle. W. W. D. 

Moreover, becauſe DK, HT, are Quadrants, 
DK + HT, or KT +HD, are equal to two Qua- 
drants, or a Semicircle. Therefore KT, or the Mea- 
ſure of the Angle XN M, is the Supplement of the 
Side H D to a Semicircle. After the ſame manner it 
is demonſtrated, that O C, the Meaſure of the Angle 
XMN, is the Supplement of the Side GH, and BA 


the Meaſure of the Angle X, is the Supplement of 
the Side GD. W. W. D. 


PROPOSITFIO0ON--XV. 
Equiangular ſpherical Triangles are alſo equilateral. 


F OR their Suppkmentals ( by 14 of this) are equi- 


lateral, and therefore equiangular alſo; and fo 


177 5 are likewiſe equilateral (by Part 2. Prop. 
I 4. 


* 


U 4 | — . 
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PROPOSITION XVI. 


The three Angles of a ſpherical Triangle, are greater | 


than two Right Angles, and leſs than ſix. 
OR the three Meaſures of the Angles G, H, D, 


together with the three Sides of the Triangle 


XN M, make three Semicircles {by 14 F this) but 
the three Sides of the Triangle X N M, are leſs than 
two Semicircles (by 11 of this.) Wherefore the three 
Meaſures of the Angles G, H, D, are greater than a 
Sernicircle ; and fo the Angles G, H, D, are greater 
than two Right Angles. 5 
The ſecond Part of the Propoſition is maniſeſt; 
for in every ſpherical Triangle, the external and in- 
ternal Angles together, only make fix Right Angles; 


wherefore the internal Angles are leſs than fix Right 
Angles. 


PROPOSITION XVI. 


If from the Point R, not leinz the Pole of the Cir- 
cle AFBE, there fall the Arcs RA, RB, RG, 
RV, of great Circles to the Circumference of 
that Circle; then the greateſt of thoſe Arcs is 
RA, obich paſſes thro? the Pole C thereof ;, and 
the Remainder of it is the leaſt ; and thoſe that 

are more diſtant from the greateſt are leſs than 
thoſe wwhich are nearer io it, and they make an 
obtuſe Angle with the former Circle AV B, on 
the Side next to the greateſt Arc. Vid. Fig. to 
Prop. 1. | 


Ecauſe C is the Pole of the Circle AFB, then 


ſhall CD and RS, which is parallel thereto, be 
perpendicular to the Plane AFB. And if SA, SG, 
S V, be drawn, then ſhall SA (by 7. El. 3.) be greater 
than SG, and 8 G greater than SV. Whence in the 
Right-angled plain Triangles RSA, RSG, RSV, 


we ſhall have RS SA q, or R Aq, greater than 


RSq - SGq, or RSq; and fo RA will be greater 
than RG, and the Arc RA greater than the Arc RG. 


In like manner, RS g S Gq; or RG qꝗ ſhall be greater 


than 


22 
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than R Sq + S'Vq, or R Vq; and ſo R G ſhall be greater 
than RV, and the Arc R G greater than tle ArcRV. 
2dly. The Angle RGA is greater than the Angle 
CGA, which is a Right Angle, (by Cor. Prop. 3.) 
and the Angle RV A is greater than the Angle CV A, 
which alſo is a Right Angle, Therefore the An- 
des RGA, RVA, are obtuſe Angles, ! 


PROPOSITION XII. 


In a ſpherical Triangle right- angled at A, the Legs 
containing the Right Angle, are of the ſame Af 
' ſeftion with the oppoſite Angles ; that is, if the 
Legs be greater or leſs than Quadrants, then ac- 
cordingly will the Angles oppeſit- to them be greater 
or leſs than Right Angles. Vid. Fig. to Prop. 1. 


OR if AC be a Quadrant, then will C be the Pole 

of the Circle AFB, and the Angles AG C, or 
AVC, will be Right Angles. If the Leg AR be 
greater than a Quadrant, then ſhall the Angle AG R 
be greater than a Right Angle, (by 17. of this;) and 
if the Leg AX be leſs than a Quadrant, the Angle 
A fhall be leſs than a Right Angle. 


PROPOSITION XIX. 


If two Legs of a right-angled ſpherical Triangle be 
of the ſame Affection; (and conſequently the An- 
gles,) that is, if they are both leſs or both greater 

_ than a Quadrant, then will the Flypothenuſe be 
leſs than a Quadrant. Vid. Fig. to Prop. 1. 


IN the Triangle ARV, or BRV, let F be the Pole 
1 of the Leg A R, then will RF be a Quadrant, 
which is greater than RV, (by 17. of this.) 


PROPOSITION XX. 


If they be of a different Affection, then ſhall the 
Hypothenuſe be greater than a Quadrant. Vid. 


* 


Fig. to Prop. 1. 


OR in the Triangle ARG, the Hypothenuſe 
L RG is greater than RF, which is a Quadrant. 
_ N. 
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PROPOSITION XXI. 


If the Hypothenuſe be greater than a Quadrant, 


then the Legs of the Right Angle, and ſo the Angles 
oppoſite to them, are of a different Affection; but if 


leſſer, of the ſame Aſfection. Vid. Fig. to Prop, 1, 


HIS Propoſition being the Converſe of the for. 
mer ones, eifily follow from them. 


PROPOSITION XXII. 

In any ſpherical Triangle ABC, if the Angles a1 
the Baſe B and C, be of the ſame Affection, then 
the Perpendicular falls within the Triangle; and 


if they be of a different Affection, the Perpen- 
dicular falls without the Triangle. 


N the firſt Caſe, if the Perpendicular does not fal 


_ 4 within, let it fall without the Triangle, (as in Fig. 2.) 


then in the Triangle ABP, the Side AP is of the fame 
Affection with the Angle B. And in like manner, 
in the Triangle A CP, AP is of the ſame Affection 
with the Angle ACP. Therefore ſince ABC, and 
ACP, are of the ſame Affection, the Angles ABC, 


ACB, ſhall be of a different Affection; which i 


contrary to the Hypotheſis. | 

In the ſecond caſe, if the Perpendicular does not 
fall without, let it fall within, (as in Fig. 1.) Then in 
the Triangle A BP, the Angle B is of the ſame Affec- 
tion with the Leg AP. So likewiſe, in the Triangle 
ACP, the Angle C is of the ſame Affection with 
AP; and therefore the Angles B and C are of the 
ſame Affection; which is contrary to the Hypotheſis. 


PROPOSITION XXII. 


In ſpherical Triangles BAC, BHE, right-angledat 


A and H, if the ſame acute Angle B be at the Baſt 
BA, or BH, ben the Sines of the Hypothenuſes ſha 
beproportional to theSinesof theperpendicular Arcs. 

F OR the Right Lines CD, EF, being perpendi- 
cular to the ſame Plane, are parallel. Alſo FR, 
DP, perpendicular to the Radius OB, are ben 
2 . Pala - 


Da. W®% 


Ss: WW. 
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parallel; wherefore the Planes of the Triangles EFR, 
CDP, are alſo parallel, (by 15. El. 11.) Wheretore 
CP, ER, the common bone of thoſe Planes, with 
the Plane paſſing thro? B E, CO, will be parallel, 
(by 16. El. 11.) Therefore the Triangles CDP, 
EF R, ſhall be equiangular. Wherefore CP the Sine 
of the Hypothenuſe BC, is to CD the Sine of the 

rpendicular Arc CA, as ER the Sine of the 


ypothenuſe BE to EF, the Sine of the perpendi- 


cular Arc EH, W. W. D. 
PROPOSITION XXIV. 
The ſame Things being ſuppoſed, AQ, HK, the 


Sines of the Baſes, are proportional to IA, GH, 
the Tangents of the perpendicular Arcs. 


OR after the ſame Manner, as in the laſt Pro- 
_ poſition, we demonſtrate that the Triangles 


QAI, K HG, are equiangular; whence QA: A:: 


| KH: HG. 


PROPOSITION XXV. 


In a ſpherical Triangle ABC, right-angled at A, as 

the Coſine of the Angle B, at the Baſe BA, is to 
the Sine of the vertical Angle ACB, jo is the 
Coſine of the Perpendicular to the Radius. 


PREPARATION. 


L the Sides AB, BC, CA, be produced, ſo 
that BE, BF, CI, CH, be Quadrants ; and from 
the Poles B and C, draw the great Circles EF DG, 
IH G, then will the Angles at E, F, I, H, be Right 
Angles. And ſo D is the Pole of BA E, (by Cor. 2. 
Prop. 2. of this,) and G the Pole of IF CB; alſo AE 
will be = Complement of the Arc BA, and F E the 


| Meaſure of the Angle BG D, and DF their Com- 
plement: Alſo B C ſhall be F I= Meaſure of the 
Angle G, and CF their Complement. Likewiſe 


CA = HD, and DC their Complement. Theſe 
Things premiſed in the Triangles HI C, DC F, right- 
angled at I and F, and having the ſame acute Angle 
C, ſince BA is leſs than a Quadrant, it will be 5 8. 

| F. 
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DF: 8, HI::S, DC: S, HC; that is, the Coſine 
of the Angle B, is to the Sine of the vertical Angle 
BCA, as the Coſine of CA * to Radius. W. W. d. 


PROPOSITION XXVI. 


be Coſine of the Baſe: Coſine of the Hypothenuſe:: 


R: Coſ. of the Perpendicular. 


TOR in the Triangles AED, CFD, right-angled 


at E, F, having the ſame acute Angle D ; becauſe 
AE is leſs than a Quadrant, we have 8, EA: 8, CF:: 


5 8, DA: 8, DC. W. D. 


PROPOSITION xxvn. 
8, of the Baſe: R:: T, of the Perpendicular: J, 
of the Angle at the Baſe. 
OR in the Triangles BAC, BE F, right-angle 
F at A and E, and having the ſame acute Angle B; 


becauſe A C is leſs than a Quadrant, we have 8, BA: 
S, BE:: T, AC: T, EF. W. W. D. 


PROPOSITION XXVII. 


Coſ. of the vertical Angle: R:: T, of the Perpen- 


dicular : T, of the Hypothenuſe. 


P the Triangles GIF, GHD, right-angled at 


and H, and having the ſame acute Angle G, be 
cauſe HD is leſs than HC, or a Quadrant, it is 2 
8, GH:, GI:: T, HD: T, IF. 


PROPOSITION XXIX. 
S, of the Hypothenuſe : R:: 8, of the Perpendicr 
lar : S, of the Angle at the Baſe. 


JN the aforeſaid Triangles, we have S, IF : 9, GF 


a 8, HD: 8, GD. 


PRO- 


5 64 
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R: Cof. of the Hypolbenuſe:: T, of the vertical 
Angle : Cot. of the Angle at the Baſe. 


N the Triangles HIC, DFC, rightengled at 
I and F, and having the ſame acute Angle C, be- 


cauſe DF is leſs 
T, C: Cot. B. 


than a 


Quadrant, we have 8, CI: 


8, CF: T, HI: T, DF, chat is, R: Coſ. B:: 


The laſt ſix Propoſitions are ſufficient for ſolving 


all the ſixteen Caſes of Right-angled ſpherical Trian- 


gles. Theſe ſixteen Caſes, with their Analogies de- 
duc'd from the ſaid Propoſitions, are as follow : 


— 


beſides 
the 
Right 


the ſame Kind with C A. 


this is ambiguous. _ 


| |Given| Sought id. Fig. to Prop. 25, 26, 27, 28, 


29, 30. 


. tt 


R: Coſ. CA:: LO : 


A... ˙ u w 


ſ. B of 


Col. CN R:: Col. B: S, C, 


1 


By the 


Inverſe 


ſof Prop. 


83 
by Prop. 
25. 


SC c E K. Col. CA of 
the ſame Kind with the Angle B. 


BC. 


Affection, and not Quadrants, then 


IB C will be leſs than a Quadrant. 
BC ſhall be greater than a Qua- 


R: Coſ. B A:: Coſ. AC: Coſ. 
BC. If BA, A C, be of the ſame 


If they be of a different Affection, 


by Prop. 
25, and 
18. 

by Prop. 
26. 19, 
and 20. 


drant. C 


OT) 
— 


— — — 2 


3— 
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| !Given [Sought 


bet. des | 

the 
Right 

Angle. 1 | 

BA, AC. Col. BA: R: Cof. BC: Coſ. By Prop. 

B C. TA. It BC be leſs than a Qua- [z 6, and I 


'drant, then ſhall BA and CA beſz 1. I: 
of the ſame Affection, if greater, 


5 of a different; but B A is given, 41 


and therefore the Species thereof. 
[Wherefore the Species of A C 
© is alſo given. 
BA, B. 8, BA: R:: T, CA: T, B ofſby Prop. 
6 CA. the ſame Affection with the oppo- 27, and 
— Side CA. U 8. 
was Fan be 1 | 
BA, B. AC. R 8, BA:: T, B: T, AC of by Prop. 
7 | the ſame kind with B. 27, and | 
8 oe 3 8. | : 
[AC, B. EA. I, B: R:: I, CA:S, BA am by Prop. 
8 Dbviguous. | 27. | 
5 
. AC. R: Col. C:: T, BC: T, CA. by Prop. 


1 If BC be leſs than a Quadrant, 28, and 
the Angles C and B are of the ſame 21. 
9 Affection, if greater, of a different. 4 
1 Therefore, if the Species of the | 
4-4 [Angle B be given, then will AC 
; | - [be given. 
AC, C.] BC. Coſ. C: R:: T, CA: T, BC. by Prop. 
And ſo if the Angle C, and CA, 28, 20, 
be of the ſame Affection, then B C21. 
ſhall be leſſer than a Quadrant, if 
of a different, greater. 
BC. C. [I, BC: R:: T, CA: Col. C. by Prop. 
AC. If BC be leſs than a Quadrant, ſz8, and 
then CA and B A, and conſequent-|21- 
ly the Angles, ſhall be of the ſame 
Affection, if greater, of a different, 
| but the Species of C A is given. 
| Therefore the Species of the An- 
igle C will be alſo given. | 


10 


a —— — . ůͤͤ an ad 
. — — — 3 
01 0 — * 


Fn 


—— „„ 


SpHERICAL TRIGONOMETRY. 


—_— oO 


305 


ien Sought | 
beſides | 
the 
Right 
Angle. 
IBC, B. A C. R: 8, B C:: 8, B: 8, A C offBy Prop. 
12 | the ſame Species with B. 29, and 
18. 
ICB. BC. 8, B: 5, AC:: R: S, B Cambi-by Prop. © 
131 Fs | guous. 8 29. 
e S, B C: R:: 8, A C: 8, B ofſby Prop. 
1 kr 2 | the ſame Species with C A. Þ : 
"WB, C.-BC. f. C: R:: Cot. B: Coſ. B C. by Prop. 
And ſo if the Angles B and C are 30, 19, 
15 of the ſame Affection, then ſhall and 20. 
B C be leſs than a Quadrant, if 
f a different, greater. 
IBC, R : Coſ. B C:: T, C: Cot. B. by Prop. 
And ſo if B C be leſſer than azo, and 
Quadrant, the Angles C and B31. 
| [ſhall be of the ſame Affection; 
16 jt greater, of a different. But the 
the Species of the Angle C is given; 
therefore the Species of the Angle 
| in will be given alſo. 


— 


Of 


zo6 
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Of the Solution of Right-angled ſpheri. 


cal Triangles, by the five circular Parts, | 


T HF Lord Napier, (the noble Inventor of Loga- | 
rithms,) by a due Conſideration of the Analogie, 


by which right-angled ſpherical "Triangles are ſolv'q, 
found out two Rules, eaſy to be remembred, b 
means of which, all the ſixteen Caſes may be ſolvd; 
for ſince in theſe Triangles, beſides the right Angle, 
there are three Sides and two Angles ; the two Sides 
comprehending the right Angle, and the Complement 
of the Hypothenuſe, and the two other Angles, were 
called by Napier, Circular Parts. And then there 
are given any two of the ſaid Parts, and a third is 
ſought ; one of theſe three which is called the Mzddl: 
Part, either lies between the other two Parts, which 
are called Adjacent Extremes, or is ſeparated from them, 
and then are called Oppoſite Extremes; fo if the Com- 


plement of the Angle B (Fig. to Prop. 25.) be ſuppoſ- 
ed the middle Part, then the Leg A B, and the Com- 


plement of the Hypothenuſe B C, are adjacent extreme 
Parts ; but the Complement of the Angle C, and the 
Side A C, are oppoſite Extremes. Alſo if the Com- 


plement of the Hypothenuſe B C, be ſuppoſed the mid- 


dle Part, then the Complements of the Angles B and 
C are adjacent Extremes, and the Legs A B, AC, are 
oppoſite Extremes. In like manner, ſuppoſing the 
Leg AB the middle Part, the Complement of the 
Angle B and AC, are adjacent Extremes ; for the 
right Angle A does not interrupt the Adjacence, becauſe 
it is not a circular Part. But the Complement of the 
Angle C, and the Complement of the Hypothenuſe 
B C, are oppoſite Extremes to the ſaid middle Part. 


Theſe Things premiſed. 


R U LE I. 


In any right-angled ſpherical Triangle, the Rectat- 
gle under the Radius, and the Sine of the middle 
Part, is equal to the Rectangle under the Tat 
gents of the adjacent Parts, 


RULE 


» 
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RULE IE 


0 Tbe Rectangle under the Radius, and the Sine of 


the middle Part, is equal to the Rectangle under 
the Coſines of the oppoſite Parts. 


Each of the Rules have three Caſes. ' For the mid- 
dle Part may be the Complement of the Angle B, or 
C, or the Dr of the Hypothenuſe B C; or 
one of the Legs, AB, AC. 


Caſe 1. Let the Complement of the Angle C he 


the middle Part. Then ſhall A C, and the Comple- | 


ment of the Hypothenuſe B C, be adjacent Extremes. 
By Prep. 28. the Coſine of the Vertical Angle C.is to 


Radius, as the Tangent of CA, is to the Tangent of 


the Hypothenuſe BC. Then (by Alteration) we 


ſhall have Coſ. C: T, CA:: R: T, BC. But R. 


T, BC :: Cot. BC: R as has been before ſhewn.) 
Wherefore Coſ. C: T, AC:: Cot. n 


Rx Col. C=T, ACX Ct. BC. 


And the Complement of the Angle B, and AB, are 


oppoſite Extremes, to the ſame middle Part, the Com- 


plement of the Angle C, (and by Prop. 25.) as the 
Coſine of the Angle C, to the Sine of the Angle 
CDF, ſo is the Coſine of DF to Radius. But the 
Sine of CDF =, AE= Coſ. BA, and Coſ. DF 
S, EF=S, le B. Whence it will be as Cof. C: 
Coſ. BA::S, B: R. And Rx Coſ. C=Col. BA 
x5 34 that is, Radius ths Rounyle war the Co. 
Part, is equal to the er 
lines of the oppoſite Extremes. 


Caſe 2. Let the Complement of the Hypothenuſe 
B Set the middle Part; then the Complements of 


the les Band C, will be adjacent Extremes. In the 
Trang DCP (by Prop. 27, ) it is as 8, CF: R:: T, DF. 
T. C. ce (by ternation) 8, CF: LY DF::(R: 


| T,C::) Cor, C:R. But 8, CF=Cof. BC and T, 


F = Cot, B. Wherefore R x Col. B C=Cot. Cx 
1 that is, Radius drawn into the Sine of the 
Part, is equal to the Product of the Tangents 


X And 
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And BA, AC, are the oppoſite Extremes to the 
ſaid middle Part, viz. the Complement of B C; and 
(by Prop. 26.) Col. B A: Col. B C:: R: Coſ. AC. 
Wherefore we ſhall have Rx Col. B C= — Cof. BAx 


Coſ. AC. 


Caſe 3. Laſtly, let AB be the middle part; nt 
then the Complement of the Angle B, and A C will 
be adjacent Extremes, and (by Prep. 27.) 8, AB: 


R. 1, CA: TER. Whence, 8, AB: F, CA.: 


(X T, B.:) Cot. B: R. And fe RN S, AB = 


= CA x Cot. B. 


Moreover, the Complement of B C, and the An- 


gle C, ate oppoſite Extremes to the fame middle Part 


AB; and in the Triangtes GHD ( (B70 25.) we 
have Co. D: 8, DGH: : Cof. G H: R. But Coſ. 
Coſ. AE=S, AB, and 8, GSN, F, Be 


| Alſo Cof. GH=S, HI=S, C. Wherefore it wi 


be as 8, AB: 8, BC: 785 C: R. And hence R x8, 
ABS, B Cx. . 

And fo in every caſe the Rectangle under the R- 
dius, and the Sine of the middle Part, ffrall be 
to the Rectangle under the Coſines of the oppoſite 
tremes, and to the Rectangle under the Fan 
the adjacent Extremes. And conſequer Fanz 
foreſaid Equations be reſolved into Analogies, (by 16 
El, 6.) the unknown Parts may = 
Rule of Proportion. And if the Part 


middle one; Th ſhall che firſt Term of je phos 


be Radius, and the fecond and third, the * of 
Colines of the extreme Parts. If one of the Extreme 
be ſought, the muſt begin with the other; 


and the Radius, and che Sine of the middle Part, muſt | 


be put in the middle Places, that ſo the Part Fought 
may be in the fourth Place. 


from the Angle C to the Bafe, continued, if herd be, 
ſoe as to make two Kight-angled ſphericat T ranges 
BAC, DAC; then by thoſe Right-angted Triangles 
A moſt of the iſes of 3 ones be 
0 
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PROPOSITION XXXI. 
The Coſines of the Angles B and D, at the Baſe 


B D, are proportional to the Sines of the Vertical 
Angles BCA, DCA. 


F le B: 8, B CA:: AS Cof. CA: R. £ 
ol. DCA. (by 25. of t 


PROPOSITION XXXII. 
The Cofines of the Sides BC, DC, are proportional 
to the C ofines of the Baſes BA, DA. 


OR Cof. BC : Co. BA:: (Col. CA:R::) 
Col. DC: Cof. DA. (by 26. of this.) 


PROPOSITION XXXIII. 


ho Sines of the Baſes BA, DA, are in a recipro- 


cal Proportion of the Tangenis of the Angles B and 
D at the Baſe BD. | 


Rint 27. of this) S, BA:R:: T, AC: T, 
of the. Angle B. And by the fame inv AR 


r F, * 10 Angle B: T, AC. Then will it be 


ity of wb to P 
Ad 7 8 8, BA:: T, Angle B TAngeb. 


_FASFOUITION NXXXIV. 


gents of the Sides BC, DC, are in a feci- 


"= "nh of the Coftnes the Vertical 
ai SCA, DCA. ads 


Bae by alternating the 28th — Ve 


CPP BCA, 
N by the fame R. Coſ. DCA: : T, DC: T, CA, 


Wherefore 7 Pe of perturbate Pro tion, 
BC ſ. DCA: : T, DC; Coſ. BCA. 


L ͤ ae as 


FE T5 PRO- 
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PROPOSITION XXXV. 


' The Sines of the Sides BC, DC, are proportional 
to the Sines of the oppoſite Angles D and B. 


B 


Ecauſe by the 29 th of this, 8, BC: R:: 8, CA: 

8, of the Angle B. And by the ſame, inverting 
8. 'DC:: 8, 1 5 8, of CA, N 
Equity of perturbate Ratio, 8, BC: 8, DC:: 8,0 


1 


PROPOSITION XXXVI 


In any ſpherical Triangle AB C. the Rectangle C F 


X AE, or FM x AE, contained under the Sine 
of the Legs, BC, BA, is 10 the Square of the Ra. 
dius, as IL or IA—LA the Difference of the verſ- 


ed Sines of the Baſe CA, and the Difference of th 


Legs AM, to GN, the verſed Sine of the Angle B. 


ET a great Cirele PN be deſcribed from the 
Pole B; and let BP, BN be Quadrants, and 


then PN is the Meaſure of the Angle B; alſo deſcribe 


from the ſame Pole B a leſſer Circle C F M thro C; 
the Planes of theſe Circles ſhall be perpendicular to 
the Plane B O N, (by the e Sou PG, CH 
being perpendicular in the e Plane, fall on the 
common Sections ON, FM; ſuppoſe in G, l. 
Again draw HI, perpendicular to AO, and then the 


Plane draw thro'- CH, HI, ſhall be perpendicular 


to the Plane AO B. Whence A I which is perpendicu- 
lar to HI will be perpendicular to the right Line CI, 
(by Def. 4. El. 11.) and ſo AI is the verſed Sine of 


the Arc AC, and AL the verſed Sine of the Arc 
 AM=BM-BA=BC+—-BA. The Iſoſceles Ti- 


angles CF M, PON, are equiangular, ſince MF, 


NO, as alſo CF, PO (by 16. El. 11.) are parallel. 
Wherefore, if Perpendiculars CH, PG be drawn to 
the Sides FM, ON, the Triangles will be divided 


ſimilarly, and we ſhall have FM:ON :: MH: GN. 
Alſo, becauſe the Triangles AO E, DI H, DLM, 


ee we ſhall have AE: AO:: IL: MH. 


But 


n * r. , r 0 


Ss OY CY © COD may \ wo (> Fac CÞ 


_ 
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But it has been proved that FM: ON:: MH: GN. 
Wherefore it ſhall be as AEXFM: AOxON:: 
ILx MHx MHxGN, or as IL to GN, that is, 
the Rectangle, under the Sines of the Legs, is to the 

of Radius, as the Difference of the verſed Sines 


of the Baſe, and the Difference of the Legs B C, BA, 


is to the verſed Sine of the Angle B. W. W. D. 


PROPOSITION XXXVI. 


The Difference of the verſed Sines of two Arcs 
drawn into half the Radius, is equal to the Nect- 
angle under the Sine of half the Sum and the Sine 


of half the Difference of thoſe Arcs. 


ET there be two Arcs, BE, BF, whoſe Differ- 
ence E F, let be biſected in D; then ſhall BD be 
the half Sum, and F D the half Difference of thoſe 
Arcs, GE=IL is the Difference of the verſed Sines 
of the Arcs BE, BF; alſo F O is the Sine of the half 
Differences of the Arcs. And becauſe the Triangles 
CDE, F EG, are equian lar, we have DK: GE:: 
(CD: FE: <p CD:3FE. Whence DK x F E, 
or DK xF G OE DI LXI CD. W. W. D. 


PROPOSITION XXXVIII. 


The verſed Sine of any Arc, drawn into half the 


Radius, is equal to the Square of the Sine of one 
half of the ſaid Arc. 


HE Triangles CBM, DEB are equian gular, 

ſince the Angles at M and E are Ri gh Ang es, 
and the Angle at B is common. Wherefore 155 
BM: B C. And then will EB. BBH, 
and E BxzB CBMXNI BD=B Mq. W. W. D. 


X 3 PR O- 
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PROPOSITION XXXIX. 

In any ſpherical Triangle ABC, whoſe Legs contain. 
ing the Angle B are BC, AB, and Baſe ſublend- 
ing that Angle AC: If the Arc AM be taten 
Difference of the Legs=BC—AB. Then ſhall 
the Rectangle under the Sines of the Legs BC, 
BA, be to the Square of the Radius, as the Red. 

2 ACELAM 
angle under the Sine of the Arc r 


— A Co 
and the Sine of the Arc 2 Ax is to the 


Square of the Sine of one half of the Angle B. 
id. Fig. to Prop. 36. 


. 


13 the Rectangle under the Sines of tho 
Legs AB, BC, is to the Square of Radius, az 
IL is to the verſed Sine of the Angle B, ar as Rx 


IL to: R drawn into the verſed Sine of the Angle B 
(ng. 36. of this.) And ſince 3 R xIL = Rat 


ge under the Sines of the Arcs — and 

— _ Se Prop. 37. of this.) And alſo ! R drawn 
into the verſed Sine of the Angle B is to the 
Square of the Sine one half of the Angle B. Therefore 
the Rectangle under the Sines of the Sides to the 
Square of Radius, ſhall be as the Rectangle under the 


Sines of the ASSETS 2 is to 


| Ks # 
W. MFB. of the Sine af one half the Angle N 


FFT ARES... ee 1 4 
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The 7 Twelve Caſes of oblique angled ſpheri- 
cal Triangles arg as aku, ; 
Giren Gren [Sought] Make 3 as üb 5 


gles 


d 
| BC. 


| * he 
B D. 


5 Wig | 


Angle F. Coſ. BC:: T, B: Cot. BCA, 
0 Prop, 30 of 7515.) Alſo Coſ. B. 
BCA :: Coſ. D : 8, DCA 
( by 31. of this. ) Wherefore the 

dum of the Angles BCA, DCA, 

if the Perpendicular falls within the 
Triangle, or the Difference, if it falls 
without, will be = BCD. Whe- 
[ther the Perpendicular falls within, 

or without the Triangle, may be 
known from the Affection of the 
[Angles B and D (by 22. of this} 
[which Admonition ought to be ob- 
ſerved in the following Solutions. 


In the Ori- 
ginal, the 
Preportion 
was thus, 
Coſ. BC: 
R:: TB: 
Ct. BCA. 


Angles Angle R: Col. B C:: F, B: Cot. BCA 75 Pr 
e 30. of this) And 8, BCA: reyes 

Ca. Col. B: Coſ. D. (, nal was as 

Bock 1.) If BC A be lefs than * the fore- 

B D, the Angle D ſhall be of the. hl, &. 

ſame AﬀeRion with the Angle B. the Angle 


If BCA be greater than the Angle] ” 
IB CD, then the Angles B and rs. 
hall be of a different Affection, by, 
the Converſe of Prop. 22. | 


. „ BA 
( by 28. of this.) and Coſ. BC:; 
Col. B A:: Coſ. DC: Col. DA 
6% 32. of 4 this. ) the Sum or Differ; 
lence of BA and DA, according 
the Perpendicular falls within? 
or without the Triangle, is equal 
to B D, which cannot be known, 
unleſs the Species of the Angle 


ide 


. firft known. 


> 4 n a WS yy S Y'Y I, 04 ry? 


0 Bach, (4 
"05": 


— 1 * 


X 4 1 


BCA 
may be 
Anon by 
Prop. 18, 


1419, 


The ELECENtTS Ti 
T7 Given | Sought | Make as OO 


BC, DB 
4 land the 


Angle B. 


Fe The 
Sides ide 


R. Tol. F: T,BC:T, IA. 
by 28. of this.) and Cof. BA. 


cb. [Ct. B C.: Col. DA: Cof. DC, 


(by Prop. 32. of this; ) According 
DA is ſimilar or diſſimilar to 
CA, or to the Angle BDC, ſo 


| ſh [DC be leſſer or greater than 
| T5 (by ye and 20, of 

| [Angle The : Col. TB » BA, 
B, [Side by 5 ofthis.) And T, D: -& © 

5 and the BD. 28, BA: 2 33. of 

| 'Side ) The Sum or Difference of 
= 2 B A and DA is=BD. 

3 T be Angle B. R: Cof. B:: T, B C: T, BA, 
Sides | (by Prop . 28.ofthis. )andS, DA 
30 BD, 8, BA:: T, B: T, D. (by 33 of 

6 and the this According as BDi is greater 

Angle B. jr leſſer than B A, the A * 
| | be ſimilar or diffimi 

8 the Angle B, (by 22. of 1 

The . Col. BC. R.. Tot. B: T. BCA, 

. Sides (by 30. of this.) and T, DC: F, 

BC, Dc, Coſ. BCA: Coſ. DCA, 
and the (by 34. ofthis.) The Sumor Dif- 

7 Angle B ce of the Angles B CA, 


| [DCA, according as the Perpen- 
dicular falls within or without 


Cor BC. R.: Cot. B: T, BCA, 
(by 30. of this.) Alſo Col. 
DCA : Col. A T, 1185 


than a rant, which 
, 19, and 


20 of this. 


Given- 


— 


112 


SPHERICAL TRICGCONOME TRX. 


Given 


ides 
and the 


The 


Sides 


4 
5 


He 
BC,DC, 
Angle . 


Sought 


Angle 
D. 


The 


Angles Side 
oB, D, and D C. 
the Side 


BC. 
All the The 


Angle B. 
| 


I ON 
Angle GH D to a Semicircle. 


| Make as ES 
S, CD:S, B:: S, BC: S, D: 
which is ambiguous. The Ana- 
logy follows from Prop. 35. of 


_ Ithis. 


8, DP: 8, BC::S,B:S, DC, 


which Side is ambiguous. 


| 


As the Rectangle under the Sines 
of the Legs AB, B C: the Square 
of Radius:: the Rectangle under 


| the SinesoftheArcs** CHAM 


2 
— hs Square of 


2 
the Sine of 1 the Angle B, (by 
„„ 
In the Triangle XN M, the Arc 
MN is the Complement of the 


and 


X M is the Complement of the 
Angle G, and XN, the Com- 


plement of the Angle D. And 
the Angle X, the Complement 
f the Side G D to a Semicir- 
Wherefore if the Angles be 
into Sides, and the Sides 
to Angles, the Operation will 
the ſame, as in Caſe 11. of 
his, ſince Arcs and their Com- 


36 


E 
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The following REMARK by, | 


SAMUEL CUNN, 


Right ones, and two of the 
thus demonſtrated. For if poſſible, let ſome Trian- 
gle RS T, Fig to Prop. 14th be ſuch, that its Side 
RS, ST, TR, be equal to the Meaſures of G HD, 
HGD, GDH, the Angles of a Triangle GH; 


and alfo, that the Meaſures of RS T, 8 T R, T RS, 


the Angles of the Triangle R þ T be equal to GH, 
GD, HD, the Sides of the Triangle GH D. And 
produce MX, MN, two Sides of the ſupplemental 


Triangle to Semicircles, and they will meet fame- 


where; ſuppoſe at E; and there will be · conſtructel 
thereby the Triangle NE X, of which X E (the 


Supplement of X M, which, by the 14th Prop. was 
the Supplement of the Meaſure of the Angle H GD) 


is equal to the Meaſure it ſelf of the ſame Angle 
HGD: And in like manner, N E (the Supplement 


of NM, which, by the 14th Prop. was the Supple- 


ment of the Meaſure the Angle G HD) = to 
the Meaſyre it ſelf of the fame Angle GHD. B 
the third Side X N, is not the Meaſure of the thi 
Angle G DH, but its Supplement, by the 1 4th Pro, 
Moreover, of the Angle EXN (whoſe Supplement 


is NX M) the Meaſure, by the 14th Prop. is equal to 


GD; and of the Angle X NE, (whoſe Supplement 
is MN) the Meaſure, by the 14th Prop. is equal 
to HD. But of the third NE X, (which is equal to 
NMX) the Meaſure is not equal to G H, but it 
Supplement. | BY 

Now make NVS = RT = BK, the Meaſure of 
the Angle G D H, and draw the great Circle E V. 
And ſince RS, by Suppoſition, is equal to the Mea- 
ſure of the Angle GHD, which is equal to EN; 
and ſince the Meaſure of the Angle 8 RT, is by Sup- 


poſition, equal to D H, which is alſo equal to the 


Meaſure of the Angle X NE; the Angle X NE Ks 
equal to the Angle R. Then conſequently, by 1 
| 5 


F an a xt: An A 


" _ — . nn urine art — — —_— — aac. Adis DA... 
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the Triangles SR T, EN V, will have the 
Baſe 8 T, equal to the Baſe EV; the Angle T, to 


he Angle NVE, and the Angle 8, to the Angle 
NEV. But ST, (which is equal to E V,) LA x fl 
5 


tion, is equal to the Meaſure of the Angle H 
boſobich Meaſure X E is alſo equal. Therefore, EV 


is equal to XE; and conſequently, by the 7th Prop, 


the Angle EVX is equal to the Angle EX V; and 
the Angle EX V (whoſe Meaſure, as hath been ſhewn 
above, is equal to GD) is equal to the Angle T, (or 


NVE, ) ſince by Suppoſition, the Meaſure of this is 


alſo equal to GD. Therefore the Angle EV X is equal 
to the Angle EVN, and ſo both right ones; and con- 
ſequently EX V a right one alſo. Therefore, by the 24 
Cor. to the 2d Prop. EV and EX are both Quadrants. 

But if EV be a yn and at right Angles to 
NX, then E, by 2d Prop. and its Coroll. is the Pole 


of NX; and ſo EN a Quadrant alfo, and the Angle 
ENV a right one. Therefore, if the Sides of a Tri- 


angle (NE V, or its Equal) RS T, are equal to the 


| Meaſures of the Angles of ſome other Triangle G HD, 
and the Meaſures of the Angles of the former, equal 
to the Sides of the latter ; two Sides of ſuch a Triangle 


RST, or GHD, muſt be Quadrants, and two An- 


gles of each right ones. 


Therefore, if a Triangle RS T be conſtructed 


| whoſe Sides are equal to the Meaſures of the Angles 
of another Triangle G H D: the Meaſures of the An- 
| gles of the Triangle RS T, ſhall not be equal to the 


des of the Triangle G H D, unleſs in the one Caſe be- 
ſorementioned. Therefore the Meaſures of the Angles 
of the Triangle GH D, uſed as the Sides of a Triangle 
in the 11th Caſe, will not give us a Side of & HD, but 
the Meaſure of an Angle of the Triangle RS T, un- 


leſs in the one afore-mention'd Caſe ; - which was ts be 
demonſirated, | 


But to find a Side G D of ſpherical Triangle GHD, 


whoſe Angles are all given, produce MN, that 
Side of the ſupplemental Triangle, which is equal to 


the Supplement of the Meaſure of G H D, the Angle 


oppoſite to the Side ſought, and MX, either of the 
other Sides till they meet a8 in E. And there, as hath 


been before ſhewn, the Bides EX, EN, of the Tri- 


angle 
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angle EX N, are exactly equal to the Meaſures of the 


Angles HG D, GH D, of the Triangle GHD; ad | © 
of the Angles EX N, EN X, of the Triangle EX N, 

the Meaſures are equal to GD, HD. But the Side 
XN is to the Supplement of the Meaſure of the 
Angle GD H. And of the Angle X EN, the Mex 
ſure is equal to the Supplement of GH. 5 


Therefore the So LU T IO is thus: 


Change one of the Angles G D H, adjacent to the 
Side ſought into its Supplement; and then work with 
the Meaſures of the Angles as tho they were Sides, and 
the Reſult will be G D, the Side ſought. 


The preceding Fault, as well as the Omiſſions 
hereafter mention d, are not peculiar to our Author; 
but may be found in Dr. Harris, Mr. Caſwell, Mi. 
Heynes, and many other T rigonometrical Writers. 


In the Solution of our 8th and gth Caſes, they have 
told us, that the Quæſita are ambiguous ; which ſome- 
times, indeed, is true, but ſometimes alſo falſe : 'There- 
fore, as I conceive it, they ought to have laid down 
Rules, by Help of which we might diſcover when the 
Quæſita are ambiguous, and when not. 
his Overſight may be corrected by the following 
Directions: Wherein, becauſe every Sine correſponds 
to two Arches, to one leſs than a Quadrant, and to 
another, which is the Supplement of the former to a 
Semicircle, (a true Diſtinction of which of theſe arc 
to be uſed, being neceſſary to be known, before 2 
proper Solution can be given to ſuch Problems as thele 
are,) I ſhall beg Leave, for Brevity Sake, to call the 
lefler Arch the acute Value, and the greater the obtuſe; 
whether the Sine be of 'an Angle or a Side. 


In the tenth Caſe, there are given two Angles B. D, 
and BC, a Side oppoſite to one of thoſe Angles 
D, to find DC the Side oppoſite to the other. 


O the acute Value of DC, and alſo to its ob- 
| tuſe one, add B C; and if each of theſe Sums are 
greater 
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1 ( than a Semicircle, when the Sum of the 


both the Values of D C may be admitted, and then is 
ambiguous : But when only one of thoſe Sums is 


reater 8 than a Semicircle, only one Value of 


ſs | 
DC can be true, VIZ, the obtuſe c one ; and then 


is not ambiguous. 


In the ninth Caſe, there are given two Sides BC, 
DC, and one Angle B, oppaſite 10 DC one of 
thoſe Sides, to find D the Angle oppoſite to the 
other. 8 


] O the acute Value of D, and alſo to its obtuſe 
Value, add B; and if each of theſe Sums is 


Br * c than two Right Angles, when the Sum 


of the Sides 85 preater © than a Semicircle, both the 
Values of D may be admitted, and conſequently, D is 
ambiguous : But when only one of thoſe * is 
1 Ethan two Right Angles, only one Value 
of D is true, v:z. the 12 
ambiguous. 


Nor are we better uſed in the firſt Propoſition ; 
for tho' it is determined by the given Angles, whe- 
ther the Perpendicular falls within or without the 
Triangles, yet in each of thoſe Varieties, the Quæ- 
ſira will be ſometimes ambiguous, and ſometimes 
not, | | 


one ; and then not 


$ 


In 
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In his fr Propoſition there are given two Angler 
B, D, and BC, a Side oppoſite to D, one of them, 
to find C the third Angle. 9 


1. Let the Perpendicular fall within; that is, let the 
given Angles be of the ſame Species. 
TO the acute Value of DCA, and alſo to its ob- 
tuſe one, add the Angle BCA; and if each of 
theſe Sums is leſs than two Right Angles, then either 
the acute Value of DCA, or its obtuſe one added to 
B CA, gives a Value of BCD; which, therefore, iz 


- ambiguous. And when only one of theſe Sums is le: 


than two Right Angles, the acute Value of D CA, 
added to B CA, gives the only Value of BCD; which 


then is not ambiguous; tho in both Varieties the Per- 


pendioular fell within. 


2, Let the Perpendicular fall without; that is, let 


the given Angles be of different Species. 
WHEN the obtuſe Value of the Angle DCA 
is leſs than the Angle BCA, the Angle BCD 


may be had by F either Value of DCA 


from BCA; and then BCD is ambiguous. But 
when the obtuſe Value of DCA is not leſs than 
B CA, the acute Value of D C A, taken from BCA, 
gives the ſingle Value of B CD; which, therefore, i 
not ambiguous ; tho? in both Varieties the Perpendicular 
fell without. | 


In the fifth Caſe we lie under the ſame Misfortunt; 
where there are given, as in the firſt, the An 

B, D, and the Side BC, to find BD the Side h- 
ing between thoſe given Angles. 


1. When the Perpendicular falls within ; that is, 
when the given Angles are of the ſame Species. 


O the acute Value of DA, and fo alſo to its 
obtuſe one, add BA; and if each of theſe Sums 
is leſs than a Semicircle, then either the acute Value 
of D A, or its obtuſe one, added to B A, gives yo 
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Value of BD; which thence is ambiguous. And 
when only one of theſe Sums is leſs than a Semicir- 
cle, the acute Value of D A, added to B A, gives the 
only Value of BD; which then is not ambiguous ; 
tho in both Varieties the Perpendicular fell within. 


2. When the Perpendicular falls without ; that is, 
when the given Angles are of different Species. 


WHEN the obtuſe Value of DA is leſs than 
BA, BD will be had by ſubtracting either Va- 
lueof DA from BA; and then BD is ambiguous. 
But when the obtuſe Value of D A is not lefs than 
BA, the acute Value of D A, taken from B A leaves 
the only Value of BD; which, therefore, is not am- 
biguous ; tho in both Varieties the Perpendicular fell 
without. | 


In the third, we have the ſame Omiſſeon; where 
' there are given tuo Sides BC, CD, and B an 
Angle oppoſite to CD one of them, to find the 
bird Side BD. 


IRS T, we may obſerve, that the Species of DA 

N | . „ - 5 the ſame | 

''S always known ;' for it is of a 6th GY Af 

78 RY - 2 

fection with the Angle B, when DC is — 
than a Quadrant. And, 

If AD be leſs than AB, and alſo the Sum of AD 

and AB leſs than a Semicircle; then AD, either ad- 


ded to, or ſubtracted from AB, will give the Value 
of BD, which, therefore, is ambi 1 


But if A D be not leſs than A B, or if their Sum 
be not leſs than a Semicircle; then their Sum in the 
former, and their Difference in the latter Variety, ſhall 
give one ſingle Value of B D, and then is not ambi- 
Suous. | 


The 


De ELEMENTS of 


The ſeventh Caſe much reſembles the third ; for 


there are given two Sides BC, CD, and B ay 
Angle, oppoſite io C D one of them; to find the 
Angle BCD, lying between thoſe two Sides. 


AN D here we may obſerve, that the Species of the 
: 1 the ſame 
Angle DCA is Known; for it is of JJ differ: 
Kind with the Angle B, when DC is rol 
than a Quadrant. And, 


If DCA be leſs than BCA, and the Sum of DCA 
and BCA leſs than 2 right Angles; then, D CA either 
added to, or ſubtracted from B CA will give the An- 
gle BCD; which, therefore, is ambiguous. 


If DCA be not kf than RCA, ör the Sum of 


DCA and B CA not leſs than two right Angles; then 


their Sum in the former, and their Difference in the 


latter Variety ſhall give the ſingle Value of BCD; 
which, then, is not ambiguous. 


N. B. If any one will be at the Trouble to make a 
double ion for the Side D C, or the Angle 
D, as taught in the Remarks on the th and 196 
Caſes, they will find the ſeveral Varieties in the 
I, 3d, 5th, and 7th, to be as here laid down in 
theſe eaſy Rules. 


The Truth of theſe Rules may be eaſily deduced ſrom 
the 10th, 13th, 18th, and 22d Prop. F this, and 
the 2d, 8th, and 13th Examples, following Prop. 
30. of this. 8 


In our third Caſe of oblique- plain Triangles, our Au- 
ws ſhould have added Ig 


If A B be leſs than B C, the Angle A is ambiguow. 
otherwiſe not, | ; — 


A 
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The PREFACE. 


T H E Mathematicks formerly received con- 


ſiderable Advantages; firſt, by the In- 

troduction of the Indian Characters, and 

afterwards by the Invention of Decimal 
Fraftions ; yet bas it fince reaped at leaſt as much 
from the Invention of Logarithms, as from both 
the other two, The Uſe of theſe, every one knows, 
is of the greateſt Extent, and runs through all Parts 
of Mathematicks. By their Means it is that Num- 
bers almoſt infinite, and ſuch as are otherwiſe im- 
prafticable, are managed with Eaſe and Expedi- 
tion. By their Aſſiſtance the Mariner ſteers bis 
Veſſel, the Geometrician inveſtigates the Nature of 
the bigher Curves, the Aſtronomer determines the 
Places of the Stars, the — accounts Me 
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ther Phenomena of Nature; and laſtly, the U 
rer computes the Intereſt of bis Money. 


The Subject of the following Treatiſe bas been 
cultivated by Matbematicians of the firſt Rank 
ſome of whom taking in the whole Doctrine, have in- 
deed wrote learnedly, but ſcarcely intelligible to am 
but Maſters. Others, again, accommodating them- 
ſelves to the Apprehenſion of Novices, have ſeleRed 
out ſome of the moſt eaſy and obvious Properties of 
| Logarithms, but havg left their Nature and more 
intimate Properties untouch'd. My Deſign there. 
fore in the following Tract, is to ſupply what ſeem d 
ſtill wanting, viz. to diſcover and explain the Doc. 
trine of Logarithms, to thoſe who are not yet got 
beyond the Elements of Algebra and Geqmetry. 


The wonderful Invention of Logarithms we owe 
| to the Lord Neper, who was the firſt that om: 
ſtrufted and publiſhed a Canon thereof, at Edin- 
burgh, in the Year 1614. This was very grau- 
ouſly received by all Matbematicians, who were im- 
mediately ſenſible of tbe extreme Uſefulneſs theredf. 
And tbo it is uſual to have various Nations contend- 
ing for the Glory of any notable Invention, ye 
eper is univerſally allowed the Inventor of Loga- 
rithms, and enjoys the whole Honour thereof wyb- 
„% | 


The ſame Lord Neper afterwards invented ant 
ther and more commodious Form 1 Logarithms, 
which be communicated to Mr. Henry Briggs, 
Profeſſor of Geometry at Oxford, who was here- 
by introduced as a Sharer in the compleating theredf: 

ut the Lord Neper dying, the whole Buſineſs re- 
maining, was devolved upon Mr. Briggs, who, 
with prodigious Application, and an uncommon 
Dexterity, compos*d a Logarithmick Canon, agree- 
able to that new Form for the firſt twenty Chi ow” 


The FR HFA CH 

of Numbers, (or from 1 u 20000) and for eixum 
other Chiliads, viz. from 9000 10 01000. For 
all which Numbers be calculated the Logarubas 
to fourteen Placts of Figures. This Ganin u 
publiſh'd at' London i the Var 1624 3 IS 
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Gouda in Holland, in {be Fear 1628, with the, 


intermediate Chiliads before omitted, fled ug dc. 
cording io Briggs's Preſcriptions ; but theſe Tables 
are not ſo uſeful as Briggs's, becauſe the Loga- 
rithms are continued but to 10 Places of Figures. 


Mr. Briggs alſo has calculated the Logarithms 
of the Sines and Tangents of every Degree, and 
the hundredth Parts of Degrees to 15 Places of 


Figures, and has ſubjoined to them the natural 


Sines, Tangents, and Secants, to 15 Places of Fi- 
gures. The Logarithms of the Sines and Tan- 
gents are called artificial Sines and Tangents. Theſe 
Tables, together with their Conſtruftion and Uſe, 
was publiſh'd after Briggs's Death, at London, 
in the Year 1633, by. Henry Gelibrand, and by 
Vim called Trigonometria Britannica. 


Since then there have been publiſhed, in ſeveral 


Places, compendious Tables, wherein the Sines and 


angents, and their Logarithms, conſiſt of but ſe- 
ven Places of Figures, and wherein are only the 
Logarithms of the Numbers from 1 to 100000, 


which may be ſufficient for moſt Uſes. 


The beſt Diſpoſition of theſe Tables in m y Opi- 
nion, is that firſt thought of by Nathaniel Roe, 


e Suffolk; and with ſome Alterations for the 


etter, followed by Sherwin in his Mathematical 
Tables, publiſhed at London in 1705 ; wherein 
are the Logarithms from 1 to 101000, confifing 
of 7 Places of — To which are — 


The:-PREFACE © 
the Differences and proportional Parts, by Means 
0 which may be found eaſily the Logarithms of 
umbers to 10000000, obſerving at the ſame 
Time that theſe * ya conſiſt only of 7 Pla- 
ces of Figures. Here are alſo the Sines, Tan- 
ents, FB. Secants, with the Logarithms and Dif- 
erences for every Degree and Minute of the Qua- 
drant, with ſome other Tables of Uſe in practical 
Mathematicks. 
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OF . 
HAT. I. 
Of the OR IGIN and NATURE f 
LOGARITHMS. 
Sin Geometry, the Magnitudes of Lines are 
often defined by Nane ſo likewiſe on the 
other hand, it is ſometimes expedient to ex- 
pound Numbers by Lines, vis. by aſſuming 
Fe Line which may repreſent Unity, and the Double 
thereof; the Number 2, the Triple 3, the one half, 
tie Fraction 4, and ſo on. And thus the Geneſis and 
Properties of ſome certain Numbers are better concei- 
ved, and more clearly conſidered, than can be done by 
abſtrat Numbers. 
Hence, if any! Line + * be ana inno al the Quan- 
tity a* produced thereby, is not to be taken as one of 
two Dimenſions, or as a geometrical whoſe 
Side is the Eine a, but as a Line that'is a third Pro- 
portional to ſome Line taken for Unity and the Line 
a. So likewiſe, if a* be multiplied by a, the Product 
a4, will not be a Quantity of three Dimenſions, or a 
Commerical Cube, but a Line that is the fourth Term 
in a Geometrical Progreſſion, whoſe firſt Term is 1, 
and ſecond 43 for the Terms 1, a, 42, a', a 5 a', 85 
a, &c. are in the continual Ratio of 1 to a. And 
the Indices affixed to the Tera, ſhow the cha 5 or 
3 * 


-* Fig. Ls 
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Diſtance that every Term is from Unity. For Ex. : 


ample, as is in the fifth Place from Unity, a* is the 


ſixth, or ſix times mare diſtant from Unity than 2, 


or a', which immediately follows Unity. 

If between the Terms  agd a, there be put a mean 
Proportional which is I @, the Index of this will be + 
for its Diſtance from Unity will be one half of the 
Diſtance of a from Unity; and fo a may be writ- 
ten 4. And if a mean proportional be put between 
a and , the Index thereof will be 3 or 4, for its 


. e 


If there be two mean Proportionals put between 1 
and a; the firſt of them is the Cube Root of a, whoſe 
Index muſt be 4, for that Term is diſtant from Unity 
ny by a third Patt of the Diſtance of a from Unity; 
an 


ſo the Cube Root muſt be expreſſed by a3. 


Hence, the Index of Unity is o, for Unity is not dif- 


„ 


The ſame Series af Qyantities, geometrically propor- 
tional, may be both ways continued, as well deſcend- 
ing towards the Left Hand, as aſcending towards the 
ite d the Tam 2-31 Ir, 0 
Sgt 8 * oy” at, al, , a, 


a, a, , Sc. are all in the ſame Geometrical Pro- 


I, 4% &, 


greſſion. And ſince the Diſtance of a from Unity is 


towards the Right Hand, and poſitive or + 1, the 
Diftance equal to that on the contrary Side, viz. the 


Diſtance of the Term 7. will be Negative or — 1, 


which ſhall be the Index of the Term v for which 
IS 5 e 3 a, : 
i So likewiſe in the Term a 


Che Index — 2 ſhews that that Term ſtands in the 


ſecond Place from Unity towards the Left Hand, and 
the Terms a= and == are of the ſame Value. Alſo 
„I the fame ase, For theſe negative Indes 


ſhew that the Terms to. them, go from 
TIO the contrary Way to that by which the Terms 


Indices are poſitive, do. Theſe Things premiſed. 
, 
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If on the Line AN, both Ways indefinitely exten- 
ded, be taken, AC, CE, EG, GI, IL, on the 
ight Hand. And alſo Ar, In, c. on the left, 
ll N to one another. And if at the Points, U, F, 
A, C, E, G, I, L, be erected to the right Line A N, 
the Perpenditulars nr, ra, AB, CD, E F, 
GH, IK, LM, which let be continually proporti- 
onal, and repreſent Numbers, whereof A B i Unity. 
The Lines AC, AE, AG; AI, ALA Cr, AT; 
reſpectively expreſs the Diſtances of the Numbers from 
Unity, or the Place and Order that every Number 
obtains in the Series of Geometrical Proportionals, 
according as it is diſtant from Unity. So ſince AG 


is triple of the right Line A C, the Number GH 


ſhall be in the third Place from Unity, if CD be in 
the firſt : So likewiſe ſhall LM be in the fifth Place, 
ſince AL= 5 AC. If the Extremities of the Propor- 
tionals, L, o, B, D, F, H, K, M, be joined by right 
Lines, the Figure 2 n LM will become a Polygon 
conſiſting of more or leſs Sides, according as there 
are more or leſs Terms in the Progreſſion. 

If the Parts AC, CE, EG, G. | 
in the Points c, e, g, i, l, and there be again raifed the 
Perpendiculars cd, ef, gh, ih, In, which are mean 
Proportionals between A B, CD; CD, EF; EF GH; 
GH, IK; IK, LM; then there will ariſe a new Series 
of Proportionals, whoſe Terms beginning from that 
which immediately follows Unity, are double of 


_ thoſe in the firſt Series, and the Difference of the 


Terms are become lefs, and approach nearer to a Ra- 
tio of Equality than before. Likewiſe in this new 
Series, the Right Lines AL, AC, expreſs the Diſ- 
tances of the Terms L M, CD, from Unity, viz. Since 
AL is ten times greater than Ac, L M ſhall be the 
tenth Term of the Series from Unity: And becauſe 
Ae is three times greater than Ac, ef will be the third 
Term of the Series, if cd be the firſt ; and there ſhall 
be two mean Proportionals between A B and ef, and 
between A B, and LM, there will be nine mean Pro- 
ionals. 

And if the Extremities of the Lines Bd Df Fh 
H, &c. be joined by right Lines, there will be a new 
Polygon made, conſiſting of more, but ſhorter Sides 
than the laſt, 

| Y 4 If, 


31, IL, be biſected 
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If, again the Diſtances Ac, cC, Ce, e E, &c. be 
ſuppoſed to be biſected, and mean Proportionals be- 
tween every two of the Terms, be conceived to be 
put at thoſe middle Diſtances; then there will ariſe 
another Series of Proportionals, containing double 


the Number of Terms from Unity than the former 


does; but the Differences of the Terms will be leſs, 
and if the Extremities of the Terms be joined, the 
Number of the Sides of the Polygon will be augment- 
a according to the Number of Terms ; and the Sides 
thereof will be leſſer, becauſe of the Diminution of 
the Diſtances of the Terms from each other. 

Now in this new Series, the Diſtances AL, AC, 


Ce. will determine the Orders or Places of the 
Terms; viz. if AL be five times greater than AC, 


and CD be the fourth Term of the Series from Unity, 
then LM will be the twentieth Term from Unity. 

If in this manner mean Proportionals be continu- 
ally placed between every two Terms, the Number 
of Terms at laſt will be made ſo great, as alſo the 
Number of the Sides of the Polygon, as to be greater 


than any given Number, or to be infinite ; and every 


Side of the Polygon ſo leſſened, as to become lefa 


than any given right Line ; and conſequently the Po- 

lygen will be changed into a curve-lin'd Figure; for 

any. curve- lin d Figure may be conceived as a Poly- 

Fur whoſe Sides are infinitely ſmall and infinite in 
umber. 

A A Curve deſcribed after this Manner, is called L 


 garithmical; in which, if Numbers be repreſented by 


right Lines ſtanding at right Angles to the Axis AN 
the Portion of the Axis intercepted between any Num- 
ber and Unity, ſhews the Place or Order that that 
Number obtains in the Series of Geometrical Propor- 


tionals, diſtant from each other by equal Intervals. 


For Example, if AL be five times greater than AC, 
and there are a thouſand Terms in continual Propor- 
tion from Unity to LM; then will there be two 
Hundred Terms of the ſame Series from Unity to 
CD, or CD ſhall be the two hundredth Term of the 
Series from Unity; and let the Number of Terms 
from A B to L M be ſuppoſed what it will; then the 
Number of Terms from AB to CD, will be one 
fifth Part of that Number. e © 

e 
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The Logarithmical Curve may alſo be. conceived 
to be deſcribed by two Motions, one of which is 
| equable, and the other accelerated, or retarded, ac- 
cording to a given Ratio. For Example, if the right 


Line AB, moves uniformly along the Line AN, fo 


that the End thereof deſcribes equal Spaces in 

Times; and, in the mean Time, the ſaid Line AB 
ſo encreaſes, that the Increments thereof,. generated 
in equal Times, be proportional to the whole en- 
_ creaſing Line; that is, if AB, in going forward to cd, 
be encreafed by the Increment od, and in an equal 
Time when it is come to C D, the Increment there- 
of is Dp, and Dp to de is as do is to AB, that is, if 
the Increments generated in equal Times are always 
proportional to the Wholes ; or, if the Line AB 
moving the contrary Way, diminiſhes in a conſtant 
Ratio, ſo that while it goes thro' the equal Spaces, 
the Decrements AB —ra ra, — DE, are Pro- 
portionals to AB, r 4. Then the End of the Line 
encreaſing or decreaſing in the ſaid Manner, deſcribes 
the Logarithmical Curve: For ſince AB: do:: 


dc:Dp::DC: 7, it ſhall be (by Compoſition 


of Ratio) as AB: de:: de: DC:: DC: Je, and 
ſo on. 

By theſe two Motions, viz. the one equable, and 
the other proportionally accelerated, or retarded, the 
Lord Neper laid down the Origin of Logarithms, 
and call'd the Logarithm of the Sine of any Arc, That 
Number which neareſt defines a Line that equally en- 
creaſes, while, in the mean time, the Line expr 
the whole Sine 22 decreaſes to that Sine. 

It is manifeſt from this Deſcription of the Logarith- 
mick Curve, that all Numbers at equal Diſtances are 
continually proportional. It is alſo plain, that if there be 


four Numbers AB, CD, IK, LM, ſuch, that the Diſ- + 


tance between the firſt and ſecond, be equal to the 
Diſtance between the third and the fourth : Let the 
Diſtance from the ſecond to the third be what it will, 
theſe Numbers will be proportional. For becauſe 
the Diſtances AC, IL, are equal, AB ſhall be to the 
Increment Ds, as IK is to the Increment MT. 
Wherefore (by Compoſition) AB: DC:: IK: ML. 
And contrariwiſe, if four Numbers be proportional, 


the Diſtance between the firſt and the ſecond, _ 
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be equal to the Diſtance between the third and the 
urths 

The Diſtance between any two Numbers, is calle 
the Logarithm of the Ratio of thoſe Numbers, and 


indeed doth not meaſure the Ratio itſelf, but the Num- 


ber of Terms in a given Series of Geometrical Propoy- 
tionals proceeding from one Number to another, an 
defines the Number of equal Ratio's by the Compofi. 
tion whereof the Ratio of Numbers are known. 

If the Diſtance between any two Numbers be dow 
ble to the Diftance between two other Numbers, then 
the Ratio of the two former Numbers ſhall be the 
Duplicate of the Ratio of the two latter. For let the 


Diſtance IL between the Numbers IK, LM, be 


double to the Diſtance Ac, between the Number 
AB, cd; and ſince IL is biſected in /, we have 'Az 
—II=1IL; and the Ratio of I K to In, is equal to 
the Ratio of AB tocd; and ſo the Ratio of I K to 
LM, the Duplicate of the Ratio of IK to In, (h 


Def. 10. El. 5.) ſhall be the Duplicate of the Rao 


of AB to cd. 5 


In like Manner, if the Diſtance E L be triple of tte 


Diftance A C, then will the Ratio of EF to LM, be 
triplicate of the Ratio of AB to CD: For becauſe 
the Diſtance is triple, there ſhall be three times more 


Proportionals from E F to L M, than there are Terms 
of the ſame Ratio from AB to CD; and the Ratio 


of EF to LM, as alſo of AB to CD, is compounded 
of the equal intermediate Ratio's, (by Def. 5. El. 6.) 
And ſo the Ratio of EF to LM, compounded of 
three times a greater Number of Ratio's, ſhall be 


| triplicate of the Ratio of AB to CD. So likewiſe if 


the Diſtance G L be quadruple of the Diſtance Ac, 


then ſhall the Ratio of G H to LM, be quadruplicate 
of the Ratio of AB to cd. 


The Logarithm of any Number is the Logarithm 


of the Ratio of Unity to that Number, or it is the 
Diſtance between Unity and that Number. And ſo 


Logarithms expreſs the Power, Place, or Order which 


every Number, in a Series of Geometrical Progrefh- 
onals, obtains from Unity. For Example, if there be 
10000000 proportional Numbers from Unity to the 


Number 10, that is, if the Number 10 be in the 


10600000th Place from Unity; then it will be — 
| | f / 
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by Computation, that in the ſame Series from Unity, 
to 2 there are 4010300 proportional Terms, that is, 
tze Number 2 will ſtand in the 3010300 Place. In 
| like Manner, from Unity to 3, there will be found 
4771213, proportional Terms, which Number de- 
— the Place of the Number 3. The Numbers 
10000000, 3010300, 4771213, ſhall be the Logarithms 
of the Numbers 10, 2, and 3. 
If the firſt Term of the Series from Unity be called 
„ the ſecond Term will be 5, the third ff, O&c. 
And fince the Number 10 is the 10,000,000" Term of 


Alſo y f=3 3 and ſo on. 

Whereſore all Numbers ſhall be ſome Powers of 
that Number which is the firſt from Unity; and the 
Indices of the Powers are the Logarithms of the 
Numbers. 

Since Logarithms are the Diſtances of Numbers 
from Unity, as has been ſhewn, the Logarithm of 
Unity ſhall be o; for Unity is not diſtant from itſelf, 
but the Logarithms of Fractions are negative, or de- 
| Aſcending below nothing, for they go on the contrary 

Way. And fo if Numbers increafing proportionally 

from Unity, have poſitive Logarithms, or ſuch as are 

affected with the Sine + ; then Fractions or Num- 
bers in like Manner decreaſing, will have negative 
Logarithms, or ſuch as are affected with the Sign—; 
which is true when Logarithms are conſidered as the 

Diſtances of Numbers from Unity. 

But if Logarithms take their 2 not from an 
integral Unit, but from a Unit is in ſome Place 
of Decimal Fractions. For Example, from the Fraction 
055005555 then all Fractions greater than this, 
will have poſitive 5 and thoſe that are leſs, 
will have negative Logarithms. But more ſhall be 
ſaid of this hereaſter. 

Since in the Numbers continually proportional, 
DC, EF, G H, I K, Cc. the Diſtances CE, E G, 
GI, &c. are equal, the Logarithms A C, AE, AG, 
AI, Sc. of thoſe Numbers ſhall be equidifferent, or 

the Differences of them ſhall be wats And ſo the 
Logarithms of proportional Numbers are all in an 
atithmetical Progreflion ; and from hence proceeds 
that common Definition of Logarithms, that 2 
| 3 ne 
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rithms are Numbers which, being adjoined to Proper. 
tions, have equal Differences. | 


In the firſt Kind of Logarithms that Neper pb. 


liſh'd, the firſt Term of the continual Proportionak 


was placed only fo far diſtant from Unity, as that 


Term exceeded Unity. For Example, if vn be the 
firſt Term of the Series from Unity A B, the Logs. 


rithm thereof, or the Diſtance An, or By, was, ac. 


cording to him, equal to vy, or the Increment of the 
Number above Unity, As ſuppoſe vn be 1,0000001, 
he placed 0,0000001 for its Logarithm An; and 
from hence, by Computation, the Number 10 hall 
be the 23025850 Term of the Series, which Num- 
ber therefore is the ithm of 10 in this Form of 
Logarithms, and expreſſes its Diſtance from Unity in 
fuch Parts whereof vy or An is one. 

But this Poſition is entirely at Pleaſure ; for the 
Diſtance of the firſt 'Term may have any given Ratio 
to the Exceſs thereof above Unity, and according to 
that various Ratio (which may be ſuppos'd at Ple- 
ſure,) that is between vy and By, the Increment of 
the firſt Term above Unity, and the Diſtance of the 


fame from Unity, there will be produced different 


Forms of Logarithms. 

This firſt Kind of Logarithms was afterwards 
changed by Neper, into another more convenient one, 
wherein he put the Number 10 not as the 23025850" 
Term of the Series, but the 1000,0000®" ; and in ths 
Form of Logarithms, the firſt Increment v y ſhall be 
to the Diſtance By, or An, as Unity, or AB, isto 
the Decimal Fraction o, 4342994, which therefore ex- 
preſſes the Length of the Subtangent A T. Fig. 4. 

After Neper*s Death, the excellent Mr. Henry Briggs, 
by great Pains, made and publiſhed Tables of Loga- 


rithms according to this Form. Now ſince in theſe 


Tables the Logarithm of 10, or the Diſtance there- 
of from Unity, is 1,0000000, and 1, 10, 100, 1000, 
1 0000, Cc. are continual Proportionals, they ſhall be 
equidiſtant. Wherefore the Logarithm of the Num- 
ber 100 ſhall be 2,0000000 ; of 1000, z, ooooooo; 
and the Logarithm of 10000 ſhall be 4, ooooooo; 
and ſo on. 


Hence the Logarithms of all Numbers between : 


and 10, muſt begin with o, or o muſt ſtand in 55 
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firſt Place to the Left-Hand ; for they are leſſer than 
the Logarithm of the Number 10, whoſe Beginning 
is Unity ; and the Logarithms of the Numbers be- 
tween 10 and 100 begin with Unity; for they are 
greater than 1,0000000, and leſs than 2,0000000. 
Alſo the Logarithms between 100 and 1000, begin 
with 2, for they are greater than the Logarithm of 
100, which begins with 2, and leſs than the Loga- 
rithm of a 1000 that begins with 3. In the ſame Man- 
ner it is demonſtrated, that the firſt Figure to the left 
Hand of the Logarithms between 1000 and 10000, 


muſt be 3; and the firſt Figure to the left Hand of 


the Logarithms between 10000 and 100000, will be 
4; and ſo on. 

The firſt Figure of every Logarithm to the leſt 
Hand, is called the CharaQteriftick or Index, becauſe 
it ſhews the higheſt or moſt remote Place of the Num- 
ber from the Place of Units. For Example, if the 


Index of a Logarithm be 1, then the, higheſt or moſt 


remote Place from Unity of the correſpondent Num- 
ber to the left Hand, will be the Place of Tens. If 
the Index be 2, the moſt remote Figure of the corre- 


fpondent Number ſhall be in the fecond Place from 


Unity ; that is, it ſhall be in the Place of Hundredths ; 
and if the Index of a Logarithm be 3, the laſt Figure 
of the Number anſwering to it, ſhall be in the Place 
of Thouſandths. The 3 of all Numbers 
that are in decuple or ſubdecuple Progreſſion, only 


differ in their Characteriſticks, or Indices, they being 


written in all other Places with the ſame Figures. For 
Example, the Logarithms of the Numbers 17, 170, 
1700, 17000, are the ſame, unleſs in their Indices; for 

1 is to 17, as 10 to 170, and as 100 to 1700, 
and as 1000 to 17000 ; therefore the Diſtances be- 
tween 1 and 17, between 10 and 170, between 100 


and 1700, and between 1000 and 17000, ſhall be all 


And fo ſince the Diſtance between 1 and 17, 
or the Logarithm of the Number 17 is 1. 2304489, 
the Logarithmof theNumber 170, will be=2.2304489, 
and the Logarithm of the Number 1700 ſhall be 
3. 2304489, becauſe the Logarithm of the Number 
too z. 0000000, In like Manner, ſince the Loga- 


 Tithm of the Number 1000=3.0000000, the Loga- 


rithm of the Number 17000 ſhall 4. 2304489. 8 
0 
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multiplied by the Number E F, the Diſtance betwers 
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So alſo the Numbers, 6748. 674, 8. 67, 48. 6, 748, 
o, 6748. o, 06748, are continual Proportionals in the 
Ratio of 10 to 1; and fo 


their Diſtances from each 6 7 4 8) 3,8297751 
other ſhall be equal to the 6 7 4, 8 2,8297751 
Diſtance or Logarithm of 6 7, 4 8] 1, 8291751 
the Number 10, or equal 6, 7 4 8 , 8291731 
to 1,0000000. And fo ſince 0,6 7 4 8 —1, 9292751 
the Logarithmof the Num- o, o 6 7 4 8— 2, 8297751 


ber 6748 is 3, 829175 1, the 
Logarithms of the other Numbers ſhall be as in the 
Margin; where you may obſerve that the Indices of 
the laſt two Logarithms are only negative, and de 
other Figures poſitive; and ſo when thoſe other Ei. 
goun are to be added, the Indices muſt be ſubtrafled, 
and con . 2, 


CHAP. u. = 
Of the Arithmetick of Logarithms in while 
Numbers, or whole Numbers adjoined ta 
decimal Factions. Fig. 2. ke 


RE in Multiplication, Unity is to the Mii 


ier, as the Multiplieand is to the Product, the 
iſtance between Unity and the Multiplier, al 
be to the Diſtance between the Multiplicand t 
the Product; if therefore, the Number G H be tote 


GH and the Product muſt be equal to the Diſtante | 
AE, or to the Logarithm of the Multipher; an 
if G L be taken equal to AE, the Number LM 
be the Product, that is, if the Logarithm of the Mit 


tiplicand A G be added, to the Logarithm of the MA. 


win the Sum ſhall be the Logarithm of the · Po- 
In Diviſion, the Diviſor is to Unity, as the Diti 


dend is to the Quotient; and ſo the Diftance betwett 


the Diviſor and Unity ſhall be equal to the Diftahce 
between the Dividend and the Quotient. So if LM 
be to be divided by E F, the- Diſtance E A half be 


equal to the. Diſtance between Li M-and the QoS: 
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and ſo if LG be taken equal to EA, the Quotient 
| will be at G: that is, if from AL, the ithm of 
| the Dividend, be taken GL, or AE, the Logarithm 
of the Diviſor, there will remain A G, the Logarithm 
of the Quotient. 5 
And from hence it appears, that whatſogyer Opo- 
rations in common Arithmethick are performed by 
multiplying or dividing of great Numbers, may be 

uch cafjer, and mope expediently done by the Ad- 
dition or Subtraction of Logarithms. Fo 
For Example, let the Number 7589 be to be mul 
tiplied by 6757. Now, if the Lo- Dy 

arithms af thoſe Numbers be Log. 3. 8801846, 
de 80 vil be the Login Torn 7828385 
deir Sun will, be the Logarithm Tog. 7. 769938 
of the Produdt, whoſe Index :! 
ſhews that there are ſeven. Places of Figures, beſides, 
Unity, in the Product; and in pry this Loga- 
rithm in Tahles, or the neareſt equal to it, I find that the 
Number anſwering thereto, which is leſſer than the 
| Product is 51278000, and the Number greater than, 

the Product is 51279000, and if the adjoined Differ- 

| ences. and proportional Parts be taken, the Numbers. 
that muſt be added to the Place of Hundreds and Tens 
in the Product are 87, and that which muſt be added. 
in the Place of Unity, will neceſſarily be 3, ſince 
| ſeven times 9=63, and ſo the true Product ſhall 
| be 51278873. If the Index of the Logarithm had been 
| $ or 9, then the Numbers to be added in the Place of 
| Hundredths or Tenths, could not be had from thoſe 
| Tables of e which conſiſt but of 7 Places of 
Figures, beſides the Characteriſtick, and ſo in this Caſe, 
the Vlaguian or Briggian Tables ſhould be uſed; in 
— 
= 
„ 


the former of which, the Logarithms are all to ten 
Phces of Figures, and in the latter to ſourteen. 
If the Number 78956 be to be 
divided by 278, by ſubtracting the Log. 4. 8954004 
Logarithm of the Diviſor from Log. 2. 4440448 
the Logarithm of the Dividend, Log. 2, 4513556 
the Logarithm of the Quotient, 5 
will be had, And to this Logarithm, the Number 282, 
71 12 wers; which therefore ſhall be the tient: 
Becauſe Unity, any aſſumed Number, the Square 
thereof, the Cube, the Biquadrate, c. are all oo 
] . | tin 
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tinual Proportional, their Diſtances from each as 


fall be equal to one another. And ſo it is manifeſt, 
Square from Unity, is double 


thee "ths Diſtance of the 
of the Diſtance of its Root from the ſame : Alſo the 
Diftance of the Cube, is triple of the Diſtance of its 
Root; and the Diſtance of the Biquadrate, is quadru- 
ple of the Diſtance of its Root from Unity, &c. And 


fo if the Logarithm of any Number be nbd oy 


ſhall have the Logarithm of its Square ; if it be tripled, 
we ſhall have the Logarithm of its Cube, and if it be 
quadrupled, the ithm of its Biquadrate. ' And 
contrariwiſe, if the rithm of any Number be bi- 


ſeed, we ſhall have the Logarithm of 4 


r Moreover, a third Part of the ſaid 
rithm will be the ithm of the Cube Root of the 
Number ; and a Part, the Logarithm of the Bi 
quadrate Root of that Number. 

Hence, the ogy of all Roots are eaſily per- 
formed, by dividing 1 into as many 
Parts as there are Units Index of the Power. 
So if you want the ſquare Root of 5, the half of 
o, 6989700 muſt be taken, and then that half o. 34948 50 
will be the Logarithm of the Square Root of 5, or 
the Logarithm of 5, to which the Number 2. — 


nearly anſwers. 


CHAP. III. 


of the Arithmetick of Logarithms, when 


the Numbers are Fractions. Fig. 3. 


HEN Fracdions are to be worked by Log: 
rithms, it is „ for avoiding the Trou- 
ble of adding one art of a Logarithm, and 
ſubtracting the other, that Logarithms do not begin 
from an ara) Unit, but from ſome Unit that is the 


tenth or hundredth Place of Decimal Fractions: For 


let PO be 55555 55559 and from this 
let the Logarithms begin. Now this FraQtion is 
ten times more diſtant from Unity to the left Hand, 
than the Number 10 is diſtant therefrom to the right; 
for there are 10 proportional Terms in the Ratio of 
10 to 1, from Unity to PO, And fo if AB be Uni 


: one „ „ OO oO © - =. 
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the Logarithm thereof, according to this Suppoſition 
will not be o, but OA will dees 
the Diſtance of any Tenth from Unity is 1.000000 
whence the Diſtance of the Number 10 from PO will 
be 11.0000000. Alſo the Diſtance of the Number 
100 from PO, or its Logarithm, beginning from P O, 
ſhall be 12.0000000, and the Logarithm of 1000, or 
the Diſtance from PO, will be 1 3.0000000. And thus, 
the Indices of all Logarithms are augmented by the 


Number 10; and thoſe Fractions whoſe Indices are 


— I, or —2, or —3, &c. are now made q, 8, or 7, &c. 


But if Logarithms begin from the Place of a Frac- 
tion, whoſe Numerator is Unity, and Denominator 


Unity with 100 Cyphers added to it, (which they muſt 
do when Fractions occur that are leſs than PO) then 


that Fraction will be 100 times more diſtant from 


Unity, than 10 is diſtant from it; and fo the Loga- 
rithm of Unity will have 100 for the Index thereof. 
And the Logarithm of any Tens will have 101 for the 
Index, that of any Hundreds 102, and ſo on; all the 
Indices being augmented by the Number 100, 


The Logarithms of all Fractions that are greater 


than PO (whereat they begin) will be poſitive, And 


ſince the Numbers 10, 1, rs, Tb, 5755, Cc. are in 


a continued geometrical Progreſſion, they will be e. 
y diſtant from each other; and accordingly their 


ithms will be equidifferent : And ſo when the 

ithm of 10, is 11.0000000, and the Logarithm 
of Unity is 10. 0000000, and the Logarithm of the 
Fraction Fs will be 9. oo00000, and the Logarithm 
of the Fraction 535 will be 8.0000000, and in like 
Manner, the Index of the Logarithm of resse will 
be 7. Alſo for the ſame Reaſon, if the Index of the 


i 
he pri Index of the Logarithm of the Fraction 7+ be 


99, and the Index of the Logarithm of t will be 98, 
and the Index of Logarithm of the FraQtion 555 ſhall 
be 97, &c. And theſe Indices ſhew in what Place 


from Unity, the firſt Figure of the Fraction, not be- 
ing a Cypher, muſt be put. For Example, if the In- 


dex be 4, the Diſtance thereof-from the Index of Uni-- 


ty, (which is 10) viz. 6, ſhews that the firſt Significa- 
ve Figure of the Decimal, is in the ſixth Place from 
Unity; and therefore, = Cyphers are to be prefixed 


thereto 


ithm of Unity be 100, and of 10 be 101, then 
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thereto Ae the leſt Hand. So alſo if the Index 
of Unity be 100, and the Index of the Fraction be 80, 
Ws e firſt F. igure thereof ſhall be in the 2oth Place 185 

17 and 19 Cyphers are to be prefixed thereto. 
Neve let 4 be required to multiply the FraQtion 
the Fraction DC. Becauſe Unity is to the 
1925 „ as the Multiplicand is to the Product; the 
iſtance between Unity and the Multiplier ſhall be 
wry to the Diſtance between the Multiplicand and the 
Product. Therefore, if there be taken GI=AC, 
the Product I K ſhall be at I. And accordingly, if 
from O G, the Logarithm of the Multiplicand, then 


be taken GI or AC, there will remain OI, the Lo- 


garithm of the Product. Bot A C= OA—OC, which 
taken from OG, there will remain OG+0C- 
OA=ZO1, that is, if the Logarithm of the Multiplier 
and Nultiplicand be added together, and from the 
dum be taken the Logarithm of Unity, (which is al- 
ways.expreſſed by 10 or 100 with Cyphers) the Lo- 
virkhm of the Product will be had. p or Exampl, 
let the decimal Fraction o, 007 34 be to be multiplied 


by tlie Fraction o, 000876, Set down 100 for the 


ndex of the Logarithm of Unity, and then the Lo- 
of the Fractions will be as in the Marzi, 


E being added together, and the 


Logarithm of Unity being taken away 97, 86 56961 
from the Sum, the Remainder is the 96, 9425041 
Logarithm of the Product, whoſe In- 94. 808 2002 
dex 94 ſhews that the firft Figure of the 
Product is in the ſixth Place from Unity, and ſo there 
muſt be five Cyphers prefixed, and then the Produſt 
will be, 00000642984. 

In Diviſion, the Diviſor is to Unity, as the Divi- 


dend is to the Quotient; and ſo the Diſtance between 


the Diviſor and Unity ſhall be equal to the Diſtance 
between the Dividend and the Quotient. And fo if 
the Fraction I K be to be divided by D C, you met 
take TG=CA, and the Place of the er ſhall 


be G. But CAS OA O C, which being adde 


to OI, we have GA ＋ OI—OC=0G, that h, 
if the Logarithm of Unity be added to the Logarithm 
of the Dividend, and from the Sum be taken the Lo- 
garithm of the Divifor, 'there will remain the Loga- 


rithm of the Quotient; ſo if the Number CD be . 
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be divided by I K, you muſt take the Diſtance CS. 
IA, and then 8 T will be the Quotient, whoſe i 
rithm is OA OC—OI. Let CD=o. 347, IK 
=0.00478, Then add the Logarithm | 

of Unity to the Logarithm of CD; 19. 5403295 
that is, put 1 or 10 before the Index _7. 6794279 


thereof, and from that ſubtract the Lo- x1. 8609016 


rithm of the Diviſor, and the Remain- SE 

r will be the Logarithm of the Quotient, whoſe In- 
dex 11. ſhews that the Quotient is between the Num- 
bers 10 and 100; and I ſeek the Number anſwering 
the Logarithm, which I find to be 72, 542. If the 
Logarithm of a Vulgar Fraction, for Example, ; be 
required, the Logarithm of Unity muſt | : 


be added to the Logarithm of the Nu- 10. 8450980 


merator 7, or Which is all one, you muſt o. 9030900 
put 10 or 190 before the Index thereof, 9. 9420980 
and ſubduct from it the Logarithm of 


the Denominator 8, and there will remain the Loga- 


rithm of the Vulgar Fraction :, or the Decimal 
875. 3 

If the Powers of any Fraction D C be required, you 
muſt aſſume EC, EG, GI, IL, each equal to AC; 
and then E F will be the Square, G H the Cube, and 
IK the Biquadrate of the Number DC; for they are 
continually proportional from Unity. Beſides, A E = 
2 AC=2 AO—2 OC, whence OE=OA—AE 
=2OC—-OA, that is, the Logarithm of the Square 


is the Double of the Logarithm of the Root, lefs the 
Logarithm of Unity. In like manner, ſince AG 


3 AC=;3 OA; OC, we ſhall have O G=O A— 
AG=3;OC—2 OA= the Logarithm of the Cube 
= triple the Logarithm of the Root, — the Dou- 
ble of the Logarithm of Unity. For the ſame Rea- 
ſon, becauſe AI=4 AC=4 OA—4 OC, we have 
Ol=4 OC—-3 OA, which is the Logarithm of the 


Biquadrate. And univerſally, if the Power of a Frac- 
tion be n, and the Logarithm L, then ſhall the Loga - 


rithm of the Power n Lu OA OA, that is, 


if the Logarithm of a Fraction be multiplied by n, and 


from the Product be taken the Logarithm of Unity, 


multiplied by a — 1, the Loganithm of the Power # 


of that Fraction will be had. 


2 2 For 
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For Example, if it is required to find the 6th Power 
of the Fraction *, o5 the Logarithm of this Fraction 


is 8.6989700, which being multiplied by 6, gives the 


Number 5 2. 1938200; and if from 52 the Number 
5o, which is the Index of the Logarithm of Unity 
drawn into 5, be taken away, the Remainder will be 
the Logarithm of the 6th Power, viz. 2.1938200, to 
which the Number ,0000000 15625 anſwers. For 
the Index 2 ſhews that 7 Cyphers muſt be put before the 
firſt Figure. 5 | RNS; 5 

If the 8th Power of the Fraction ,05 be required, 
by multiplying the Logarithm by 8, there will be 
produced 69.5917600 ; and ſince 70, which is ſeven 
times the Index of the Logarithm of Unity, cannot be 
taken from 69, unleſs we run into negative Numbers, 
the Index of the Logarithm of Unity muſt be ſuppoſed 
100, and then the Index of the Logarithm of the 
Fraction will be 98. Now this Logarithm drawn into 
8, gives 789. 5917600, and if 700, which is 7 times 
the Index of the Logarithm of Unity, be taken from 
789, there will remain 89. 5917600, the Logarithm 
of the 8th Power of the Fraction 20, whoſe correſpon- 
dent Number is ,0000000000 39062 ; for ſince the In- 
dex is 89, and the Difference thereof from 100 is 11; 
the firſt ſignificative Figure of the Fraction ſhall be in 
the 11th Place from Unity; and ſo there muſt be 
10 Cyphers placed before it. 

If the Roots of the Powers of Fractions be deſired, 
for Example, the Square Root of the Fraction E F, be- 
cauſe the Root is a mean Proportional between the 
Fraction and Unity, you muſt biſet AE in C, and 
then CD will be the ſquare Root of the Fraction EF. 


But AC=tAE=EZAZES, and fo the Logi- 


rithm of the Root=O AA C QA OE And 


— — — A 


2 

if the Cube Root of the Fraction G H be ſought, this 
ſhall be the firſt of two mean Proportionals between 
Unity and G H; and fo if A G be divided into thiee 
equal Parts, the firſt of which is AC; then CD fall 


be the Root ſought, and becauſe AC; AGS 
OA—OG 


— if this be taken from O A, there wil 
remain 
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remain = OA = 0G. —OC==Logarithm of the Cube 
Root of the Fraction GH. So likewiſe the biqua- 
drate Root of the Fraction I K will be had, by divi- 
ding A I into four equal Parts, for the Root is the 
firſt of three mean Proportionals between Unity 


and the Fraction, and conſequently if AC = 
A I, then will C D be the biquadrate Root of 


the Fraftion I K. But * 3 and fo OC 


And 8 if the Root of any Power n of the 
F ration LM be required, the rithm of the Root 


thereof will be 2e „ that is, if the 


Number 1-1 be bab to the Index of the Loga- 

rithm, and the Logarithm thus augmented be divided 
by n, the Quotient will give the Logarithm of the 
Root ſought. So if the Cube Root of the Fraction 3 or 
.5 be ſought, you muſt place 2 — 1 (ſince the Cube 
Root is required) before the Logarithm thereof, and 
there will by had 29,6989700, a third Part of which 
is 9,8996566, which is equal to the Logarithm of 
the Cube Root of the Fraction 4, and the Number 
„7937 anſwering to this Logarithm, is the Root ſought, 


CHAP. Iv. 


Y the Rule of Proportion b y Loga- 
rithms. 


three Numbers given, a fourth Proportional to 
them may be found, voix. if the ſecond and third 
Terms be multiplied by one another, and the Product 
divided by the firſt Term, then will the Quotient be the 
fourth proportional Term ſought. But this fourth Term 
is much eaſier found by Logarithms ; for if the 
rithm of the firft Term be taken from the Sum of the 
Logarithms of the ſecond 255 third Term, the * 
3 r 


FT E Rule of Proportion ſhews 1 by was 
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ber remaining will be the Logarithm of the fourth 
ſought. 

r this may be done ſomething eaſier yet, if inſtead 
of the Logarithm of the firſt Term be taken its Com- 
plement Arithmetical, or the Difference of that Lo: 

ithm, and the Number 10. 0000000, which ig 
Ns by ſetting down the Difference between each 
Figure of the Logarithm, and the Figure 9 ; for then if 
that Arithmetical Complement be added to the Sum 
of the other two Logarithms, and if. Unity, which is 
the firſt Figure to the left Hand, be taken from the 
Sum, the Remainder will be the Logarithm of the 
fourth Term ſought ; and ſo by this Way, Logarithms 
of the fourth Term are found by only one Addition of 


three Numbers. The Reaſon of this will be manifeſt 


from hence : Let there be three Numbers A, B, C, 


from which the firſt is to be taken from the Sum of the 


ſecond and third. Now this may not only be done 
by the common Way, but likewiſe, if there be any 


other third Number E taken, and from this there be 


taken A, there will remain E—A, and if the Num- 
bers B, C, and E—A be all added together, and from 
their Sum be taken E, there will remain B+-C—A. 


80 if the Number 15 be to be taken from 23, 


take the Complement of the Number 15 to 100, 83 
which is 8 5, and add this Number to 23, and 23 
the Sum will be 108, from which 100 being o 
taken, there remains the Number 8. 
Hence follow ſome Trigonometrical Examples of 
the Rule of Proportion ſolv'd by Logarithms. 
Let ABC be a right-angled Triangle, wherein are 
ven, the Angle A 36 Degrees 46', the Angle B 98 
rees 32, and the Side B C 3478, the Side A C i 


required. Say (by Caſe 1. of plain Trig.) as the Sine 


of the Angle A is 
to the Sine of the Arith. Comp. 8, A. o. 2228938 
Angle B, ſo is B C Log. Sin. B. 9.995 1656 
F 
E * « . K 8 
dichm Sine of the . 


Angle A is the firſt Term of the Anglogy, I ſubſtitute 
its Complement Arithmetical for the ſame, and add 
the Logarithm of BC, the Logarithm of 8, B, and 
the ſaid Complement all three together, * 

| | | nit y, 


Of LO GARIT H M 3 _ 


Of LOGARITHMS 345 


Unity, which is in the firſt Place to the left Hand, 

and then the Logarithm of the Side A C will be given, 
and the Number anſwering thereto is 5706,306 equal 
to the Side ſought AC. 

Let there be a ſpherical Triangle ABC, in which 
are given all the Sides, viz. B Cg zo Degrees, 
AB= 24 Degrees 4, and AC= 42 Degrees 8, the 
Angle B is required. Let B A he produced to M, fo 
that BMB C, then will AM, the Difference of the 
Sides B C, B A, be equal to 5 Degrees 56. Now 
(by Caſe 11. in oblique-angled ſpherical Triangles ) 
ſay, as the Rectangle under the Sines of the Legs, is 
to the Square of Radius, ſo is the Rectangle under the 
sines of the Arcs CTAM A — to the 

| * OY 
Square of the Sine of one half the Angle B. 


But 2 —— L=24 Degrees 2, * 9 


Sin 

=18 Degrees 6 ; and becauſe the firſt Term of the 
_ Analogy is the Rectangle under the Sines of AB, BC, 
and ſecond Term is the Square of Radius, the Sum 
of the Logarithm Sine of AB, B C, muſt be taken from 
double the Logarithm of Radius, and what remains 


muſt be added to the Sum of the Logarithm 8, of 
FF 


2 | 
the Logarithm Sines of each of the Arcs AB, BC, 
- | were fi 
Log. S, BC Comp. Arith. 0.3010299 trated from 
Log. 8, AB Comp. Arith. 0.3898364 the Log. of 


Log. 8,5 CAM 9. 6098803 Fr 01 * | 
Log. $ACZA 3 979 20 . mon Arith- 
by 5 19.79305 49 metical of 
2 Log. 8. Angle B. | | theſe Sines 
: be taken, and 


the Complements and the ſaid Sines be all added together; 
then ſhall the Sum be the Logarithm of the Square of the 
Sine of half the Angle B. And ſo the half of the Lo- 
garithm 9.8 965274 is the Logarithm Sine of half the 
Angle B 51 Degrees 59 56, and the Double of 
ttmis Angle ſhall be 103 Degrees 59 52” B, which 
Was ſought, | 


CHAP. v. 


Of the continual Incr ements of proportional 
Quantities, and how to find by Le 
0- 


rithms, any Term in a Series of 
portionals, either increaſing or decreaſing. 
Fig. 3. 
T F any where in the Axis of the Logarithmeticl 
Curve, there be taken any Number of equal Part 
SV, VY, YQ, Cc. and at the Points 8, V, Y, 
Q, &c. be raiſed the Perpendiculars 8 T, VX, VZ, 
Q, Sc. then from the Nature of the Curve ſhall all 
theſe Perpendiculars be continually proportional; and 
therefore alſo the continual Increments X x, Zz, I, 
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ſhall be proportional to their Wholes : For ſince ST: 


VR::VX:YZ::YZ:QN, it ſhall be (by Diviſi- 
on of Proportion) S'T:Xx::VX: Z E:: VZ ur, 
and (by Compoſition of Proportion) VX: Xx: YZ: 
Zz:: Qu: ug. Hence, if X x be any Part of any 


right Line S T, then will Z be the ſame Part of tie 


right Line VX, and alſo s the fame Part of the 
right Line YZ. For Example; if K & be the 3 
Part of 8 T, then will Z ze VX, and I'ne=q2 Y Z; 
or, which comes to the ſame, we ſhall have VX= 
S T- EAST, YZ=VXFAVA. Alb Qn 
YZ ＋ VZ. | 

Now make, as ST is to VX, fo is Unity AB to 
NR; then ſhall AN Sg SV; and fo each of the 


right Lines SV, VV, YQ, Gr. ſhall be equal w 


the Logarithm of RN, and A V, the Logarithm of 
the Term VX ſhall be equal to A S + A N= Logs- 


rithm of 8 T + Logarithm of NR. Alſo AY, the 


Logarithm of the Term Y Z, ſhall be equal to AS+ 
2 AN= Logarithm 8 T -+ 2 Logarithm NR, and 
AQ, the Logarithm of the Term Qi ſhall be equal to 
AS+3AN=Logarithm ST +; Logarithm NR. 
And univerſally, if the Logarithm of the Number NR 
be multiplied by a Number, expreſſing the Diſtance 


of any Term from the firft, and the Product be added 


ta 
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to the Logarithm of the firſt Term, then will the 
Logarithm of that Term be had : But if a Series of 
Proportionals be decreafing, that is, if the Terms 
diminiſh in a continual Ratio, and Qn be the firſt 
Term ; then the Logarithm of any other will be had, 
in multiplying the Logarithm of the Number N R, 
by a Number that expreſſes the Diſtance of its Term 
from the firſt, and ſubtracting the Product from the 


Logarithm of the firſt, And if the ſaid Product be 


greater than the Logarithm of the firſt Term, then 
the Logarithms muſt begin from a Unit in ſome Place 
of Decimal Fractions, as from OP, and then the Lo- 
garithm of the Number Qu will be OQ. 


Now let LM repreſent any ny; or Sum of 


Money put out to Intereſt, ſo that the Intereſt there- 
of be accounted but at the End of every Year, and 
let K + be the Gain or Intereſt thereof at the End of 


the firſt Year, then will I K be the Sum of the In- 


tereſt and Principal. And again, I K becoming the 
Principal at the End of the firſt Year, H h, which is 


proportional to I K, or in a conſtant Ratio, will be the 


Gain at the End of the ſecond Year; and fo HG, at 
the End of the ſecond Year, will become the Princi- 
pal; and at the End of the third Year F, proportional 
to GH, will be the Gain. Now let us ſuppoſe the 
Principal be augmented every Year : Part thereof, fo 
that IE =LM+ - LM, GA=IK +, IK, 
EF=GH-+ GH, and ſo on. And accordingly 
the Terms LM, IK, GH, EF, Cc. continual Pro- 
rtionals, it is required to find the Amount of the 
Money at the End of any Number of Years. 
Let LM be a Farthing. Becauſe LM is to I K, as 
1 to 1 ＋ 10, or as 1 to 1.05. as A B is to NR, then 
will N R==1.05, whoſe Logarithm AN, is o. 0211893, 
or more accurately o. oz 11892991, it is required to 
find the Amount of a Farthing put out at compound 
Intereſt, at the End of 600 Years, multiply AN b 
600, and the Product will be 12. 7135794, and to this 


Product add the Logarithm of the Fraction „1. viz. 


97.0177388 (for a _ so Part of a Pound) 
and the Sum 109.7313082 ſhall be the Logarithm of 
the Number ſought; and fince the Index 109 exceeds 


the Index of Unity by 9, there ſhall be nine Places 
of Figures above Unity in the correſpondent Num- 
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ber, and that Number being ſought in the Tables, 
will be found greater than 5386500000, and lek 
than 5386600000. And therefore a Farthing put out 


at Intereſt upon Intereſt, at 5 per Cent. per Annum, 
at the End of 600 Years will amount to 


above 
5386500000 Pounds ; which Sum could hardly be 
made up by all the Gold and Silver that has been 


dug out of the Bowels of the Earth from the Beginning 


of the World to this Time. | | 
Let Q. expound any Sum of Money due to ſome Per- 


ſon at the End of a full Year. Now it is certain, that if 
the Debtor ſhould pay down preſent the whole Sum of 
Money, he would loſe the yearly Uſury or Intereſt that 
his Money would gain him; and ſo a lefler Sum, 


being put out to Intereſt, will at the End of one Vear 
together with the Intereſt thereof, be equal to the Sum 
of Money Qn. Now this preſent Sum of pay 


which together with the Intereſt thereof, is equal to 


Sum of Money Qu, is called the preſent Worth of the 
Money Qn. Let AN be the Logarithm of the Ratio 


which the Principal has to the Sum of the Principal and 
Intereſt, that is, if the Principal be twenty times the 

early Intereſt, let AN be the Logarithm of the Num- 
be 1＋ + or 1,05, and take Q equal to AN; 
then will AV be the Logarithm of the preſent Worth 


of the Money Q. For it is manifeſt, that the Mo- 


ney Y Z put out to Intereſt, will at the End of .one 
Year amount to the Money Qn, and ſo to have the 
Logarithm of the preſent Worth thereof, or V Z, 


the Logarithm AN, muſt be taken from the Laga- 


rithm A Q, and there will remain the Logarithm A Y 
of the preſent Worth, or Y Z. But if the Sum 0 Q 
be not due till the End of two Years, then the Loga- 
rithm 2 AN muſt be ſubtracted from the Logarithm 
AQ, and there will remain A V, the Logarithm of 
the preſent Worth, or of the Sum that muſt be paid 


down preſent for the Money Qn due at the End of 


two Years. For it is manifeſt, that the Money VX 
being put out to Intereſt, will, at the End of two 
Years, amount to the Sum of Money Q. By the 
ſame Reaſon, if the Sum Qn, be not due until the 
End of three Years, the Logarithm 3 AN muſt be ſub- 


| tracted from the Logarithm of Q, and the Remainder 


AS ſhall be the Logarithm of the Number 1 7 
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ST ſhall be the preſent Worth of the Sum Qn due 
at the three Years End. And univerſally, if the Lo- 


garithm A N be multiplied by the Number of Years, 
at the End of which the Sum Qu is due, and the 


Number produced be taken from the Logarithm AQ, 
then will the Logarithm of the preſent Worth of the 


Sum Q be had. And from hence it is manifeſt, if 
5386500000 Pounds be due to ſome Society at the End 
of 600 Years, then would the preſent Worth of that 
vaſt Sum of Money be ſcarcely a Farthing. 

If the proportional right Lines HG, EF, AB, CD, 


Fig. 4. are Ordinates to the Axis of the logarithmical 


Curve, and if their Ends F H, DB, be joined by right 
Lines, which, produced, meet the Axis in the Points 
P and K, then the right Lines GP, A K, will be al- 
ways equal. For ſince GH: EF::AB: CD it will be 


as GH:Fs::AB: DR. But becauſe of the equiangu- 


lar Triangles P GH, HsF, as allo K AB, B RD, we 
have PG: H5::(GH:Fs:: AB: DR: :) KA: BR. 
And ſince the Conſequents Hs, B R, are equal, the 
Antecedents PG, K A, ſhall be alſo equal. W. W. D. 


If the right Lines CD, EF, equally accede to AB, 


GH, ſo that the Point D at laſt may coincide with B, 
and the Point F with H, then the right Lines DB K, 
FHP, which did cut the Curve before, will be changed 
into the Tangents BT, HV. And the right Lines 
AT, GV, will be always equal to each other; that 
is, the Portion of the Axis A T, or G V, intercepted 


between the Ordinate and the Tangent, which is 


called the Subtangent, will every where be a con- 
ſtant and given Length. And this is one of the chief 
Properties of the logarithmical Curve; ſor the diffe- 
rent Species or Forms of thoſe Curves are determined 
by the Subtangents. 

The Logarithms or the Diſtances from Unity of 
the ſame Number, in two logarithmical Curves of 
different Species, will be proportional to the Subtan- 
_ of their Curves. For let HBD, SNY, Fig. 4, 5. 

Curves, whoſe Subtangents are A T, MX, and let 
AB=MN= Unity; alſo DC Q, then ſhall 
A C the Logarithm of the Number C D, in the loga- 
rithmical Curve HD be to MQ, the Logarithm of 
the Number Q, (or of the ſaid C D, ) in the Curve 
SY, à the Subtangent AT is to the * 
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MX. For let there be ſuppoſed an infinite Number 
of mean proportional Terms between AB, CD, or 
NM, QL, in the Ratio of AB to ab, or MN to 


mn; and ſince AB=MN, then will ab= mn, a 


alſo bc =no. And becauſe the Number of propor- 
tional Terms in each Figure are equal, they do di- 
vide the Lines AC, MQ, into equal Numbers of 
Parts, the firſt of which Aa, Mm, and fo the ſaid 


Parts ſhall be proportional to their Wholes; that is, 


it will be as Aa:Mm:: AC: MQ. And becauſe 


the Triangles I AB, Bc6, are ſimilar, (for the Part 


of the Curve B b nearly coincides with the Portion of 


the Tangent,) as alſo the Triangles X MN, Non, 


we have Aa, or Bc:bc:: TA: AB. 

Alſo as no, or bc:No::MN, or AB: MX. 

Where (by Equality of Proportion) it will be Bc: N-. 
::TA:MX::Aa:Mm::AC:M Q; which wasto 
be demonſtrated. If A T be called a, ſince AB: AT:: 
3c: Be, then will Be N. 

Hence, if the Logarithm of a Number extreamly 
near Unity, or but a ſmall matter exceeding it, be 
given, then will the Subtangent of the logarithmical 
Curve be had. For the Exceſs bc is to the Loga- 
rithm Bc, as Unity AB is to the Subtangent AT. 
Or even if there are any two Numbers nearly equal, 
their Difference ſhall be to the Difference of their Lo- 
3 as one of the Numbers is to the Subtangent. 

or Example, if the Increment b c be, ooooo ooooo 
doo 02255 31945 60259, and Bc or A a the Loga- 
rithm of the Number a b be H ooooo ooooo ooooo 
44408 92098 50062. Now if a fourth Proportional 
be found to the ſaid two Numbers and Unity, viz. 
43429 4481903251, this Number will give he Tank 
of. the Subtangent A T, which is the Subtangent of 
the Curve expreſſing Briggs's Logarithms. : 
If a Sum of Money be put out to Intereſt on this 
Condition, that a proportional Part of the yearly Rate 
of Intereſt thereof be accounted: every Moment, of 


Time, viz. fo, that at the End of the firſt Moment 


of Time, or indefinitely ſmall Particle of a Year, the 
Intereſt gotten thereby be proportional to that Time; 
which being added to the Principal, again In- 


tereſt at the End of the ſecond Moment of in 
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and then the Principal and this Intereſt become a 
Principal, and ſo on. It is requir' d to find the A- 


mount of that Sum at the Year's End. Let a be near- 
ly the Intereſt of Unity, or of one Pound. Then if 
one whole Year, or 1 gives the Intereſt a, the indefi- 


nitely ſmall Particle of a Year M m, will give the In- 
Mmxa, proportional to Mm; and according- 
ly, if Unity be expounded by MN, the firſt Incre- 
ment thereof ſhall be zo=M mxa. This being 
granted, let a logarithmical Curve be ſuppos'd to be 
deſcribed through the Points Na, whoſe Axis is 
OMQ. Then in this Curve, if the Portion of the 
Axis M Q expreſſes the Time, the Ordinate Q, will 
repreſent the Money ' proportionally increaſing every 
Moment, to that Time. For if there be taken m1, &c. 
— M m, the Ordinates /p, &c. ſhall be in a Series of 
continual Proportionals in the Ratio of MN to n, 
that is, they increaſe in the ſame Ratio as the Mo- 
ney doth. a 
Again, let the right Line N X touch the loga- 
rithmical Curve in N, and the Subtangent thereof 
MK ſhall be conſtant and invariable, and the ſmall 


Triangle Non ſhall be ſimilar to the Triangle X MN. 


But it has been prov'd, that the Increment no Mn 
xa Nox a; and ſo no: No:: Noxa: No:: a: 
1. But as 1 is to No, ſo ſhall NM be to MX. 
Wherefore it ſhall be as is to 1, fois NM, or 1, 


to M X=;,=Subtangent, 


Now if the nearly Rate of Intereſt be 25 Part of the 
Principal, or if a= =. oz, then will MX=< 
= 20. | i 

Becauſe of different Forms of Logarithms, the 
Logarithms of the ſame Number, are proportional to 
the Subtangents of their Curves : If M Q expreſſes 
the Time of a whole Year, or Unity, then ſhall Q 
be the Amount of the Money at the Year's End. And 
to find Q, ſay, as MX, or 5 is to 0.4342944, 
(which Number expounds the Subtangent of the lo- 
garithmical Curve expreſſing Briggs's Logarithms ) 
ſo is one Year or Unity to a Briggidn Logarithm, 


anſwering to the Number Q Y. This Logarithm will 
be found o. o21714/, and the Number anſwering to 


the ſame is 1. of 127 2, whoſe Increment above 
Unity, 
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Unity, or the Principal, exceeds the yearly Intereſt 
„og but a ſmall Matter. And fo if the yearly In- 
tereſt of 100 Pounds be 5 Pounds, the proportional 
_ yearly Intereſt, which is added to the Principal 100 
at the End of each Particle of the Year, will amount 
only at the Year's End to 5 Pounds 2 Shillings and 
6 4 Pence. ES e 
And if ſuch a Rate of Intereſt be requir'd, that 
every Moment a Part of it continually proportional 
to the increaſing Principal be added to the Principal, 
ſo that at the Year's End an Increment be producd 
that ſhall be any given Part of the Principal ; for 
Example, the 20 Part, ſay, as the Logarithm of the 
Number 1.05 is to 1; that is, as 0.0211893 is to t, 
ſo is the Subtangent o. 432944 to ; = 20. 49, and 
then will a=>—55=.0488. For if ſuch a Part of 
the Rate of Intereſt .0488 be ſuppoſed as anſwers to 
a Moment, that is, having the ſame Ratio to .0488 
as a Moment has to a Year, and it be made as Unity 
is to that Part of the Rate of Intereſt, fo is the Prin- 
cCipal to the momentaneous Increment thereof; then 
will the Money continually increaſing in that Man- 
2 ” augmented at the Year's End the 30 Part 
ereof. | 


CHAP. VI. 


Of the Method by which Mr. Briggs com- 
puted his Logarithms, and the Demonſtra- 
tion thereof. 


& Lthough Mr. Briggs has no where deſcrib'd the 


from the Uſe and Contemplation thereof, the 
Manner and Reaſon of his Calculations will appear. In 
any. logarithmical Curve H BD, let there be three 
Ordinates A B, a b, gs, nearly equal to one another; 
that is, let their Differences have a very ſmall Ratio 
to the ſaid Ordinates ; and then the Dilſerences of 
their Logarithms will be proportional to the Differ- 
ences of the Ordinates. For ſince the Ordinates ars 
nearly equal to one another, they will be very nigh 


N logarithmical Curve, yet it is very certain that 


„„ 
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to each other, and ſo the Part of the Curve Bs, in- 
tercepted by them, will almoſt coincide with a ſtraight 
Line; for it is certain, that the Ordinates may be fo 
near to each other, that the Difference between the 
Part of the Curve and the right Line ſubtending it, 
may have to that Subtence, a Ratio leſs than any 
given Ratio. Therefore the Triangles Bec6b, Br s, 
may be taken for Right-lin'd, and will be equiangu- 
lar. Wherefore, as 5r : be:: Br: Bet: Ag: Aa, 
that is, the Exceſſes of the Ordinates or Lines above 


the leaſt, ſhall be proportional to the Differences of 


their Logarithms. And from hence appears the Rea- 
ſon of the Correction of Numbers and Logarithms 
by Differences and proportional Parts. But if AB 
be Unity, the Logarithms of Numbers ſhall be propor- 
tional to the Differences of the Numbers. 

If a mean Proportional be found between 1 and 10, 
or which is the ſame thing, if the ſquare Root of 10 
be extracted, this Root or Number will be in the mid- 


dle Place between Unity and the Number 10, and the 
LO thereof ſhall be j of the Logarithm or 10, 
and fo will be given. If again, between the Number be- 
fore found, and Unity, there be found a mean Propor- 
tional, which may be done in extracting the ſquare 


Root of the ſaid Number, this Number, or Root, will 
be twice nearer to Unity than the former, and its Lo- 
zaritk:z will be one half of the Logarithm of that, or 


one fourth of the Logarithm of 10. And if in this 


Manner the ſquare Root be continually extracted, and 
the Logarithms biſected, you will at laſt get a Num- 


ber whoſe Diſtance from Unity ſhall be leſs than the 


ln mmer Part of the Logarithm of 10. 


And after Mr. Briggs had made 54 Extractions of the | 


ſquare Root, he found the Number 1. 00000 00000 
00000 12781 91493 20032 3442, and its Logarithm 
Was 0.00000 00000 00000,05F51 1151231257 82702. 
Suppoſe this Logarithm to be equal to A or Br, and 
let q s be the Number found by extracting the ſquare 
Noot; then will the Exceſs of this Number above 
Unity, viz. 1 5=,00000 00000 00000, 12781 91493 
20032 34. 

Now by Means of theſe Numbers, the Logarithms 
of all other Numbers may be found in the following 
Manner: Between the given Number (whoſe Loga- 
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rithm .is to be found) and Unity, find ſo many mean 


Proportionals, (as above) till at laſt a Number be 


gotten ſo little exceeding Unity, that there be 15 Cy. 
phers next after it, and a like Number of Fe? Jr 
Figures after thoſe. Let this Number be a 6, and let 
the ſignificative Figures with the Cyphers prefixed be- 
fore them, denote the Difference b c. Then ſay, As 


the Difference 15 is to the Difference bc, ſo is Br 2 


8 Logarithm, to Be, or A a, the Logarithm of the 


umber ab; which therefore is given. And if this 
Logarithm be continually doubled, the ſame Number 


of Times as there were Extractions of the ſquare 


Root, you will at laſt have the Logarithm of the 
Number ſought. Alſo by this Way may the Subtan- 
gent of the logarithmical Curve be found, viz. in ſay- 
ing, Asrs:Br:: AB, or Unity: A T, the Subtangent, 
which therefore will be found to be 0.4342944819 
03251 ; by which may be found the Logarithms of 
other Numbers ; to wit, if any Number NM be given 
afterwards, as alſo its Logarithm, and the Logarithm of 
another Number ſufficiently near to NM be ſought, ſay, 
As NM is to the Subtangent X M, ſo is no the Di- 
ſtance of the Numbers to No the Diſtance of the Lo- 
garithms. Now, if N M be Unity AB, the Lo- 
garithms will be had by multiplying the ſmall Dif- 


| ferences bc by the conſtant Subtangent AT. . 
By this Way may be found the Logarithms of 2, 3, 


and 7, and by theſe the Logarithms of 4, 8, 16, 52, 
64, Oc. 9, 27, 81, 243, Cc. as alſo 7, 49, 343, 
Sc. And if from the Logarithm of 10 be taken the 
Logarithm of 2, there will remain the Logarithm of 
5, ſo oe will be given the Logarithms of 25, 125, 
625, Sc. | 5 

The Logarithms of Numbers compounded of the 
aforeſaid Numbers, viz. 6, 12, 14, 15, 18, 20, 21, 
24, 28, Qc. are eaſily had by adding together the Lo- 
garithms of the component Numbers. 


But fince it was very tedious and laborious ts 
find the Logarithms of the prime Numbers, and 
not eaſy to compute Logarithms by Interpolation, 


by firſt, ſecond and third, &c. Differences, therefore 
the great Men, Sir {ſaac Newton, Mercator, Gregory, 
Wallis, and laſtly, Dr. Halley, have publiſhed inn 


converging Series, by which the 1 ms of 


umben 


„ ͤ D ˙ —vͤ . . —(ü Eo 


Numbers to any Number of Places may be had more 
expediently and truer : Concerning which Series 
Dr. Halley has written a learned Tract, in the Philaſo- 
phical ranſactions, wherein he has demonſtrated 
thoſe Series after a new Way, and ſhews how to 
compute the Logarithms by them. But I think it 
may be more proper here to add a new Series, by 
Means of which may be found eaſily and expeditiouſly 
the Logarithms of large Numbers. 

Let 2 be an odd Number, whoſe Logarithm is 
fought ; then ſhall the Numbers z — 1 and z-+ 1 be 


even, and accordingly their Logarithms, and the 
Difference of the Logarithms will be had, which let 


be called y: Therefore, alſo the Logarithm of a 
Number, which is a Geometrical Mean between 
z—1 and z-+1 will be given, viz. equal to the 
half Sum of the Lopgarithms, Now the Series 
| W 18 

y x =+— Zo mc —=&c 


42 24% 360 151202 2520027 © 


ſhall be equal to the Logarithm of the Ratio, which 


the Geometrical Mean between the Numbers z— 1 


and z-+ 1, has to the Arithmetical Mean, viz. to 
the Number 2. 


If the Number exceeds 1000, the firſt Term of the 


Series . is ſufficient for producing the Logarithm to 


13 or 14 Places of Figures, and the ſecond Term 
will uo the Logarithm: to 20 Places of Figures. 
But if z be greater than 10000, the firſt Term will 
exhibit the rithm to 18 Places of Figures; and 
ſo this Series is of great Uſe in filling up the Loga- 
rithms of the Chiliads omitted by Briggs. For Exam- 
ple ; It is required to find the Logarithm of 20001. 
The ithm of 20000 is the ſame as the Loga- 
rithm of 2 with the Index 4 prefix'd to it ; and 
the Difference of the Logarithms of z0000 and 
20002, is the ſame as the Difference of the 
Logarithms of the Numbers 10000 and 10001, 


VIZ. o. 00004 34272 7687, And if this Diffe- 


rence be divided by 4 z, or 80004, the Quotient /_ 


42 
A a | ſhall 
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7 3 3 765 ©, 0000 0005 42813 
1 Logarithm of the 4. 30105 5 17093 02416 
Geometrical Mean be added 4. 30105 17098 45231 
to the Quotient, the Sum will 

be the Logarithm of 20001. Wherefore it is mani- 
feſt, that to have the Logarithm to 14 Places of Fi- 
there is no Neceffity of continuing out the Quo- 
tient beyond ſix Places of Figures. But if you have 


2 Mind to have the Logarithm to 10 Places of Fi- 


Fug only, as they are in Vlag's Table, the two 
rſt Fi N otient are enough. And if the 

e the Numbers above 20000 are to be 
_ this Way, the. Labour of doing them will 
moſtly confift in ſetting down the Numbers. 


Note, This Series is eaſily deduced from that found 
out by Dr. Halley; wad thoſe who have a Mind 
to be inform'd more in this Matter, let them con- 
ſult his above-nam'd T reatiſe. 
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50 Is needleſs here to write a prefatory Diſ- 
courſe, ſetting forth the Uſe and Invention 


of Logarithms, ſince the Author has ſup- 

- plied that in his Preface to the Treatiſe of 
the Nature and Arithmetick of Legarithms annex'd to 
| theſe Elements: Tis enough to inform the Reader that 
my chief Deſign in writing this Appendix, was to ren- 
der their ConſtruQtion 'eaſy, by inveſtigating various 
Theorems for that Purpoſe, and illuſtrating thezz by 
proper Examples; all which is perform'd in the actual 
Operation of making the Logarithms of the firſt 10 
Numbers, and of the prime Number 101, which is 
more than ſufficient to inform the meaneſt Capacity ; 
how to examine, or conſtruct the whole Table. I 
have alſo ſhewn how from the Logarithms given, to 
find its correſponding Number ; and the Inveſtiga- 
tion of the Series omitted by the Author in Page 355, 
for expeditiouſly finding the Logarithms of large Num- 
bers. As to thoſe Series exhibited by him in his Trigo- 
nometrical Treatiſe Page 287, for making the Sines, 
and Coſines; I muſt declare that I have exceeded my 
firft Intentions, which were to give their Inveſtigation 
only; but conſidering, that as they depended upon the 
| Newtonian Series, without the Inveſtigation of which, 
our Author's Series could never be thoroughly underſtood ; 
I thought it would therefore prove acceptable, if I 
ſhew'd their Inveſtigations too, from which thoſe of 
our Author's eaſily flow. In order to whick, and to 
keep the Reader no longer in Suſpence ; let r be put 
ſor the Radius of the Circle ABCD, a, for the Arch 
BE, whoſe Length is to be inveſtigated. S equal to 
the Sine, and v the verſed Sine of that Arch, then is 


FE=za, IF=s, and IE= GH gv. 


A 2 2 Whence 


355 


x TY" OS 
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Whence aa=ss + wv, but from the Equation of the 


Curve, viz, 2 rv—VV=55 we have v=r - V 


55 141 . 
Therefore vV= — ——= L and vv = == which 
Tr rr SS 


being ſubſtituted for v © in the firſt Equation we have a 

. | 7 © 
ee —=riXpr—ss 
Frans rr 2 


812 
oy 


But -= by Sir thine Newton's Binomical Theo- 
rem i ＋ n . r . ser, Ec. 


Wherefore r5 x F<; ; 1 s +35 5 +. 


2 * 8 eb 
Ee Sc. and the 1 thereof, viz, E VE ts 
6-7 
35 15 1 | 9 3 35 
40 ＋ 33675 Sc. mat 1 Tra 2. 4. 5 rf 
"TO 5 
2: 4.0.7 43 OE 2.3.4.5 77 
3.3. LLL 


2. 3. 4. 5. ö. 7 1? Sc. is equal ta the Arch of a Circle 
: whoſe 


—jͤ—— aa * 


— 9 — — 
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whoſe Radius is r and Sine s. But if » be put equal to 


. Be * 3-3 Pg 3˙3.5˙5 = : 
Unity, then + — 5, III rr. 3.4.5.6. e 
will expreſs the Length of the Arch a. 


EXAMPLE. 


Let it be required to find the Length of the Arch of 
30 Degrees, to 6 Places of Decimals, the Radius be- 
ing Unity. 


ere , and 55 =, whence the Operation may 
be as follows. 


S = ,5000000 S = ,5 000000 
S =,1250000 | 6 = 208333 
| 0 ==: 478400 8 23437 
| 9' = 78125 739. = 3487 
| $'= | 19531 22.09. =: $09 
| d'= 4882 638 = 109 
| 832 1220 2 = on 
E 
ö 523598. 4 


Hence the Length of the Arch of zo Degrees is. 
„523598 +. Now if this Arch be multiplied by 6, 
we ſhall have the Length of the Arch of the Semicir- 
cle in ſuch Parts as the Radius is 1, or of the whole Cir- 
cumference in ſuch Parts as the Diameter is 1, v:z. 
314159 ＋. 

But there is no Series ſo eaſy to be retain'd in the 

Memory and ſo readily put in Practice for obtaining 

| the Ratio of the Diameter of the Circle to its Circum- 

ference as that which is deriv'd from the Tangent 
firſt given, For if 7 be put equal to the Tangent of 
any Arch, then at- t ＋; t—* 8+ t, Cc. 
Now the Radius being Unity the Sine of 30 De- 
grees , and conſequently the Coſine , and 
becauſe the Coſine is to the right Sine, as the Radius to 
the Tangent, it will be : t:: 1: the 

Tangent of 30? oo t, whence tt =; wherefore 

if the Root of ; be divided continually by 3, and the 

ſeveral Quotients by all the odd Powers ſuccellively, 


Aa 3 vix. 


356 
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viz. the firſt by three, the ſecond by 5, Cc. the Sum 
of the affirmative Quotients made leſs by all the nega- 
tive ones, will be the Arch of 3o Degrees. | 
And becauſe the Arch of zo Degrees is + part of the 
Semi-Circumference, if inſtead of 4/ + be taken 6 
iz. we ſhall have the Semi-Circumference 


in ſuch Parts as the Radius is Unity; or the whole Cit- 
cumference, the Diameter being Unity. 


The OrEtRATION ſtands thus. 
n ＋ 3, 464101 | 
3 1154700 — ,384900 
5) 384900 (+ 76980 ; 
7) 128300 5 ( — 18328 
9) 42766 (nt 
11) 14255 . ( — 1295 
13) 4751 (365 
1 1583 e ( — 105 
17 $27 (= 30 
19) 175 EE Guns A 
＋ 3, 546228 — ,404637 


Whence 3, 546228 — , 404637 = 3, 141 59,1 the ſame 
as before. The Impoſſibility of expreſſing the exact 


Proportion of the Diameter of a Circle to its Circum- 
ference by any receiv'd way of Notation; has put the 


rheſt celebrated Men in all Ages upon approximating 
the Truth as near as poſſible; there a Neceſſity of a 
near Quadrature, inaſmuch as it is the Baſis upon which 
the moſt uſeful Branches of the Mathematics are built, 
and after the famous Yan Ceulen, who carried it to 36 
Places of Decimals, which he order'd to be ven on 


huis Tomb-Stone, thinking he had ſet Bounds to far- 


ther Improvements. The firſt that attempted it with 
Succeſs was the moſt indefatigable Mr. Abraham Sharp, 


who by a double Computation, v:z, from the Sine of 


6 Degrees one way, and from the Sine and Coſine of 
12 * another way, carried it to twice the Num- 

ber of Places that Yan Ceulen had done, wiz. 72. 
And ſince that time Mr, Macbin, the preſent Profeſ- 
for of Aſtronomy in Greſham-College, and Secretary to 
the Royal Society, by a different Method of Compu- 
tation carried it to 100 Places, almoſt triple the 
Number 
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Number that Yar Ceulen had done, which not only con- 
firms Mr. Sharp's Quadrature, but ſhews us, that if the 
Diameter be 100000, Nc. the Circumference will be 
3,14159. 26535. 89793. 23846. 26433. 83279. 50288, 
41971. 69399. 37510. 58209. 74944. 59230. 78164. 
05286, 20899. 86280. 34825. 34211, 70679 x of the 
ſame Parts. Des b 
| Which is a Degree of Exactneſs far ſurpaſſing all 
| Imagination, being by eſtimation more than ſüffclent to 
calculate the Number of Grains of Sand that may be 
comprehended within the Sphere of the fixed Stars. 
The late Mr. Cun's Series for determining the Peri- 
phery of an Ellipſis (who was my Predeceſſor in the 
Mathematical School erected by Frederic Slare, M. D. 
and eſtabliſned by a Decree of the High Court of Chan- 
ay for qualifying Boys for the Sea-Service) being new - 
and curious, this Opportunity is taken of making it 
Publick. „ 
| Let A be equal to a Quadrant of the Circle circum- 
| ſcribing the Ellipſis whoſe Periphery is requir d. Then Ax 


1 = 43 „ „„ A” 


Wy 2.2 2.4.8  2.4.0,16 2. 4. 6. 8. 128 
Fo I. . $7 0. 7 % I. 3+ . . 9. 11. 21 

2. 4. 6. 8. 10.256 2. 4. 6. 8. 10. 12. 1624 8 
is the Periphery of a Quadrant of the Ellipſis where 


Pe = 
ws being the Semi-tranſverſe Diameter, and 


ee 
1 3 


c the Semi-conjugate. 

When this Series came to hand, it was imperſect, in- 
aſmuch as there were only the firſt five Terms without 
the Law of Continuation: But being deſirous of ren- 

dring it compleat, after ſome Conſideration I found the 
Law to be as follows: It is plain by Inſpection that 
the Numerators and Denominators of each Term, are 
compos'd of Numbers that run in arithmetical Progreſ- 
ſion, except the laſt in each Term, viz. 5, , 18, Try, 
Sc. and thoſe being found by the continual Multipli 
tion of theſe Fractions, * x ; KN th * A, e. 
the Law of continuing the whole Series as above, is 
evident. Whence, by a well known Method of ſbb- 
ſtituting Capital Letters for each Term reſpectiveh, the 


fallawing Series is deduc'd, viz. Ax 14 cen * 
A a 4 B — 
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B 35 . D F, 


6.6 8.8 10. 10 12. 12 
Fc. where the Law of Continuation is evident alſo, 
ſince each Capital Letter is equal to its precedent Term, 


viz. BA ee, C 3 B, &c. and without doubt 


in Practice is preferable to the former Series: But the 
Inveſtigation of that, on which this laſt depends, is 
omitted; purely on account of its being foreign to the 
preſent Subject. _ os 

But to return; if the Series expreſſing the Length of 
the Arch, viz. s + þ& , &c. be reversd, we 
ſhall have the Value of s in the Terms of a, and con- 
ſequently a direct Method for finding the Sine of any 
Arch from its Length given. Thus. 


If a= E- AF f c. 


f Dogs 
Then =a—; a) Fo 4 — 5e, Ce. 


ts a" | a* | a 3 | 
Or 5=a— 2 . „ „ „. Ge. 


 Thengs = A IA, Ba, &c. 


For put S AA BAA Ca, &c. 2 
= . 


And 4 5 2 e As, 4, Cc. 

And conſequently Aa=a, and A=1, alſo B+; 
A So, and B= -, A=, allo C+Hz3 A* 
AA e Ai 
- ig. Wherefore A= 1, B= 


120* 
a 


— 6 CSF, c. and conſequently, s = 4 — 


+—, Oc. From which three Terms the Law of 
| | | at 
Continuation is eaſily diſcover'd, making = — : 


3 a” —, Oc. 
"©; Fo + 7 2 7. 3. 4. 5. 6. 7. 8.9 

Whence ſubſtituting A for a, and we ſhall have A 

A. 4A 3 A 


— - — 


1.2.3 1. 2.3.4.5 1.2.3. 4. 5. 8.7 1.2.3.4. 5. 6.7. 8.9 
Sc. for the Newtonian Series, according to our Author's 
Form ; for finding the Sine of any Arch, its Length 
being given. Q. E. F 


Again, 
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Again, becaufe the Square of the Radius made leſs by 


the Square of the Sine, is equal to the Square of the Co- 
ſine, by the ſecond Propoſition of our Author's Elements 


ef plain Trigonometry ; it follows, that if from the 
Square of the Radius = 1 ; be taken the Square of the 


Sine S- 4 ＋ —- 45, &c. the Square Root of the 
Remainder, will be the Coſine gi -A- —＋ 45 


&c. thus. 
=a—1a+ 2 
S S4 g4＋ — 5, &c. 
Sa- +. , Ec. 


222 — 4 ＋-- , Oc. 


120 
gr , Oc. 
— 4, &c. 5 
S8 π＋= as, Sc. which being 
taken from the Square of the Radius 1, leaves 
1-44 - 4, Cc. the Square Root of which 


will be the Coſine. 


12 aa +346 — 45, Sc. 
88 T n 
2-4) — 44 14 
| —a at; a+ 
2--4 a, Sc. ) 12 at — Fo a), Ec. 
1 af -- 24 3 e. 


I 


. 755 . 
2 — 2, Sc.) _ _ &c. 


r 5 
_— &c. 


o 
Wherefore putting A for a, we ſhall have for the Coſine 


. A* A! 
I * . Ec. or 1 + — 
2 44 728 1. 1 1. 
6 A? 


1.2.3. 4. 5. 6. 7 7.2.3.4. 5.5.7.8. Se, according to the 


Author's Form. Q. E. I. 
But becauſe thoſe Series, as our Author obſerves, con- 


verge very ſlow, eſpecially when the Arch is nearly 
6. Pp, 5 Bhat an devis'd (Page 287) - 


other Series, whoſe Inveſtigation may be as follows. 


to the Radius, he 
Let 


4 1—2 4 ＋ 2, 
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Let the Arc, whoſe Sine is ſought, be the Sum or 
Difference of two Arcs, viz. Az, or A—z: And 
let the Sine of the Arc A be called a, and the Coſine 3. 

Now if the Arc DF=DE, Prop. 5th of the 


Llemants of Trigonometry be call'd z, then its Sine FO, 
will by the Newtonian Series be a 


25 a 1. 2. 3 
1.2, 3.4.5 121567 Cc. and its Coſine co 


— 5 | 
=1=—þ- — - — Ee. and becauſe 


£.2.4.4 1.2.3.4. 5. 
CD: DK:: CU: OP. Therefore OP=a— 


a 2? a 27 a z? 


— — 


. 1. 2.3.4. 5. 6 


Again, becauſe the Triangles ; CDK, FOM are ſimi- 


lar, it will be as CD: CI FO F M; whence 
by 32 


FM= 2 =4 bs + = b 2⁷ 0 


112,3 1.2.3.4. 12.34... 


But OP+F M= IF, the Sine of the Arc BF, 


vis. Arz; conſequently the Sum of thoſe Series, 
in az 32 a 21 5 25 
12 1 
eK 
is the Sine of the Arc A Hz. And becauſe FM= 
bY az by 


MG. therefore their Difference — — 5 


1. 2 1.2.3 


Sc. is the Sine of the Arc A-z, 


1 1.2.3. 4.50 
VIZ. 


And again, becauſe CD: CK :: CO: CP. 
Therefore CP=b —— + -—— — e F T ＋ 


1 
1.2.3.4. 5.6.7.8 


| * 
MO. Whence MO e -f. 3 

: 1.2.3 1.2. 3.4.5 
1.2.3.4. 5.6.7 Ge. 


But CPM O=CT, the Coſine of the * 8 


1 


, &c. And by reaſon of the ſimilar Tri- 
angles CDK, FMO, it will be as CD: DK: :FO: 


— 
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Wherefore the Coline of the Ach Az is 5 — 


3 * 321 2 a 25 A 6 
E] 1.2 1.2.3 1.2.3.4 1.2.3.4.5 1.2.3.4.5.6 
1 1 . 


And becauſe MO =P L, therefore CP M O= 
CL, and conſequently the Coſine of the Arc A- 
bb EEE CEE . 

1. 2.3.4.5 


1 . 1.1. 24 

99 | | 
Now the Arc A is an arithmetical Mean between 

the Arcs A—2 and A=Þz, and the Difference of their 


8 by a buy az. bx 8 
e 1 1. . 3 1.2. 3. 4.5 
2 e #30 5 
1.2.3.4. 5.60 a ' 1.2 1.2.3 * 
AL Sc. Whence the Difference of 
1.4. J. . . 1.3.45. 8 
| 2 4a 2 2 a 2+ 


the Differences, or ſecond Differenceis 


1. 3. 1.43.4 


: 5 | þ 
2 2 2⁰ 
1 „Fc. or 2x „ĩñ„p01047KL 


1. 2.3.4. 5. 41.2 1.2.3.4 1... 88 
Sc. Which Series is equal to double the Sine of the 
mean Arc, drawn into the verſed Sine of the Arc z, 
and converges very ſoon ; ſo that if z be the Arch of 
the firſt Minute of the Quadrant ; our Author ſays the 
firſt Term of the Series gives the ſecond Difference to 


15 Places of Figures, and the ſecond Term to 25 


Places. 
Whence, the following Rule is deriv'd for finding the 
Sine of the Arc Az or A—z. 


RULE. 


From double the Sine of the mean or middle Arc, 
ſubtract the ſecond Difference found by the Theorem; 
and from the Remainder, ſubtract the Sine of the giv- 
en Extreme, whether it be the greater or leaſt, and the 
Remainder will be the Sine of the other Extream. 


EXAMPLE. 
Let it be required to find the Sine of 3o? o the 


Sines of 30 oo, and 29* 59' being both given. 
accord- 
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Here 30? oo' is the mean Arc, whoſe Sine is 
500000 00000, and the Sine of 29? 59, the given 


Extream is ,49974806226, and the Length of the Arc 


z, viz. one Minute is, ooo 29 0888208, which ſquar'd 
and multiplied by the Sine of the mean Arc, 50000, &c. 


according to the Direction of the Theorem, the Product 


will be the ſecond Difference, equal to ,00000004 2307, 
which ſubtracted from double the Sine of the mean Arc, 


equal to 1, the Remainder will be, 999999957693, 


from which ſubtract the Sine ofthe given Extream (which 
in this Caſe is the leaſt) and there will remain, 500251894 3 
for the Sine of 30? or, the greater Extrem. 
This Method of making the Sines, however it may 
appear at firſt Sight, is ſo far from being tedious or 


troubleſome, that I look upon it to be the moſt eligible 


of any other whatſoever ; for the Square of z being 
once determined, and the ſeveral Multiples of it by 
the nine Digits made, and ſet down in a Table orderly, 
all the Sines may be made by Addition and Subtraction 
only; as indeed our Author hints they may by the Me- 
thod demonſtrated in the roth Propoſition of the Ele- 
ments of Trigonometry; but this is evidently prefera- 
ble to that, tho a good Method too; and by which, 
all the Sines of the Quadrant, I preſume, were wont to 


be made, at leaſt as far as 30, or 60 Degrees; for af- 


ter the Sines as far as 60 Degrees are obtain'd, all the 
others may be had by Addition only ; and notwith- 
ſtanding there are other excellent Theorems, which con- 
tribute very much towards finiſhing and confirming the 
Truth of the whole Canon ; yet this deduc'd from our 
Author's Series, I deem the moſt elegant and fit for 
Practice; becauſe the Difference of the Differences of 
the Sines, being what is always required to be found, 
there will be ſeven Cyphers at leaſt before the ſignifi- 
cant Figures of the ſaid Difference; which is the Pro- 
duet made by the Square of 2, into the Sine of the 
mean Arc: So that to have the Sine true to ten Places, 
there will not be occaſion to find above four or five Fi- 
gures in the Product, which according to the common 
Method of contracted Multiplication, may be obtain'd 
with very few F 2 Thus, for inſtance, the Sine 
of 30 02 may be had to ten Places by a wonderful 


eaſy Operation, the Sines of 30? o1' and 30? oo be- 


E XAM- 


ing both given, 
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EXAMPLE. 


The Sine of 30* o1 is „50025189543 
The Square of & inverted 16480000000 
40020 
2001 
1 
3 


42326 


Whence the Product is ,000000042326 true to eleven 
Places at leaſt. Whereſore, if according to the Rule, 
from double the Sine of the middle Arc, ooo 50379086 
we ſubtract the ſaid Product, 200000004232 
And from the Remainder 1, 0050374884 
the Sine of 30? oo the given Extream ,50000000000 
be ſubſtracted 8 


250050374854 


There will remain ,50050374854 for the Sine of 30? O2 
the other Extream ; than which, nothing of this Na- 
ture can be defired more eaſy. 


SCHOLIUM. 


Becauſe the Difference of the Differences of the Sines, 
or ſecond Difference, has always 7 Cyphers before the 
ſignificant Figures ; it follows, that the whole Canon 
where the Sines conſiſt but of 6 Places, which is as far 
as our Tables for common Practice need extend, may 
be perform'd ore Addition and Subtraction onl 


without forming Multiples of the Square of z by 0 | 
nine Digits; tho perhaps it may be neceſſary to uſe the 


Method of contracted Multiplication every 5th Minute 

to confirm the Truth, leſt in continual doubling and 

ſubtracting an Error ſhould ariſe in the right-hand Fi- 

gure : however, as it may be ſafely uſed for 5 Minutes 

together, and ſometimes more, it will render the 

whole very eaſy. 5 
Note, the Square of 2 in this Caſe, viz, the Arch 

of 5 Minutes is ,00000211, 


1 


Thus 
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Thus having inveſtigated the Newtonian, and our 
Author's Series, and exemplified the latter, by making 
the Sines of 30? o1' and 30 oz, and withal ſhewn 
how from the Sine of an Arc given, to hind the 


of that Arc, and conſequently the Circumferenoe of the 


whole Circle; I ſhall beg leave before I treat of the 
Conſtruction of rithms, to ſhew how from the 
known Ratio of the Diameter to the Circumference, or 
any other Ratio whatſoever, that a Set of integral 
Numbers may be found, whoſe Ratios ſhall be the near- 
eſt poſſible to the Ratio given; for which I hope to be 


excus'd, and the rather, "becauſe I believe this Method 


of determining them, was never before publiſh'd, 
| RULE. 


Divide the Conſequent by the Antecedent, and the 


Diviſor by the Remainder, and the laſt Diviſor by the 
laſt Remainder, and ſo on till notHing remains, 
Then for the Terms of the firſt atio, Unity will 


always be the Antecedent, and the firſt Quotient che 
firſt Conſequent. 


For the TERMS of the ſecond RATIO. 


Multiply the 10 J Antecod we, by the ſecond Quotient, 


and to the Product add} Van Fand f fo will the Re- 


Pre 
ſult, be the facond Canſequent. 


For all the following RaT1os. 
Multiply the a} 1 dy the next Quotient, 
and to the Produ add the laſt} Confeguent Ibut one, 


and ſo will the Sum be the ms menen 


EX A M- 


: . 
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EXAMPLE. 


Let it be required to find a Rank of Ratios, whoſe 
Terms are integral ; and the neareſt poſſible to the fol- 
lowing Ratio, viz. of 10000 to 31416, which ex- 
preſſes nearly, the Proportion of the Diameter of the 

Circumference. 


Circle, to its 
But becauſe the Terms of the Ratio are not prime to 


each other, they muſt therefore be reduc'd to their leaſt 


Terms. 
Whence 100. 1250 
31418 3927 


1250 and 1250 by the ä Sc. will be as 
follows. 


1250) 3927 (3 
177) — 75 (7 
1) 197 ( 16 
1911 (11 


So the firſt Antecedent is 1, and the firſt Conſequent 3. 
5 fon 1 OV 1 7=Þc= 7 the 2d Antecd. 
Conſeq. 3.51 2 21 Lzi-Liggzg the 2d Conſq. 


Which 7 and 22 is Archimedes Proportion. 


nn at ern 


2 2 Conſeq. 22 
Which Terms 113 and 355 is Metiuss Proportion. 


352 


Antecd. 113 5 12432 F 124347 =125;0 


Conſeq. 355 * 3905 2 39053422=3927 
ee the ſame Antecedent and Conſequent as at 
firſt; which as it is ever the Property of the Rule ſo 


to do, proves at the ſame time, that no Error has been 


committed thro the whole Operation. 


For the (15 6 
Whence as 1250: 3927 :: 1 bs Terms : 2 
113:355) of the = 


But it muſt be obſerv'd that 1 to 3 does not Mi the 


28 ſo near as 7 to 22, nor 7 to 23 ſo near as 113 
| to 


365 


„ and then 3927 divided by --* 
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to 355, that is, the larger the Terms of the Ratio are, 
the nearer they approach the Ratio given. 

Mr. Molyneux, in his Treatiſe of Dioptricks informs 
us, that when Sir {ſaac Newton ſet about by Experi- 
ments, to determine the Ratio of the Angle of Inci- 
dence, to the reſracted Angle, by the Means of their 
reſpective Sines ; found it to be from Air to Glaſs, as 
300 to 193, or in the leaſt round Numbers, as 14 tog. 
Now if it be as 300 to 193, it will readily appear by the 
Rule, whether they are ſuch integral Numbers, whoſe 
Ratio is the neareſt poſlible to the given Ratio, 


193) 300 (1 
107) 193 ( 
86) 107 (1 
21) 88 (4 
2) 21 (10 
es 


For dividing the greater Number by the leſs, and the 
leſs by the Remainder, &c. the Operation will ſhew 
that the Numbers 193 and 3 oo are Prime to each other; 
and that the firſt Antecedent is 1, as alſo the firſt Con- 
queſt, 3 

* 1 i Togu the ſecond Antecedent 
Whener4 ix FAT ani Bf Bohm the ſecond Conſequent- 


Again Ja T T And 4 I —þ 1 — 2 the third Antecedent 


CA 12 ＋ 1 — 7 the third Conſequent- 


apin F 3x Ii 40 J L. S de eh Confer, 


Hence, the ſourth Antecedent and Conſequent, make 
the Ratio to be as ꝗ to 145 or inverſly as 14 to 9, which 
not ony agrees with Mr. Molyneux, but at the ſame 
time diſcovers that they are nearer to the given Ratio 
than any other Integral Numbers leſs than 92 and 143 ; 
which m= the _ all to the given Ratio, as will 
appear ting the Proceſs, accordin the Di- 
rection f . hy * 

Sir Iſaac Newton himſelf, determines the Ratio out 
of Air into Glaſs to be as 17 to 11 ; but then he ſpeaks 


of the Red Light, For that great Philoſopher in his 
Diſſer- 


eren e 


1 * hott. — — rn 
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Diſſertations concerning Light and Colours, publiſh'd in 
the Philoſophical Tranſactions, has at large demonſtra- 
ted, as alſo in his Opticks, that the Rays of Light are not 
all Homogeneous, or of the ſame ſort, but of different 
Forms and Figures, ſo that ſoine are more reſracted than 
others, tho they have the ſame or equal Inclinatiofis ori 
the Glaſs: Whence there can be no conſtant Pro- 
portion ſetled between the Sines of the Incidence, and 
of the refracted Angles. e 

But the Proportion that comes neareſt Truth, for 
the middle and ſtrong Rays of Light; it ſeems is nearly 
as 300 to 193. or 14 to 9. In Light of other Colours 
the Sines have other Proportions. But the Difference 
is ſo little that it need ſeldom to be regarded, and either 
of thoſe merition'd for the moſt part is ſufficient for 
Practice. However I muſt obſerve, that the Notice 
here taken either of the one or the other is more to illuſ- 
trate the Rule, and ſhew, as Occaſion requires, how to 
expreſs any given Ratio in ſmaller Terms, and the 
neareſt poffible, with more Eaſe and Certainty, than' 
any Deſign in the leaſt of touching upon Opticks. 

herefore, left this ſmall Digreſſion from the Sub- 
ject in hand, and indeed even from my firſt Intentions; 
ſhould tire the Reader's Patience, I ſhall not preſume 
more, but immediately proceed to the Conſtruction of 


Of the Conſtrufion of Logarith ms. 


HE Nature of which, tho' our Author has ſuffici- 
ently explain'd in the Deſcription of the Loga- 
rithmical Curve; yet before we attempt their Conſtructi- 

on, it will be neceſlary to premiſe : | 
That the Logarithm of any Numbet, is the Expo- 
nent, or Value of the Ratio of Unity to that Number; 
wherein we conſider Ratio, quite different from that 
laid down in the fifth Definition of the 5th Book of 
| theſe Elements; for beginning with the Ratio of Equa- 
lity, we fay 1 to 1 g, whereas according to the ſaid 
Definition, the Ratio of 1 to 1==1, and conſequently 
the Ratio here mention'd, is of a peculiar Nature, 
being affirmative when increaſing, as of Unity to a 
greater Number ; but __— when decreaſing. And 
— 


* 
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ſume infinite Indices of the 
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as the Value of the Ratio of Unity to any Number, is 


the Logarithm of the Ratio of Unity to that Number, 
ſo each Ratio is ſuppos d to be meaſur'd by the Num- 


ber of equal Ratiunculæ contain'd between the two 


Terms thereof; whence if in a continued Scale of 
mean Proportionals, infinite in Number, there be aſ- 
ſum' d an infinite Number of ſuch Ratiuneulæ, between 
any two Terms in the ſaid Scale; then that infinite 
Number of Ratiunculæ, is to another infinite Number 
of the like and equal Ratiunculæ between any other two 
'erms, as the Logarithm of the one Ratio, is to the 
Logarithm of the other. 5 
But if inſtead of ſuppoſing the Logarithms compos d 
of a Number of equal Ratiunculæ proportionable to 
each Ratio; we ſhall take the Ratio of Unity to any 
Number to conſiſt always of the ſame infinite Num- 


93 


ber of Ratiunculz, their Magnitudes in this Caſe will 


be as their Number in the former. Wherefore if be- 


tween Unity and any two Numbers propos d there be 
taken any Infinity of mean Proportionals, rape 
little Augments or Decrements of the firſt of thoſe 


Means in each from Unity will be Ratiunculz, that | 
is they will be the Fluxions of the Ratio of Unity to 


the ſaid Numbers; and becauſe the Number of Ratiun- 
cylz in both are equal, their reſpective Sums or whole 


| Ratios will be to each other as their Moments or Fluxi- 


ons, that is the Logarithms of each Ratio will be as the 


Fluxion thereof. Conſequently if the Root of any in- 


finite Power be extracted out of any Number, the Diffe- 
rence of the ſaid Root from Unity, ſhall be as the Lo- 
garithm of that Number. So that Logarithms thus 
produc'd may be of as many Forms as we pleaſe to aſ- 
N whoſe Root we ſeek. 
As if the Index be ſuppos d 100000, &c. we ſhall have 
the Logarithms invented by Neger; but if the ſaid 
Index be 230258, Cc. thoſe of Mr. Briggs's will be 
produc'd. po 
Whereſore if 1 ＋ & be any Number whatſoever and 


2 infinite, then its Logarithm will be as Ir * — 1 = 
— 7 ; | | 

r += Cc. For the infinite 
Root of 1+x without its Unciæ or prefixt Numben 
4 is 
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is IFxFxxFzzz+xxxx, Cc. and the celebrated 


Banz Theorem invented by Sir 1 Newton for 


mee them is 1 X * 1 * 2.65 
3 


eee when the 


nite Rovtof HL +5— Ne — 
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E and the Exceß thereof above Unity, wiz.” 3 „ + 
1 

= 75 Ec. is the Augment a 

Proportionals between Unity and 1 ox, which therefore 
will beas the Logarithm of the Ratio of I * Iz, or as 


the Logarithm of 1x. But as 1 = i is a Ra- 
tiuncula it muſt be multiplied by 10000, Cc. infinite- 
ly, which will reduce it to Terms fit for Practice, mak- 


ing the Logarithm of the Ratio of 1 to 1X 


* e Ec. whence if the 


A r 


Index u be taken 1000, . as in W s Form, the 
Logarithms will be ſimply — He- 
But as n may be taken at Pleaſure the Rh 2 * of 


» Oe. 
Logarithms to ſuch Indices will be 0 „ or recipro- 
cally as their Indices. 


Again, if the Logarithm o a FRED Ratio be 


ſought, the infinite Root of 1 — 2 1-1 "wil be 
found by the like Method . = of - ff 
5 4 * „Sc. which ſubſtract from 1 BD» the 
Decrement of the firſt of the infinite Number of Pro, 
portional will appear to be 3x «+ „ +2 x) +4 
B b 2 x*, Le. 
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„ WY ®. PE 
333533 Oc. is the Logarithm of the 
Natio of 4 to b, whoſe Difference is d, and Sum 5; 
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x*, Cc. which expreſſes the Logarithm of the Ratio 
of 1 to 1—x or the Logarithm of 1—x according to 
Neper's Form, if the Index n be pat = 10000, c. 
as before. = 

And to find the Logatithm of the Ratio of any two 
Terms, a the leaſt and 6 the greater, it will be as a: b:: 


1: 4 1 — 1 ==, or the Difference divided 


by the leſſer Term when 'tis an increaſing Ratio, and 
3 F 
1 when tis decreafing. 

Wherefore putting d Difference between the two 
Terms 4 ind 6, the Logarithms of the ſame Ratio 
may be doubly expreſt, and accordingly is either * 
Sa TE. 11.4 8 
= == — 4 —.——, Of or x + 
a 7 7 44 fa — *I. z. 17 ＋ 
775 Sc. both producing the ſame Thing. 


But if the Ratio of à to b be ſuppos'd to be divided 
into two Parts, viz. into the Ratio of a to the arith- 
metical Mean between the two Terms, and the Ratio 
of the ſaid arithmetical Mean to the other Term 6, 
then will the Sum of the Logarithms of thoſe two Ra- 
tios be the Logarithm of the Ratio of a to b. Where 
fore ſubſtituting + s for 3 a +28 and it will be4 5. 

< 15-42 d 


4 :: 1: 1, whence x= Tr = · And again as 


25 6: : 1:1 rx, whence x= 2 24. Thereſore 


25 * 
ſubſtituting © for v, and we ſhall have for both Ratio 
LEST. * 41 d. 1 


"2 1 ---- -, Oc. — x=—— + 


A - 6 „ mx e 
. And thair Bum, win. Ga x 
| * e 4 


35 454 


which Series without the Index u, is by the bye, the 
Fluent 
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Fluent of the Fluxion of the Logarithm of . aſ- 


ſuming d the flowing Quantity, for the Fluxion of the 


bd -. 2:4 d did did ad 
of — — 2 — — | — 
- PER RPXRTati+ 7 


57 
„„ JT ze 
|, Cc. whoſe Fluent 2 Fr Tint „Oc. 


Wo Nees Ta c — and the ſame as above 


bating the Index 1. This Series either way obtained 

converges twice as ſwift as the former, and conſequently 

is more proper for the Practice of making a r 3 
lea 


thus, put a 1 and 6 any Number at Pleaſure, then 


423 . — Nan 
i' which aſſume e, and then . 


and becauſe 25 e, therefore we have for 

- oi 
THEOREM I. 

The Log, of ö (=) =Ex2xe+ 40+ 


1— 
386 7, Oc. . 
To illuſtrate this Theorem. Let it be required to 
find the ithm of 2 true to 7 Places. 
Note, T hat the Index muſt be aſſum'd of a Figure 
or two more than the intended Logarithm is to have. 


EXAMPLE. 
+1 


Here b=—— = 20 eopS1=2=2e".' 3 e=1 
1—e 


„ 
whence e = and ce =. 


B b 3 The 


3/% 
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The OytRAT1ON ſtands thus. 

3 = e= 13333333 13833333 
e'= 3703704 I e = 1234368 
ef= 411523 | 56 = B2304 
e'= 45725 _—__ 532 
e922 $080 > 87 = 564, 
e 2 564 | he = 51 
2222 63 ö e 2 Ss | 

534657357 
4 


Whence Neper's Logarithm of 2 is 369314714 
But ,69314714 multiplied by 3 will give, 207944142 
far the Logarithm of 8, inaſmuch as 8 is the Cube or 
third Power of 2, and the Logarithm of 8 plus the Log. 


of 1 4 is equal to the Logarithm of 10, becauſe 8 


X15 =10; wherefore to find the Logarithm of 11 
I 


we have ö = = 1: = 3, whence eg and 


2e . 


The OPERATION ſtands thus. 


== tin | - #8 titre 
e 137172 |; 2 45724 
218 1693 12 338 
e 2 10 8 
. 


— eenamc connec 
2 


| Whence Neper's Logarithm of 1 W is ,22314352 


To which add the Logarithm of 8. 2,07944142 
The Sum, via. 2, 30258494 

is Neper's Logarithm of 10. But if the Logarithm of 

10 be made 1,000000, Cc. as it is moſt conveni 

done in moſt of our Tables extant, then 22 3 = 


| n 

1,000, &c, Whence n = 2302585, Cc. is the Index 
for Briggs's Scale of Logarithms; and if the above 
Work had been carried on to Places ſufficient, the Index 
„ would have been 2, 30258, 50929, 94045, 68401, 


79914, 


The APPENDIX. 


79914, Cc. and its Reciprocal, VIZ. - = o, 43429, 


44819, 0325r, 82765, 11289, Sc. which by the 
Way, is the Subtangent of the Curve expreſſing Briggs's 
Logarithms ; from the double of which the ſaid Loga- 
rithms may be had directly. 


For becauſe —= 0434294413 Sc. .*—=,863588 
9638, Cc. which put S m, and then the Logarithm 


EXAMPLE. 


Let it be required to find Briggs's Logarithm of 2. 
Har bu 1 Sande — TH: 
—. 
The Orzxarton flands chan. 
m = ,$63588963 5 
me 2, 28952965 | me „289529655 


me = 32169962 | 5 ne 10723321, 
me = 35744409 f ies 


me 7 = 397160 mel= 36737 
me 9 = 44120 oF — 4003 - 
me" =: 4002 | in met” = = 445 
me"? = - 545 | m me" Ee _— — 
Whenoe Briggts Logarithm of 2 is 0,30102999, 
A GAT . 
Let it be ird to find Nr = PP 
now becauſe the rithm of 3 4 to 1 Loga- 


rithm of 2 plus the ithm of 1 2 (for 3X 1-238 
3) nk find the Logarithm of 1 2 and add it to 
the Logarithm of 2 already found, the Sum will be the 
Logarithm of 3, which is better than finding the Lo- 
. garithm of 3 by the Theorem directly, inafmuch as 
it will not converge ſo faſt as the Logarithm of 11; for 
the ſmaller the Fraction repreſented by e, which is 
Bb 4: deduc'd 
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deduc'd from the No. whoſe Logarithm is fought, the 
ſwiſter does the Series converge. 


Here 1 =I 2a z—- 3e e 


. 
and ** 23. 


The OrzrATION is as follows, 


m= 2868588963 


mie = „173717792 
n 6948711 


me5 = 277948 


| me = 173717792 
ne = 2316237 


ne 353889 


me, 11117 | 3 me'= 1588 
me? — 4457 © 1 J ne 49 
dy 17 14 me =. We 

Briggs's Logarithm of 1 = 5 7778897256 


To which add the Logarithm of 2 , 301529990 
The Sum is the Logarithm of 3 = , 477121246 


Again, to find the 
therefore the 


Logarithm of 4, becauſe 2 X 2 =4> 
Logarithm of 2 added to itſelf, or multi- 


plied by 2 the Product 0,60205998 is the 1 of 4. 
To find the Lagarithm of 5, becauſe 2 = 5, 
therefore from the.Lagarithm of 1Q _ „oo 


Subtragt the Logarithm of 2 


21029990 


There remains the Logarithm of 5 = ,698979010 
And becauſe 2 x 3 6. Therefore . 


To find the Logarithm of 6 
To the Logarithm of 3 5477121246 
Add the Logarithm of 2 2301029990 


The Sum will be the Logarithm of 6 3778151236 


Which being known, the 


ithm of 7, the next he next Prime 


Number, may by be eaſily found by the Theorem ; for 


becauſe 6 » 2 = 7, therefore to the. 
add the Logarithm of 7 and the Sum w 


Pun of 7. 


mow of © 


EXAMPLE. 


3 +1 
Here ö = „= & and eg Ng. 


"Is 
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m = 2868588963 
me = 5066814535 me = 066814535 | 
mei= 395352 [f 131784 
me5 = 2339 1 mes = 497 
"000 7 = 13 1 7-me7 = 
Briggs's Logarithm of 7 76669467 bs 


To which add the Log. of 6 _,778151236 
The Sum is the Log. of 7 = _—_»845098024 
Again, becauſe 4 X2=8, ; Therefore 


To the Logarithim of 4 | ,$0205998 

Add the Logarithm of 2 230102999 

The Sum is the Logarithm of 8 90308997 
eee Therefore 

To the Logarithm of 3 477121 246 

Add the Logarithm of 3 472121246 

The Sum is the Logarithm of 9 2954242492 


And the Logarithm of 10 having been determined to 


be 1, 0000000, we have therefore obtainęd the Loga- 
rithms of the firſt ten Numbers. 


After the ſame manner the whole Table may be 
conſtructed, and as the prime Numbers increaſe, ſo 


fewer Tenns of the Theorem are required to form their 
Logarithms ; for in the common Tables which extend 
but to ſeven Places, the firſt Term is ſufficient to pro- 
duce the ihm of 101, which is | compos'd of the 
Sum of the ithms of 100 and =, becauſe 100 


xt = IOl, in which caſe 1 SNS e 


© whenos in making of Logarithms according to 


the preceding Method, it may be obſerv'd that the Sum 
= D * ent _—_ 
the Fraction whoſe is ſought, is ever to 
the Numerator and Denominator of the FraQtion repre- 
ſented by e; that is, the Sum i the Denominator, and 
che pre which is always Unity, is the Numerator; 

tly the 3 of any Prime Number may 


| po ug rage Theorem, ving the Logarithm 


either next above or below given. 
Tho, if the Logarithms next above and below that 
Prime are both given, then its Logarithm will be ob- 


tained ſomething eaſier, For half the Difference of the 
4 Ratios 


. 75 
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Ratios which e the Ji Theorem, VIZ, (n =) 
«4 4 + +£p . is the Logarithm of 


” 
the Ratio of the ethane) Mean to the geometrical 
Mean, which being added to the half Sum of the Lo- 
garithms next above and helew the Prime ſought, will 
ive the Logarithm of that Prime Number, which for 
iſtinction's Sake may be call'd Theorem the ſecond, 


1 Diſpatch, n 


But the beſt for this Purpoſe is the following one, 


which is likewiſe deriv'd from the fame Ratios as heo- 


rem the firft, For the Difference of the Terms be. 
teen ab and 4 eee 4 4 


n 12 143 d dær, r, and the Sum 


of the Terms ab and 2 55 being put , therefore 
r in this Caſe = 5 and 4=1) it follows that 


2 7 ec. v the Logarithm of the 


Ratio of ab to 5 2 2, whence , K. 
e 
55 er th Lese- Rats e 


which converges exceeding 


quick and is of excellent Uſe 


for firiding the Logarithm ef Prime Numbers, having 


the rithms of the Numbers. next above and below 
giver, as in Theorem the Second, | ts 


EXAMPLE, 


1 it be required to find the Labs of the Prime 
Number tor, then a= 100 and S101, wheiice 


J= 20401, put 22 4342944819, &c. then 


the Series will ſtand thus 1 ＋ += ho, 6. 
5 17 5 77 


And 
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e — * by 7 N. oo12879410 
herefore to the half Sum of the | 
5 1 of 100 and 102 282 0043000858809 


| Add the ſaid Quote | 0,0000212879014 
And the Sum, viz, 2,0043213737823 


is the Logarithm of 101 true to 12 Places of Figures, 
and obtained by the firſt Term of the Series only, 
whence tis eafy to perceive what a vaſt Advantage the 
ſecond Term would have were it put in Practice, fince 
mis to be divided by 3 multiplied into the Cube of 20401. 
This Theorem which we'll call Theorem the third, 
was firſt ſolind out by Dr. Zalley, and a notable Inſtance 
of its Uſe given by him in the Philoſophical Tranſactions 
for making the Logarithm of 23 to 32 Places, by five 
Diviſions performed with ſmall Diviſors ; which could 
not be obtaingd according to the Methods firft made uſe 
of, without indefatigable Pains and Labour, if at all; 
on Account of the great Diffieulty that would attend 
the managing ſuch large Numbers, | 
Our Author's Series for this Purpoſe is (Page 363) 
y + —-+-—_., &c. the Inveſtigationof which, 
42 242 360296 7 
as he was pleas'd to conceal, induc'd me to enquire into 
it, as well to know the Truth of the Series, as to know 
whether this or that- had the Advantage, becauſe Dr. 
Halli informs us when his was firſt publiſh'd that it 
converged quicker than any Theorem then made pub- 
lick, and in all Probability does fo ſtill ; however that be, 
tis certain our Author's eanverges no faſter than the ſe- 
cond Theorem, as I found 


the Inveſtigation thereof, 
which may be as follows. * | 
From the foregoing Doctrine the Difference of the 


. . 2 3 
Logarithms of 2 — 1 and z-+ 1 e 


| 2 33 f . 
. 725 Sc. which put equal to y, and the 
Logarithm of the Ratio of the Arithmetical Mean 2, 
to the Geometrical Mean / zZz—1 is m * 722 + 
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r Ec. per Theorem the ſecond, 
IE for 
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for = equal to f s, whence © =. 


255 22Z 


Let A and B be the Logarithms of z—1 and z+1 


reſpectively; then — m 1 
2 42 62 


＋ d . the Logarithm of 2, and if the latter Part 


378 


of the Series expreſling the ſaid Logarithm of be di- 


vided by the Series repreſenting the Difference of the 


Logarithms of 2 — 1 and z-+1 the Quotient will exhi- | 


bit the Series n bl. E 2 


42 242 36025 


1 . 
ee eee — Se. 
i 2 wel 
3 
Se. 
180 25 : 


Now becauſe the Dividend is ever equal to the Divi- 


for drawn! n into the — of the Diviſion, it follows 
that y x . -7 EA is equal to mX — 


"4s z 3602” 222 


Tee- E. But n, 1 


yy 222 424 


+7 Wc, isthe . Wherefore SZ 
= y x £+ — + 7 Ec. is the Logarithm 


4% 24 % 3605 


of z. Q. E. I. 
Note, I make the Author's 5th n 23-- 
25 2002? 
1903 


226800 2 1 To. 


| 
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To illuſtrate this Theorem by an Example. 


Let it be required to find the Logarithm of 101. 
To the half Sum of the Logarithms of 101 and 102 


2, 004300085 8 

Add the Difference of the ſaid Loga- to 8 
rithms divided by 4 z equal to 3 e 
And the Sum, vix. 2, 0043213733 


is the Logarithm of 101 true to 9 Places of Figures; 
whence it appears that our Author's Series falls ſhort of 

Dr. Halleys in finding the Logarithm of the Prime 
Number 101, three Places of Figures, by uſing only the 
firſt Term of the Series ; whereas if two Terms in each 


were us d, perhaps the Difference would have been con- 


ſiderably greater. 3 

Note, This Series of our Author, deduc'd from Theo- 
rem the Second, is in effect Dr. Halley's too, but vail'd 
over by being thrown into a different Form: which how- 
ever has its Uſe, as being very ready in Practice. 


Having thus inveſtigated ſeveral Theorems, whereby 

the Tables of Logarithms, according to any Form, may 
be conſtructed, it remains to ſhew how from the Loga- 

rithm given to find what Ratio it expreſſes. 


The Logarithm of the Ratio of 1 to 1 ＋ & has been 


_ prov'd to be as ibs —1=22xx —} x + JN 4 4, 
Sc. n being any infinite Index whatſoever; whence if 
5 1 


L be put for the ſaid Series, then 1x = =L con- 


n —_— 
ſequently i + x = 1+L, and 1-FE*+=1FL=i+ 


„LI WL TEN Lo >= Ls, &c. 


AGAIN. a 


The Logarithm of the Ratio of 1 to 1—x has like- 


— 
wiſe been prov'd to be as 1 - 1—x XK XK IA + 
| 1 : 


Ia, &c. L, wherefore . 
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ries conv 
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and 1=x =1—L=1=n LH] LI -L 
24 11 L., Se. 6 | | 
Whence + x = FL +} * LTI n L. 
+ 7, n* L', Cc. is a general Theorem for finding the 
Number from the Logarithm given of any Species or 
Form whatſoever ; but in the Application of it to Prac- 
tice we labour under a great Inconveniency, eſpecially if 
the Numbers are large ; thatis to ſay, it converges ſo very 
flow, that it were much to be wiſh'd it could be con- 


However, if L be the Logarithm of the Ratio of « 
the leſſer Term, to 6 the greater, and either of them 


are given; then the other will be eaſihy had and expe- 


ditiouſly enough too: 

For b a | 
| | =) ber polobtn itn Due 
and a 33 | =, | 
Wherefore it ſollows by the Help of a Table of 
Logarithms, that the correſponding Number to any 


Logarithm may be found to as many Places of Fi 


as thoſe Logarithms conſiſt of; for putting 4 


to the Difference between the given rithm and 


the next leſs in the Table, then will the Number 
ſought, viz. NS ax I Ad EIn d ＋ N d. 
&c. But if dad pt eee e yon 
iven Logarithm, and the next greater, then N- bx 1 
D d 3 nd, &c. Both of which Se- 
faſter as d is ſmaller. 


But the three Terms in each may be contrac- 


ted into two, which is very uſeful, inaſmuch as it ſaves 


the Trouble of raiſing n and d in the third Term to 
the ſecond Power; for letting the firſt Term remain as 


it is, the other two are reduc'd to one; thus, make the 


ſecond Term the Numerator of a Fraction, and Uni- 
ty minus the third Term divided by the Second is 
the Denominator. Es 
1 N =ax1 -Endo+} 9 
a TEN OE 1,” jb pe. 4 — 
„ nad: x fab} 7 


Wherefore a + 24. or 12 will be the 


mA n. 
4 Num- 
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Number anſwering to the given Logarithm, which tho? 
it differs a little from the Truth, is ſufficient to find the 
Numbers exact to as many Places as Br; 2 af 
rithms conſiſts of, viz. 14, which are the a- 
bles extant. Much after the ſame Method may the 
whole Series be contraſted, by which Means each al- 
ternate Power of d will be exterminated, or which is 
the ſame Thing, every two Terms in the Series will be 
reduc d to one, making the whole as ſhort again. 


| To illuſtrate theſe Contrations by an Example. 


Let it be required to find the Number anſwering to 


the Logarithm 7,571 3740282 in Brigg-s Form. 


From the given Logarithm 745713740282 
Jubtract the Log. of 37271000 the pſt 
the Remainder is equal to d= __ 20000029829 


And becauſe the Number 37271000 is leſs than the 
Number ſought call it a, which m A onoogteg 
and the Product 1, 11175 6659, c. divided by m— 
2 d „434292, c. quotes , 25 5,992, Which added to 
toy: gives 37271255,992 for the Number ſought. 
Thus, I preſume, the Doctrine of Logarithms has 
been ſufficiently exemplified, whether we conſider the 
Conſtruction of them for any given Numbers, or an 
the contrary the finding of the Numbers from the Lo- 
garithms given. 
But before I conclude I ſhall give an Inſtance or two 
of the great Uſe of Logarithms in Arithmetical Cal- 
culations, and firſt in the purchaſing of Annuities. 


If a be put for any Annuity, ? for the preſent Va- 


lue, v the Amount of one Pound for one Year at any 
Rate of Intereſt, and f for the Time or Number of 


| Years the Annuity is to continue, then p =_* f 
| F ww. [ 
Value of the Annuity. 


EXAMPLE. 


Let it be required to find the preſent Value of an 
Annuity of 60 J. per Annum to continue 75 Years at 
the Rats of 4 per Cent. per Annum. . 

ere 


39 


n a 7 * 4 
* 0 a, 


per Cent. is ſcarce 
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Here a= Go, 1275 and i, o4. Now in order 
to obtain the Anſwer we muſt find the Seventy fifth Pow- 
er of r, or of 1,04, that is we muſt multiply 1,04 ſe- 
venty five Times into itſelf, which is exceeding tedious 


A common way, as any one may judge, but by 


Logarithms tis done with the greateſt Faſe; for if 
0,017033 the Logarithm of 1,04 be multiplied by 75, 
the Product 1,277475 will be the Logarithm of the 


| ſeventy fifth Power of 1,04 ; which being ſubtracted 


from 1,778151 the Logarithm of à equal to 60 will 


leave 0,500676 the Logarithm of 3,16719 which be- 


mg ſubtracted from 60 and the Remainder divided by 
r7—1=,04 will give 1421,820equal to 142 1 J. 15 5. 44.4 
for the Value of the Annuity ; and if 1421,820 be di- 
vided by 60, the Quotient will exhibit the Number of 


Years e requiſite to be given for any Annuity to 


continue 75 Years upon a good Security free of all 


Incumbrances, the Purchaſe being made at 4 per Cent. 


Hence we ſee the Reaſon why the long Annuities 


- purchaſed in the Year 1708, having about 7; Years to 
come, are now valued in Ca/tair's Bill of Exchanges at 


24 1 or 25 Years Purchaſe; for tho' according to this 
Calculation they are worth but a little more than 23 
Years and a half, og becauſe in the publick Funds 4. 
y ever made of Money, and the 

ntingencies it is there ſubject to, which thoſe An- 
nuities and other Government Securities are not, 


makes them very juſtly worth 24 1 or 25 Years Pur- 


chaſe. | 

Likewiſe Queſtions relating to Annuities upon Lives, 
whether for one, two, or three, &c. are almoſt as eaſily 
eſtimated. For inſtance, it may readily be found by Lo- 
garithms that an Annuity for a Man of Thirty to con- 
tinue during his Life is worth 11,61 Years Purchaſe, In- 
tereſt 6 per Cent. but at 4 per Cent. 14,68. And as 


the Probabilities of Life's Continuance and the Value 


thereof is determined by an Algebraical Proceſs ground- 
ed upon the Rudiments of the Doctrine of Chances, and 
five Years Obſervations upon the Bills of Mortality of 


Breſlaw, the Capital of 17 3 ſo there reſults that 


Truth and Equity from the Operations as ought to pre- 
ſide in all Contracts of this Nature. Whence it follows, 
that all other Methods, whoſe Reſolution differs from this 
(eſpecially if the Difference be much) may juſtly be 


deem'd 


27TT 0 oe eee oe oc ae ns 


r 


RT LPR 


Age nor Intereſt, 


the Conſequences 
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deem'd erroneous, conſequently prejudicial to one of the 
Parties concerned. Wherefore to prevent Impoſitions 
thro” Ipnorance great Care ſhould be taken; which Pre- 
caution, however unneceſſary it may appear, tis preſumꝰ d 
will be regarded, inaſmuch as no-one is willing to pay 
more Years Purchaſe than he has Chances for living, as 
on the — the Seller to receive leſs than his due, 
which may poſſibly be by following the common Me- 
thods, where fo moſt part regard is had neither to 
t founded upon Caprice, Humour, or 
if you pleaſe Cuſtom, the Contract being made as they 
can right or wrong, which Method of Proce- 
dure ought to be exploded ſince ſo liable to Error, and 
Gem therefrom, ſo often wide of 

the Truth. 


The other Inſtance which I ſhall give of the great 
Uſe of Logarithms is in the Caſe of Sgſi, as related 
by Dr. Wallis in his Opus Arithmeticum from Alſe- 
phad (an Arabian Writer) in his Commentaries upon 
Togratus's Verſes, namely that one Seſ/a an Indian hay- 
ing firſt found out the Che at Cheſſe, and ſhewed it 
to his Prince Shehram, the King, who was higbly 


pleas d with it, bid him ask what he would for the Re- 


ward of his Invention; whereupon he ask'd, that for 
the firſt little Square of the Chee Board, he might have 
one Grain of Wheat given, for the ſecond two, and 
ſo on doubling continually, according to the Number of 
the Squares in the Cheſſe Board, which was 64. And 
when the King, who intended to give a very noble 
Reward, was much diſpleas'd that he had ask'd ſo tri- 
fling a one, Seſſa declar'd, that he would be contented 
with this ſmall 82 ax N 22 _ hog fix'd upon 
was order'd to be given him : But ing was quick] 
aftoniſh'd when 4 found that this would riſe to ſo vaſt 
a Quantity, that the whole Earth itſelf could not fur- 
niſh out ſo much Wheat. But how great the Number 
of theſe Grains is, may be tound by doubling one con- 


| tinually 63 times, ſo that we may get the Number that 


comes in the laſt Place, and then one time more to have 
the Sum of all : For the double of the laſt Term leſs 
by one is the Sum of all. Now this will be more ex- 
peditiouſly done by ithms, and accurately enough 
too for this Purpoſe. For if to the Logarithm of 1 
Which is o, we add the Logarithm of 2, which is 

w Cc 0,3010309 


383 


334 


| ſeveral other eminent Authors, of 


— * 
—_— > n =_ = an 
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o, 3010300 multiplied by 64, that is 19, 2659200 the 
abſolute Number agreeing to this, will be greater than 


18466, 00000, 00000, 00000, and leſs 18447, 


©0000, ©0000, 00000, 
As I have had the reviſing of theſe Sheets, ſo it may 
be expected that I ſhould give my Opinion concerning 
Mr. Cunn and our Author, in regard to ſpherical Tri- 
gonometry ; wherein the former accuſes the latter and 
ving .committed 
ng miſtaken, eſ- 
of Oblique Sphe- 


many Faults, and in ſome Caſes of b 
pecially in the Solution of the 1 2th Caſe 


_ Tricks, in which Mr. Cunn has entirely miſtook the Au- 
thor's Meaning, as plainly appears by his Remark, where 


he conſtitutes a Triangle, whoſe Sides are equal to the 


given Angles ; whereas the Author means that each 


e ſhould firſt be chang'd into its Su and 
then with the ſaid Supplements another Triangle con- 
ſtituted, whoſe Angles by the very Text of * 14th 


Propoſition of his own Spherical T rigonometry, will 


be the Supplements of the Sides ſought in the given 
Triangle; to which Propoſition I refer the Reader; that 


this is the Senſe of the Author is very evident, if im- 


partially attended to, and which I think could poſſibly 
have no other Meaning ; and accordingly aver what is 
here advanc'd to be univerſally true, but becauſe I would 
not be miſunderſtood, ſhall illuſtrate the Truth there- 
of by a numerical Operation ; which to thoſe who care. 
not to trouble themſelves with the Demonſtration may 


de ſufficient, and to others ſome Satisfaction. 


EXAMPLE. 


Suppoſe in the Oblique angled Spherical Triangle 
ADE, there are given the Angles, A, D, E, as per Fi- 


gure, and the Side DE required. 


| Note, write down the Supplements of the two An- 


gles next the Side required firſt, and then the Operation 
may ſtand thus. | 


PENDIX, 
x. 


The AP 


* 


The Supple- ir = 50* Sine Co. Ar, —o, 115746 


ment of theYD=150 Sine Co. A r,—0, 301030 
Angle. (A140 Sine 120? — —9, 937530 
Sum 2340 Sine 20 — 9. 534052 
2. —— | : | 
2 Sum =170 1:0), 888358 

; — 21.— — — 
hay minus CE=120 

the Supple- — 
ment of the JD= 20 9, 944179 
Angle — | 


Which laſt Figures 9. 944179, give the Sine of 
51 34' and the double thereof, wiz. 123 08' ſubtrac- 
ted from 180 Degrees, leaves for the Supplement 56 52, 
which is the Side DE required | 


The Rule which Mz. Cann ſubſtitutes in the Room 


of our Author's, is alſo univerſal (but not new) and 
conſequently when he ſays change one of the Angles 
adjacent to the Side ſought into its Supplement, it is 
very juſt. Tho by the Way I affirm, it is equally 
true, if the Angle oppoſite to the Side ſought werd 
changed into its Supplement (which perhaps is what 
has n notice of) only then inſtead of 
having the Side ſought directly, we ſhould have its 
Complement to 180 Degrees, as in the precedent Ex- 
ample ; but there is a Neceſſity of changing either one, 


or all of the Angles into their Supplements, tho it is 
| beſt toc only one ; which let be either of thoſe. 


nent the Side ſought, no matter which, and the Side 
will be had directly without any Subduction, as will ap- 
pear by the ſubſequent Operation. 


EXAMPLE. 
Let the Angle E be changed into its Supplement, and 


the Side DE fought ; which Supplement, and the o- 
Cc 2 ther 


385 
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3 Sum Fre Angle E= 10 
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ther Angle adjacent to the Side ſought, being writ down 
firſt ; the Operation may be as follows. 

Sup. of the Angle E= 50 — Sine Co. Ar—0, 115746 

The $5D=zzo—— dine Co. Ar—0,301030 

Angle TA==4o0 Sine 10® —— 9, 239670 

Sum 120 Sine 30 — 9,698970 


2| -— — — — 


2 Sum 60 Sum 19,38 5416 


2 Of Sum 0.699908 - 


Which half Sum 9,677 708 gives the Sine of 28* 56', 


and the double thereof 56? 52 is the Side D E ſought, 
the ſame as before, when all the Angles were chang'd 


into their Supplements. | 
Whence it is abundantly manifeſt that thoſe two 
Methods of Operation, notwithſtanding their Manner 
is ſo different, agree preciſely in Practice; and conſe- 
quently we a9 conclude our Author's Rule to be 
right, Wherefore. wonder Mr. Cunn did not attend 


better to the Words of our Author's Rule before he 


ventur'd to attack the Characters of ſo many famous 
Trigonometrical Writers. But to remove the Impu- 
tation of his Charge againſt thoſe Authors who have de- 
ferv'd- ſo well of the Mathematicks, and to juſtify 
them to the World, for Juſtice ought to have place, 
it is, that I have ventur'd to give my Opinion, and 
point out where Mr. Cunn was miſtaken : The Reaſon 
of which is not eaſily aflign'd, ſince to give him his 
due it could not be for want of Knowledge, though in 
this Caſe I can't think it entirely owing to Inadverten- 
cy, inaſmuch as it was a p itated Thing, and I'm 
toth to impute it to any contentious Inclinations of his, 
in diſputing the Veracity of our Author's Rule, becauſe 
it did not appear with all that Plainneſs, requiſite to pre- 


vent carping by the Litigious ; wherefore as I am in 


Suſpence how to determine, ſhall leave the Decifion 
thereof to better Judgments. 


Indeed, Mr. Haynes's Rule, which directs with the 


three Angles given to project a Triangle, as if they 


were Sides, is deficient, were it only on that very 
Account; for with the given Angles in the preceding 
Example, 
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Example, it will be impoſſible to conſtruct a Triangle, 
becauſe *tis requiſite that two Sides together, however 
taken, be greater than the third, whereas in this Caſe 


they will be leſs; but the Rule is not only deficient in 


that reſpect, but really wrong; for tho' what Mr, 


Heynes aſſerts is juſt, viz. that the greateſt Side in the 


ſupplemental Triangle, is the Supplement of the greateſt 
Angle in the other Triangle; yet, notwithſtanding that, 
the Conſequence drawn therefrom is falſe, and fo the 
Solution only imaginary : for with Submiſſion, nei- 
ther the Sides nor their Supplements in Mr. Heynes's 


Supplemental Triangle, are the Meaſures of the Sides 


ſought : *Tis true, when one of the Angles is a right 
one, and the others both acute, then the ſaid Supple- 
mental Triangle is that wanted to be conſtructed, as 
containing all the given Angles; and conſequently the 
Sides appertaining thereto, are the very Sides required 
but then this is only one Inſtance out of the infinite 
Number of other Triangles that may be conſtructed ; 
and which is not ſolved directly by the Triangle firſt 
projected neither; for the greateſt Angle thereof muſt. 
be changed into its ſupplement, when the Side oppo- 
fite to the right Angle is required ; and if the right An- 
gle ſtill remains, and either one or both of the other given 
Angles are obtuſe, the Solution is rendered more per- 
plext : Wherefore there can be no general Solution given 
to any Triangle, by conſtituting a Triangle, whoſe 
Sides are equal to the given Angles ; except to that parti- 
cular one which Mr. Cunn takes notice of in his Remark, 


where each given Angle is the Meaſure of its oppoſite 


Side ſought, and which therefore needs no Operation. 

T his I thought my ſelf obliged to obſerve, out of 
Juſtice to Mr. Cunn, who we ſee is not intirely to 
blame; as having juſt Reaſon to object againſt the Ve- 
racity of Mr. Heynes's Rule, tho' not againſt the Rules 
of the other Authors, by him nominated. 

And here I can't but take notice of ſome Gentle- 
men, Who are ſo very fond of finding fault, that ra- 
ther than you ſhall not be in the wrong, they will wreſt 
your own Meaning from you, and will not ſuffer an 
Error, tho' ever ſo minute, to paſs, without proclaim- 
ing it to the Publick, under pretence of preventing their 
being impos d upon; whereas if the Truth were known, 
I fear it would appe;u to be the Vanity of their Hearts, 

8 an 


387 


388 
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an over Fondneſs of being thought wiſer and more 


knowing than the reſt of Mankind; nay, I think it 
appears plainly ſo, by their oppoſing the Works of Men 
af than themſelves: But if inſtead of comparing 

ow far their finite Knowledge extended or exceeded 
another Perſon's, they conſider'd how much there was 
they knew nothing of ; as it would conduce to make 
them humble, ſo Pm of Opinion it would contribute 
very much toward their leaving off that manner of Wri- 


ting. Beſides, as I take it, the Buſineſs of Writing is not 
ſo much to diſcover who has committed the moſt Faults, 
a8 to avoid them, and make greater Improvements. 


But what is the moſt to be wonder'd at, thoſe who 
are ſo very ready in finding fault, not without great 
Suſpicion, receive the beſt part of their Knowledge 
from the Works of thoſe very Authors againſt whom 
they exclaim; the Reaſon that induces me to think ſo, 
js this; whilſt they are ſtudying an Author in order ta 


- underſtand him, then it is perhaps, they diſcover ſome- 


thing which he was pleas'd to omit, or thought fit to 


conceal, for which *tis more than probable they take care 


not to omit paying a profound Reſpect to their vainly 
imagin'd ſuperiour Genius's : And if by Accident an 
Error ſhould creep in (which is very poſſible, none be- 


ing infallible) then to be ſure he muſt be egregiouſly 


miſtaken, and not underſtand what he was about : But, 
J fay, this Diſquiſition, into the Demerits of an Au- 
thor, would never have been made, had they underſtood 
the Subject beforehand ; for if otherwiſe, they muſt 
be of a ſad Cynical Temper, as well as have little elſe to 
do, to make it their Buſineſs todiſcover Faults, and at the 
fame time acknowledge not one ſingle Beauty; a very 
ingrateful Return for the Advantage they receive in the 


Peruſal. 


Nor do they do the Publick that Service they pretend 
to; for thoſe that are capable, and will be at the Trou- 
ble of reading a "Treatiſe upon a Subject without a 
Maſter, are as well able as themſelves to rectify what 
is amiſs; and as tor thoſe who will not be at that 
Trouble, there is no danger of their being led aſtray ; 
ſince it is the ſame thing to them, whether there be 
any Miſtakes or not. 

However, if after all there ſhould be a Neceſſity for 
an Admonition, why can't it be done with Candour and 

5 | Humanity ? 
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an over Fondneſs of being thought wiſer and more 
knowing than the reſt of Mankind; nay, I think it 
appears plainly ſo, by their oppoſing the Works of Men 
ef than themſelves: But if inſtead of comparin 
ow far their finite Knowledge extended or exceeded 
another Perſon's, they conſider'd how much there was 
they knew 3 of; as it would conduce to make 
'm of Opinion it would contribute 
very much toward their leaving off that manner of Wri- 
ting. Beſides, as J take it, the Buſineſs of Writing is not 


ſo much to diſcover who has committed the moſt Faults, 
as to avoid them, and make greater Improvements, 


But what is the moſt to be wonder'd at, thoſe wha 
are ſo very ready in finding fault, not without great 
puſpicion, receive the beſt part of their Knowledge 
from the Works of thoſe very Authors againſt whom 
they exclaim; the Reaſon that induces me to think ſo, 
is this; whilſt they are ſtudying an Author in order ta 
underſtand him, then it is perhaps, they diſcover ſome- 
thing which he was pleas'd to omit, or thought fit to 
conceal, for which *tis more than probable they take care 
not to omit paying a profound Reſpect to their vainly 
imagin'd ſuperiour Genius's : And if by Accident an 
Error ſhould creep in (which is very poſſible, none be- 
ing infallible) then to be ſure he muſt be egregiouſly 
miſtaken, and not underſtand what he was about : But, 


1 ſay, this Diſquiſition, into the Demerits of an Au- 


thor, would never have been made, had they underſtood 
the Subject beforehand; for if otherwiſe, they muſt 
be of a ſad Cynical Temper, as well as have little elſe to 
do, to make it their Buſineſs to diſcover Faults, and at the 
ſame time acknowledge not one ſingle Beauty; a very 
ingrateſul Return for the Advantage they receive in the 
Peruſal. | | 
Nor do they do the Publick that Service they pretend 
to; for thoſe that are capable, and will be at the Trou- 
ble of reading a Treatiſe upon a Subject without a 
Maſter, are as well able as themſelves to rectify what 
is amiſs; and as tor thoſe who will not be at that 
Trouble, there is no danger of their being led aſtray ; 
ſince it is the ſame thing to them, whether there be 
any Miſtakes or not. 3 
However, if after all there ſhould be a Neceſſity for 
an Admonition, why can't it be done with Candour and 


Humanity? 
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Caſes are ambig 


The APPENDIX. 
Humanity? and then without doubt an Author out of 


regard to / Truth which of all things ought to be pre- 
fer'd, would be thankful : And to reprove otherwiſe is 


to be ungenerous 3 becauſe whenever thoſe Miſtakes 


happen, as they are for the moſt part owing more to Inad- 

vertency, than Want of Knowledge ; ſo they ſhould 

therefore be attributed to the Frailty of * Nature 

(to which we are all more or leſs ſubject) nothing be- 

ing more common amongſt all Profeſſions, than the 
writing of one thing for another. 

If any think, by my interfering between our Author 


and VI.. Cunt; that I have run into the fame Error, 
of which I accuſe others in 9 of being guilty, let 
have 


them pleaſe to conſider that only writ in the Yin- 
dication of Gentlemen, who were firſt wrongfully ac- 

cusd, and in one Particular juſtify'd Mr. Cann; for 
ſuch an Occaſion as this tering, I thought the 
Difference between them lay upon me to decide ; left 
1 ſhould be tax'd with Partiality for not doing Juftice 


or with Ignorance in not determining an Affair 


held ſome in ſuſpence to know who was in the righ 
wrong 3 ſor there could be oo Pot of making 


: Merit, i in adjuſting a thing of ſo eaſy a Nature ; 


perhaps to conceive thoroughly the Reaſon of all the dif 
ferent Methods of Solution, may not be ſo eaſy neither; 
But to proceed, as for the Omiſſions our Author has 
made in not determining accurately, when ſome of the 
and when not, I ſhall not quar- 
rel with thoſe who think him to blame; but if I may 
be allowed to give my Opinion, I think they are de- 
termin'd for the moſt part as well, or at leaſt with more 
Eaſe, from the Conftrution of the Triangles, becauſe 
it fixes an Idea of what one is about, by exhibiting a kind 
of an ocular Demonſtration ;. and conſequently, pre- 
vents the laying of that Streſs upon the Memory, as all 
thoſe are to who depend entirely upon Mr. Cunn's 
Rules ; which to Beginners is not very 3 ern 
who knows, but that what our Author wrote relati 
the ambiguous Caſes, he thought ſufficient ; that is, 
the Reader would not ſtop, for want of ther Expli 
cations, but with more Eaſe __y 
was wanting, when he came to the Practice thereof, I 
mean, the Conſtruction of Triangles ; for after all, 


without the Knowledge of that, 2 Petſon will have 
Cc4 but 


himſelf with what 
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but a mean Notian of this uſeful Branch of the Mathe- 
maticks) and if ſo, he ought in ſome meaſure to be ex- 
cus d, eſpecially if to this, we join the following Conſi- 
deration, uz. that few or none ever learn Spherical Tri- 
gonometry, purely for the Sake of ca Sides and 


* to determine their Ambiguities; beſides what is 


ambiguous in Trigonometry, is very often not ſo in Geo- 
graphy and Ae Sc. for which the other is chiefly 
learnt, 

For inſtance ; If we know the Latitude of London, 
and the Diſtance and Difference of Longitude between 


the ſaid Place and Rome, notwithſtanding there are two 


Sides and an Angle oppoſite to one of th them given, the 
Caſe is not doubtful when we undertake to find the La- 
titude of Rome; unleſs it be not known whether it lies 
to the Nortinuard or Southward of London ; which 

— could not be determined by any Principles of 
| _ Likewiſe in Aſtronomy, if the Lati- 
— he of ho lace the Sun's Doclnation and Azimuth 

ven, 

K Sun's Declination exceeds the Latitude of the 
Place, and both of the ſame Denomination, that is, 
both North or both South ; in which Caſes becauſe it is 
poſſible for the Sun to be upon the ſame Azimuth Cir- 


| Cle, twice in the Forenoon ; and upon another Azimuth | 


Cirele, twice in the Afternoon ; it is doubtful, if by Cir- 
cumſtances during the Obſervation, we can't diſcover 
which of the Times, whether the firſt or laſt ; but if 
thoſe Times fall near each other, it will be quite impoſ- 
ſible to diftinguiſh which, and therefore am 
Other Inſtances might be produc'd, but I believe theſe 
are ſufficient, to evince that thoſe nice Diſtinctions are 
not ſo neceſſary in Practice; if there be thoſe who think 
otherwiſe, I not diſpute it, but leave them to their 
Opinion without Interruption. 

However, what with Mr. Cunn's Rules for 3 
ing the ambiguous Cafes (which are judiciouſly drawn 
up as including all the Varieties poſſible) and the Cor- 
rections now made by reſtoring what was loſt and cor- 
rupted, our Author's Treatiſe of Trigonometry in re- 


ſpeft to Theory, ma perhaps appear complete, even 
to the moſt al Sn har - 


Here I thought to 3 but for the Sake of 
N and to * the various Methods for ſolv- 


ing 


uæſitum is not doubtful neither, un- 
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ing the 12th Caſe of Oblique Sphericks, where the 
three Angles are given to find either of the Sides, I 
ſhall beg leave to give one Inſtance more, in order to 
ſhew how it may be perform'd after a new manner, by 
the Help of the natural and logarithmical verſed Sines ; 
which if not entirely new, is not ſo publickly known as 
the preceding Methods, at leaſt I never ſaw any where 
the Method of Operation, and therefore ſhall deliver a 
Rule for that Purpoſe in the following Words. 
R U LE. . 

Having according to the former Directions, chang d 
one of the Angles next the Side ſought into its Supple- 
ment; take the natural verſed Sine of the Difference 
of the ſaid Supplement and the other adjacent Angle, 
and ſubtract it gre 8 _— _ Sine of the 

le oppoſite to the Side ſought, and to the Logarithm 
4 23 add the Square of the Nadius; then 


from the Sum, ſubtract the logarithmical Sines of the 


above Supplement and the ſame adjacent Angle, and 
n is the Logarithm of a Number, which 


will be the verſed Sine of the Side ſought. 
EXAMPLE. 


Supplement <E—50} | 
Angle D.—30 


Natural 5 Diff. 20, o60 30 
V. Sine 2 A —40—, 23395 


. ; 517365 
The Log. of which Diff. 17365 


with the Square of Radius is $ 294239674 | 


Sine of the Sup. of the WE 50. 9,834.2 54 
Add the Sine of the D 30m. 9,698970 
Tn Sum ſubtract 19,583224 


Remains 9, 656450 


Which Remainder 9, 65645 o gives the Logarithm verſ- 
ed Sine of DE 56˙ð̃ 2, agreeing exactly with the for- 
mer Computations. 

Note, if the ſaid Remainder exceeds 10, oooooo, it 
implies that the Side ſought is greater than a Quadrant ; 
wherefore cancelling the Characteriſtick 10, look out 


for the Number anſwering the remaining Logarithm, 


from 
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from which cut off the left Hand Figure, or which & 
the ſame Thing, abate the Radius (biz. Unity) and 
the Remainder will be the natural Sine of the Exceſs of 
the Side ſought above a Quadrant. | 

As the natural and logarithmical verſed Sines are not 
ſo frequently met with in Books, as the artificial Sines, 
*tis poſſible, on that Account, this Rule may meet with 
ſome: Objection; for which Reaſon, and not knowing 
whether it may be' thought preferable to the foregoin 
Methods (tho' undoubtedly very eaſy in Practice) I 
have omitted its Demonſtration ; but have publiſh'd the 
Rule, with ſome view of introducing the Uſe of the for- 
mer Sines, which ſometimes are preferable to the latter: 
For by the Help of the ſaid verſed Sines, and the Reaſon- 


ing us' d in obtaining this Rule, we neceſſarily come to 


the Knowledge of ſolving that Problem, where two 
Sides and the contained Angle are given, and the third 


Side required, at one Operation, very uſeful in Aſtro - 


nomy and Geography, eſpecially in the latter; when 
the Latitudes and Longitudes of two Places are given to 
find their Diſtance aſunder: But the Rule for-perform; 
irg it, and the Demonſtration thereof, is alſo omitted 
for the Sake of Brevity. 
However, tis eaſy to perceive, fince Angles may 
be turned into Sides, that the preſent Rule includes the 


Solution of that uſeful Problem in Aſtronomy, for 


finding the Sun's Azimuth, having the Latitude of 
the Place, the Sun's Altitude and Diftance from the 
elevated Pole given, by which means the Variation of 
the Compaſs. of ſuch Importance to Navigators, may 
be readily determined in'any Part of the World : 


«Alt: ple of which, comprehending: the latter 


1 2 


Part of the Rule, viz. (when the Remainder exceeds 
10,000600) is exhibited. _ Þ 


EXAMPLE. 
\ Suppoſe on Futte the 30th 1732, at Lond in the 
Latitude of 51* 3 No. it were required to find the 


Sun's true Azimuth when his Altitude was: $0* bo in 
the Afternoon, Firſt | £7 


4 * c : 
, * 
# I 7 \& 1 4 e 1 From 
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From the Com. of the Altitude 40”: oo 
Sub. the Com. of the Latitude 38 : 28 


L.A nt 


Natural F of the Difference —— = 1 ; 32--,00035 
V. Sine N of the Sun's diſt. from the Pole 67: 54--,62377 


5 62342 
The Log. of which Difference 62342 x 90 
uith the Square of the Radius is 1 794780 


Latitude 5 32' — 9.793831 
ne * Altitude 50 0 — 9.808067 


Sum Subtrat 19.501898 
| Remains 10. 22882 


Here the Raeder exceeds 1 0,000000, wherefore 
cancel the Characteriſtick 10, and the Number an- 
ſwering the remaining Logarithm i is Iy5591, the Ex- 
ceſs of which aboye Unity, viz. ,5591, gives the natural 


Sine of 34? 0o'; whence the Sun's true Azimuth is North 


124 00 Welt. At which time, if the Sun's Mag- 


netical Azimuth were North i 10° 30 ' Weſt, the Va- 
riation of the Compaſs would be 13* 30 Wet, as 


area by the following Subtraction. 


True Azimuth, North 1245: 00' Weſt 
Mag. Aziinuth, North 110 30 Welt 


Variation 113: 30 13:30 Weſt 


N, B. If the Sun's Declintion had been South, then 
the verſed Sine of the Sun's Diſtance from the elevated 
Pole, would have been equal to Unity Plus the natural 


Sine of the Sun's Declination ; which in PraQtice creates 


no more Trouble than when the Declination is North, 
if ſo much, ſince it is at leaſt as eaſy to take the natu- 
ral Sine of an Arc, as to take the verſed Sine of its 
Complement to 90 Degrees; which Sines, and others 
with their reſpective Logarithms, &c. : oy readily be 
had aut of Shirwin's — 


F 1 &. 1-4 
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BOOKS Printed for and Sold by T. Woopwasy, 


at the Halft-Moon WY St. Dunſtan's 
C burch in Fleetſtreet. 


MATHEMATICKS. 
UCLID%ELzManTs, Vor. II. Containing the ſeventh, 


eighth, ninth, tenth, thirteenth, and fifteenth Books, with 


the DATA; bein 


which were not 
tranſlated from Dr. Gregory's Edition. 
an ACCOUNT of the Life and Writings of EUCLID, with 


a Defence of his Elements _ the modern OO By 
EDMUND STONE, F. R 


II. An exagt Survey of the Tide; expli its Production 


and Propagation, Variety, and Anomaly in all Parts of the 
World, eſpecially near the Coaſts of Cram Britain and Ireland, 
with a Preliminary Treatiſe concerning the Origin of Springs, 
Generation of Rain, and Production of Wind. With 15 
curious Maps. The ſecond Edition. To which is added, a 
clear and ſuccin&' Deſcription of an Engine, Which fetcheth 
Water out of the Deep, and raiſeth it to the Height deſign d 
progreſſively, by the ſame Motion. By E. Boris Gent. 

III. Mathematical Elements of Ph pete prov'd by Experi- 
* 7 being an Introduction to Sir 7/agc Newton's Philoſoph 
By Dr. William Fame Graveſande, Profeſſor of Mathemati icks 
and Aſtronomy in the Univerſity of Leyden, and Fellow of the 


Royal Society of Londen. Made Englib, and illuſtrated with | | 


33 Copper Plates. Reviſed and Corrected by Dr. John Lill, 
F. R. S. Proſeſſor of a eee in Oed. 
IV. A Phyſical the Caiſe of the Va- 


riation of the 3 the CR Lon Globe of the Earth, 
the Diminution of 


refiified. Price 1 5. 


V. A new Mathematical Di&ionary, wherein i is contained | 
ion of the bare Terms, but likewiſe an ' 


not only the 
Hiſtory of the Riſe, Progreſs, State, Properties, Ac. of Things, 


both in pure Mathematicks, and Natural Philoſophy, ſo far as 
it comes under a Mathematical Conſideration, By E. Stone, 
F.R.S. 


VI. An Appendix to the E neliſh Tranſlation of Commandin's 
Euclid ; wherein the 11th and 1th Books of the Elements are 


1 
4 
: 


made eaſy to the meaneſt Capacity, by exhibiting the Solids 


themſelves 


g 'the remaining Parts of that Work 
publiſhed by the late DR. Ke1r, now firſt 
To which is prefix'd 


Bodies, the Flux and Reflux of the 
Sea; hes eee eee ee e 
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themſelves to the Eye, inſtead of their ſevetal Pictures or Pro- 
L e by the ſeveral Writers of Elements of Geo- 
A Tract uſeful and neceflary for Painters, Builders, 
rs, and all Perſons who would inform themſelves de- 
monſtratively in Perſpective, Menſuration, Sphericks, &c. or 
qualify themſelves to read the Works of thoſe who have writ- 
ten farther on ſolid Geometry. With an Introduction explain- 
ing the Projection uſed by the Ancients, and ſhewing its Excel- 
lency to any other for this Purpoſe. By Samuel! Cunn. 
_ GARDENING and HusBanDRY. 
I. A New Syſtem of Agriculture : Being a Complete 
Body of Husbandry and Gardening, in all the ww of ms 
viz. Husbandry in the Field, and its Improvements. Of Fo- 
reſt and Timber Trees, great and ſmall ; with Ever-Greens, , 
and Flowering-Shrubs, &c. Of the Fruit Garden. Of the 
Kitchen-Garden. Of the Flower Garden. In five Books, 
Containing all the beſt and lateſt, as well as many new Im- 
provements; uſeful to the Husbandman, Graſier, Planter, 
Gardiner and Floriſt, Wherein are interſperſed many curious 
Obſervations on Vegetation ; on the Diſeaſes of Trees, and the 
Annoyances to V „ and their probable Cures, 
Mas. Ap N ilphium of the 
By Jahn * M. A. Rector of Bilbops-Wrre- 


_— in the rick of Durham, and Prebendary of the 
Church of 3 


II. The Practical Fruit Gardener, bein the beſt and neweſt 
Method of raiſing and planting all ſorts of Fruit- Trees; agree- 
able to the Experience and Practice of the moſt eminent Gar- 
deners and Nurſery Men. By Stephen Switzer ; reviſed and 
recommended by the Reverend Mr. Laurence, and Mr. Brad- 

. Adorned with Plans. 

III. A General Treatiſe of Husbandry and Gardening ; con- 

taining ſuch Obſervations and Experiments, as are new and uſe- 
ful for the Improvement of Land; with an Account of ſuch ex- 
trao Inventions, and natural Productions, as may help 
the Ingenious in their Studies, and promote univerſal Learning. 
In two Volumes 8vs, with Variety of curious Cuts. BY Reich, | 
Bradley, Fellow of the Royal Society. 
IV. The City 7a ; containing the moſt experienc'd 
Method of 8 and ordering ſuch Ever-greens, Fruit- 
Trees, F va wt Feng Flowers, Exotic Plants, &c. as will 
be ornamental, and thrive beſt in the London Gardens. By 
T homas Fairchild, Gardener of Hoxton. Price 15. 

V. The Practical Kitchen-Garden, or a new and N 

u 
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Syſtem of Directions for his Employment in the _—_— 
Ninchen Garden, and Potagery, in the ſeveral Seaſons of tin 
Year ; being chieſly the Obſervations of a Perſon train'd up in 
the Neat Houſes or Kitchen-Gatdens about London, IIluſtra- 
ted with Plans and Deſcriptions proper for the Situation and 
Diſpoſition of thofe Gardens. To which is added, by way of 
Supplement, the Method of raiſing Cucumbers and -Melons, 
Muſhrooms, - Barecole, Broccoli, Potatoes, and other curious 
and uſefut Plants, as practiſed in France, Italy, Holland, and 
Ireland. And alſo an Account of the Labours and Profits of a 
Kitchen-Garden, and what every Gentleman may reaſonably 
expe©t therefrom in every Month of the Year. In a Method 
never yet attempted. The whole methodiz'd and improv'd by 
_—_— Switzer, Author of the Practical Fruit-Gardener, 
I. Staticks, or an Account of ſome Statical Ex- 
iments on the Sap in Vegetables ; being an Eflay towards a 
atural Hiſtory of Vegetation. Alſo a Specimen of an At- 
tempt to Analyſe the Air by a great Variety of Chymio-Sta- 
tical Experiments, which were read at ſeveral Meetings before 
the Royal _— By Stephen Hales, B. D. F. R. S. Rector 
of Farringdin, Hampſhire, and Miniſter of Teddington, Middleſex. 
VII. Dictionarium Botanicum : Or, a Botanical Dictionary 
for the Uſe of the Curious in Husbandry and Gardening. Con- 
taining the Names of the known Plants in Latin and Engliſh 
&c. their Deſcription ; their Culture or Management render d 


| _ eafy and familiar, whether Domeſtick or Exotiek; fo that the 


Name of a Plant being known, the proper Direction for its 
Improvement in the Garden is to be found in the ſame Article. 
The Terms us'd in every Branch of Botany explained. A 
Work never before attempted. In two Volumes 3vo. 
| Richard Bradley, Proſeſſor of Botany in the Univerſity of Cam- 
bridge, and F. R. 8. | 
PaysICK and SURGERY. | 
I. A Treatiſe of the Diſeaſes of the Bones; in which are re- 


preſented the — D 
Cure. Written in French by Monſieur Fane Louis Petit, of the 
Royal Academy of Sciences, and fworn Surgeon of Paris. 
Tranſlated into Engl/h. To which is added, Figures of ſeve- 
ral diſeaſed Bones. By a Phyſician. - | 
IT. General Obſervations, and approved Preſcriptions, in the 
modern Practice of Phyſick ; containing the beſt Methods of 
curing moſt Diſtempers; amongſt which, the Plague, the Gout, 
the Cholick, Conſumption, Scurvy, Jaundice, Venereal Diſcaſe, 
Small Pox, and Meaſles, Apoplexies, : Palſies, Stoppage of U- 
ene, Aſthma, Dropſy, Pleuriſy, Cc. III. A 


and Inſtruments proper for the 


: * 
—— 24444 „  — —— 
- 


dont of the Bladder, 
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III. A Syllabus of what is to be performed in a Courſe of 
Anatomy, Chirurgical Operations, and Bandages. By Jobn 
Douglas, Surgeon. Price 1 5. 6 d. 

IV. Lithotomia Douglaſſiana; or an Account of a new Me- 
thod of making the 5 0 Operation, i in order to extract the Stone 

. Douglas, Surgeon; Price 6 d. 
V. An Account of d Method and Succeſs of Inoculati 
the Small-Pox on ſeveral hundreds in Bofton in Netu-England. 


In a Letter from a Gentleman there to his Friend in Londen 
as to Sir Hans Shane. Price 6 d. 


| Misc. | 
I. A FR and eaſy Method to underſtand Geography, ah 
in are deſcrib'd the Form of Government of each Country, its 
Qualities, the Manners of its Inhabitants, and whatſoever is moſt 
remarkable in it. To which are added, Obſervations upon thoſe 
Things of Importance that have happen'd i in each State; with 
an Abridgment of the Sphere, and the Uſe of Geographical 
Maps. Made Englih from the French of Mr. A. D. Fer Fer, Geo- 
grapher to the French King. 
II. The Royal Dictionary abridged. In two Parts. I. nn 


and Engliſh. II. Engliſh and French, containing | near 5000 


Words more than any 1 and Engl 7 3 extant. 
And to which are added, the Accents of all E ords, to 
facilitate their eee to Foreigners. Eng 5th Edition 


carefully corrected, and improv'd with above two thouſand 


Words extracted out of the moſt approved Authors. As alſo 
an Alphabetical Liſt 'of the moſt common Chriſtian Names of 


_ and Women ; and the Abbreviations of the ſaid Names 


ly us d. By Mr. Boyer. 
I. A Cole slon of ſeveral Pieces of Mr. John Toland, 
with ſonge Memoirs of his Life and Writings. In two Volumes. 


Vol. I. Containing, 1. A Specimen of the Celtick Religion and 
| Jy 


; with an Account of the Druids, or the Prieſts and 
z of the Vaids, or the Diviners and Phyſicians ; and of 
the 0 or the Poets and Heralds of the ancient Gals, Bri- 
tons, Iriſh and Scots. 2. An Account of Jerdano Bruno's Book, 
of the infinite Univerſe, and innumerable Worlds. 3. A Cata- 
logue of Books mentioned by the Fathers, and other ancient 


Writers, as truly or falſely aſcribed to Jeſus Chriſt, his Apoſtles, 


and other eminent Perſons. 4. The Secret Hiſtory of the 
Sautb-Sæa Scheme. 5. The Scheme of a National Bank; with 
other Pieces. Vol. II. A Letter concerning the Roman Educa- 
tion. 2. A Diſſertation, proving the received Hiſtory of the 


Death 
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Death of Atrlizs Regulus, the Reman Conſul, to be a Fable. 
3. Several Letters of Pliny, tranſlated into Englihh. 4+ A new 
Deſcription of Epſom. 5. The Primitive Conſtitution of the 
_ Chriſtian Church. 6. Some Memorials concerning the State 
of Affairs in England, in the Year 1711, and 1714. 7, 1 8 
der without Phyſicians. 8. Several Letters from and to 
Toland, with an Appendix, containing ſome curious Pieces found 
among his — 


5 IVINITY. 

I. A Review of a Diſcourſe of the Viſible and Inviſible Church 
of Chriſt, being a Reply to Mr. Sykes's Anſwer to that Diſcourſe, 
The 2d Edition 
II. Twenty fix Sermous preached upon ſeveral Occaſions, 
and a Paraphraſe and Note upon the A, zd, 3d, 4th, 5th, 
7th, 8th Chapters of St. John, with a Diſcourſe of Church 
Unity, and Directions how in this divided State of Chriſtendom 
to keep within the Unity of the Church, with the Sum of a Con- 
ference on Feb. 21. 1686. between the Author and Father 
Goden, about the Point of T ranſubftantiation. In two Vo- 
lumes. By William Clagget, D. D. The 3d Edition, 

III. That t Caſe of . practical reſolved, 
wherein lies that exact Righteouſneſs which is required between 
Man and Man. A Sermon preached at Cripplegate in the Year 
1661, By Jobn Tillotſon, M. A. and then publiſhed by him- 
ſelf, but hitherto omitted in his Lordſhip's Werke. Price 15. 

IV. A Scholaſtical of the Canon of the Holy Scrip- 
ture, or the certain and i te Books thereof, as are re- 
ceived in the Church of Exgland; compiled by Dr. Cen, D. of 
P. and Mr. of St. P. C. in the Univerſity o Cambridge, then 
| ſequeſtred ; and late Lord Biſhop of Durham. 
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